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In his recent papers [71 [8] M. Matsumoto has treated the interesting Finsler spaces

with the curvature tensors of some special forms. In the ^-isotropic and C -recurrent

Finsler spaces [7]1*　and the P2-like Finsler spaces [8]2>　among those spaces, the hv-

curvature tensor P2 is symmetric in the last two indices:

(1)　　　　　　　　　　　　　Piikl-Piijlk 3

and the (v)hv-tomion tensor Pl is proportional to the (fyhv-tovsion tensor C:

(2)　　　　　　　　　　P/ォー九�"CLjki　九: a scalar).

These conditions (1), (2) are also satisfied in all 2-dimensional Finsler spaces.3) So, in this

note we shall generally consider the above conditions and show that也e conditions (1), (2)

yield P{jkl-O or S^/-0 (Theorem A), and so especially, in the h-isotropic Finsler

spaces endowed with the condition (2) it follows Rijkl-Pijkl-O or S^-0 (Theorem B).

Throughout the present note we shall use the terminologies and notations described
●

m M. Matsumoto [6]. The used Finsler connection is the one given by E. Cartan [5].

The author wishes to express here his sincere gratitude to Prof. Dr. M. Matsumoto for

the invaluable suggestions and encouragements.

In the first place, we shall treat the condition (1). With respect to the Finsler

connection given by E. Cartan, the components P^ of the ^-curvature tensor P2 are
●

written in the form

(3)　　　　　　Pijkl-{Cjkl¥i-Ciki¥j)+{CikmPjt-Cjk桝ril) '

where Gm and Pm (-gj桝Pkl) are the components of the (h)hv-torsion tensor C and the

(v)hv-torsion tensor Pl respectively. So, we have

(4)　　　　Pijkl-Pijlk- (C'ikntPj l -C!jk桝Prlト(0,.桝

On the other hand, the components Sijkl of the ^-curvature tensor S2 are written in the

form

(5)　　　　　　　　　Siikl--(C伽Cn-Gjk桝C芸) ･

By the ^-differentiation and the contraction by the supporting element y¥ we have
●

(6)　　　　-Sijkl lO-(CikmPj l -Cjk桝P完) + (Pikmo;l-pjk桝c?t) ,
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from which it follows

(7)

Thus, we have

(8)
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Piikl-Piilk---sォijkl¥O '

Proposition1.Thecondition(1)isequivalentto

8U.
ijklI,-O.

Andthisconditionisゲitholds

(9)QikfnPjl-Qjk桝*ォーo�"

Next,letusconsidertherelationsbetweenthe(v)hv-tensoTPlandthe/w-curvature

tensorP2.Sinceitholds

(10)Pjki-y'Ptjki5

Pijkl-0impliesPjkl-O.Conversely,wehave

Pkoposision2.IfPjkt-0identicallyonadomainUinthetangentspaceTxata

pointxthenPuui≡OonV.

Theproofisimmediatelyobtainedfromtheformula4)

(ll)Pijkl-晋告+QjlmPTk-OilniPjk

Now,ifweglanceattheformula(6),weshallrecognizethat(1)and(2)arethe

conditionseasilymeltedtoge仏er.Substituting(2)into(6),we血礼ve

(12)-｣ォォ.0-2人JStijkl

Hence,weknowthattheconditions(1),(2)yield

13九ォォ*i-0.

If8U.
iikl幸Oat(x,y)eTx,thenSu^幸OonadomainU9(x,y)inTガ,whichimplies九≡OonU

andsoP*kl…OonU.ByProposition2,Pijkl≡OonU.Thus,wehaveproved

TheoremA.Supposethatthehv-curvaturetensorP2besymmetricinthelasttwo

indicesandthe(v)hv-torsiontensorPlbeproportionaltothe(h)hv-torsiontensorC.Then,

thehv-curvaturetensorP2orthev-curvaturetensorS2vanishes.

20WeshallheresupposethattheFinslerspacebeMsotropic.AccordingtoL.

Berwald[4],wemayeasilyconcludeasfollows.

Proposition 3. In order that the space be h-isotropic:

(14)　　　　　　　Riiki-R(gikgu-gu9ik) (R蝣a constant5)) ,
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on the hv_Curvature Tensors of Finsler Spaces

it is necessary and sufficient to hold the following two conditions :

(15)　　　　　　Kim-R{gikgn-giigjk) {R : a constant)

and

(16)　　　　　　　　　　　伽Pn-Pik桝Pu-O ,

where Riju and K^ki denote the components of the h-curvature tensors of the connections given

by E. Gartan and by L. Berwald respectively. And, in this case it holds
一

(17)　　　　　　　　　　　　　Rijkl-K-ijkl

Proof. We know the relation6)

(18)　　　　　　RiJht-ll2(Kuhl-Kimト(Pik桝

When the condition (15) is satisfied, we have Kijkl+Kjikl-0 and so (18) is reduced to

(19)　　　　　　　　Rijkl-Kijkl- {PikmPj i --PjkmP毘) ･

Hence (15) and (16) jield (14).

Conversely, let us assume that (14) holds. Since BjR becomes

20

we have

ォn-ォ(flu*!f3f一g*iyas晋) ,

Kimu-普-R(∂8m

i一撃8g)

-R(9ikK-9ifi冨)

andso(15)and(17).Thus,(16)followsfrom(19).

Thecondition(16)isalsowellcombinedwith(2)andisequivalentto(9)underthe

condition(2).ByProposition1,wemayconcludethatintheA-isotropicFmslerspaces

thecondition(1)issatisfiedifweimposethecondition(2).Therefore,theA-isotropic

Finslerspaceendowedwiththecondition(2)belongstoourspacesanditholdsP^/-0

orS{jki-O.

Ontheotherhand,M.H.Akbar-Zadeh[1]hasprovedthatintheA-isotropicFinsler

spaceRijkl-OoroL-｣/-=0.Thus,wehave

TheoremB.SupposethattheFinslerspacebeh-isotropic.Ifthe(v)hv･torsiontensor

Plbeproportionaltothe(h)hv-tortiontensor(7,thentheh-curvaturetensorR2andthehv-

curvaturetensorP2vanishorthev-curvaturetensorS2vanishes.

3.Weshallfinallygivesomeremarksaboutthecondition(1)inthe^-isotropic

Finslerspaces.Inthesespaces,itisprovedbyM.H.Akbar-Zadeh[l]thatthecondition

(1)issatisfied,butitseemsthatitneedstheconditioni^/4=0.So,wehaveprovedthe

condition(1)underthecondition(2)inordertoincludethecaseofR^kl-0.

0ntheotherhand,M.MatsumotohasrecentlypointedoutthatinthecaseofRijki-0
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itholdsasasimilarconditionto(1)that

(21)Pm-l-Pij
ijl¥k

ItiseasilyshownthatintheA-isotropicnon-RiemannianPinslerspacesthecondition●

(21)impliesRijkl-Oconversely.Forconveniencesake,weshallexplaintheabove

situationinthefollowingproposition.●

Proposition4.Fortheh-isotropicnon-Riemannian7)Finslerspaces,thefollowing

conditionsaremutuallyequivalent:
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PiikH-Pij,
ljl¥k3
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Proof. The implication (i)->(ii) is evident.

Here, we shall be concerned with the relation9)

(22)　　　　　　K,n戸Rijkl - ^ijmRk l

+{pik桝　　　桝P?l) +(Pijk¥l-Pijl¥k)�"

Since the conditions (16), (17) hold in the A-isotropic Finsler spaces, (22) is reduced to

(23)　　　　　　　　　　　PijkI / -Pijl ¥ k-CijmRkl

Hence, (iii) is equivalent to (li).

(iv) follows from (iii) by the contraction by the supporting element.

Finally, if we substitute (20) into (23) and contract by the supporting element, we

have

(24)　　　　　　　　　　　　* ijki0---RL2C{m ,

where L is the fundamental function. Thus, (i) follows form (iv) if we assume the space

to be non-Riemannian.

L. Berwald [2] has introduced the stretch-curvature tensor T{jkt and showed that this

tensor vanishes if and only if the length of a vector remains unchanged under the

parallel displacement (in the sence of L. Berwald) along an infinitesimal parallelogramlO).

In our notations the components Tijki are expressed as

25) 与Tijkl-Pijkl 1-PiilIkll)

Thus, Proposition 4 gives us
●

Theorem C. In the h-isotropic non-Riernannian Finsler spaces, the h-curvature tensor

R2 vanishesゲand onlyゲthe stretch-curvature tensor vanishes.
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Notes

1) A Finsler space is called h-isotropic if there exists such a constant R that Bijki-^(9ik9jr9i19jk)'

Also, a Finsler space is called Ch-recurrent if there exists such a covariant vector入i that Cjki -i-

入fijkh where the solidus denotes the /&-covariant differentiation.

2) A Finsler space is called P2-like if there exists such a covariant vector入　that Pijki-入fijkl

-*fiikl-
3) In 2-dimensional Finsler spaces we have Pijki-^jklli-Cm¥j and also Pjkl-(J¥o/J)Cjkl at

such a point that Jキ0, where J denotes the main scalar [9] and the contraction by the support-

ing element yt(not Il) is indicated by a zero. IfJ-0 at some point, then Cy^;-O at that point.

In the condition (2) we suppose that入f l-∞, -], and入-土- means Cjki-0.
4) See (26) in [3].

5) It is known by M.H. Akbar-Zadeh [1] that the assumption R to be a scalar implies that it is a

constant, provided w>2.

6) See (ll.6) in [4].

7) The assumption that the spaces be non･Riemannian is required only for the implication (iv)-

:i.

8) Due to M.H. Akbar-Zadeh [1] this condition may be replaced by the condition Cj¥o¥｡-0.

9) See (ll.8) in [41.

10) See (53) in [2], where T^x are written as #,�"一�"｣/.

ll) See (25) in [31.
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