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ON AN ERROR EXPRESSION IN NUMERICAL

INTEGRATION FORMULAE

By

Koichi Niijima

In this report we shall derive an error expression by making use of the distribution

theory on estimating an error in numerical integration, and compare the resulting error

expression with one obtained by using Peano's Kernel theorem. ([1; p. 29], [2; p. 25]).
〟

When an arbitrary integration rule ∑ cp¢ (ap) is described by Q((f>), and if the error
p-l

E(¢) is denoted by

b

E(<｣)-†伸)dx-Q(4>),
a

we have, by Peano s Kernel theorem,

E(¢)-

where x竿~1 -

(m-1)!

ofn-l

l0

bわ

∫ [ォー-ld∬- 2cp{ap-x)y-i]¢W(x)dx,
a a

for x≧O

for x<0
andE(¢)-0 for (j>(x)-1,x,♂, -,xm-1

Let JW be a space of functions of a real variable, whose derivatives are continuous

up to order m, and we denote its dual space by ｣′<m>. We define by D the space of infinitely

pifferentiable functions on i-dimensional Euclidean space R, which has compact support.

Then we get the following theorem.
●

Theorem. Let ¢∈｣<w>　and let　α∈D have a support in a neighborhood of [a, &].

Suppose again that a(x)- 1 on [a, 6]. then we have

E(¢)-
(w-1)! J_∞

∫Me-

mv可-N

-(a-x)"n-2cp(ap-x)l^(acf>)(-)(x)dx.

Proof.

〟

Lett∈e′<w) havea support [a, 6], and let tN- ∑ Cp 8((ip), where 8^ap) is the Dirac
P≡…1

measure at the point ap.

Then we have
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where x讐-1=

(t-<V)¢)
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(m-1)蝣!

forx≧0,

困m-1　forx<0.

Let t be a distribution that

t(x)-i三

((t-tN)*X讐-1,ォ¢)(w)) ,

for x∈[a,b],

for函[a,61.

Set0-(α¢)W,sowehave,bythelinearityofthedistribution,

((t-tN)*X讐~1,か-{t*x讐~1,わーくt¥[*x讐~1,両.

Furthermore,since

(t*x讐~1,両-(tガ,(y讐¥ip{x+y)))

-(-1)ォー:bO
nym-¥頼+y)dxdy

α-∞

fromthedefinitionofconvolution,weget,byintegratingbypartsandbytIietransforma-

tionofvariables.

くt･x讐-1,才,-一土器ユJo_∞y-dyJba誓+y)

Xdx

b-J景((&-x)--{a-a;)7)I拍dx･

Ontheotherhand,since

(x讐-1&(o>p),直-({ap-x)f-¥か,

itfollowsthat

｣Ⅳ(t?j*X讐1,^>-(∑cp(ap一舶`~J,¢).

p-l

Thusthetheoremisproved.

Thefollowingcorollaryshowstherelationofthetheoremandanerrorexpression●

obtainedbyPeano'sKerneltheorem.

Corollary.IfweaddtheassumptionthatE(¢)-0forallpolynomials¢(x)ofatmost

degreem-1tothetheorem,theerrorexpressionofthetheoremagreeswithoneobtainedby

Peano'sKerneltheorem.
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Proof.

Ifweremarkα¢-¢on[a,o],wehave

bJ景ub-x)m-(a一明トN
｣cp(ap-x)f-蝣<α抑l)(x)dx

a

-J景((6-初--(a-xyサ)-
Ⅳ

∑
p-1
cp (dp - X)m-X j(αO)(桝){x)dx

一一l

bb
･J[J(ォー&)?-N
dt-2gp(aP一-¥<t>(-)(x)dx,

aa
b

since ¥ (t-x)㍗ dt-
a

⊥(b-x)桝.
m
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By the assumption of the corollary, the first term of the right-hand side of the above

expression vanishes. Thus we get the corollary.

By this theorem, it is shown that an error expression of the numerical integration is

easily obtained by using some results of the theory of distribution.
●
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