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1. Introduction and preliminaries

The purposes of this paper are to improve a characterization of Riesz potential

spaces and to give relations between Bessel potential spaces and Riesz potential

spaces. Let Rn be the n-dimensional Euclidean space. Throughout this paper,

let. 0 < a < oo and 1 < p < oo. For a real number /', we define the spaces Lp>r and

Lpri°6 as follows:

lVX = {/ € L\oc : ||/||p,r = ( / |/(*)r(l + \x\Yvdx)"" < oo},
J

\oc

= {/ € L\oc : ||/||p,r,lo8 = (JR |/(*)|'(1 + |x|r(log(e + |x|))-^x)1^ < oo}

where L\oc is the set of all locally integrable functions and e is the base of the natural

logarithm. We simply write Lp-° = V and ||/||p,0 = ||/||p. Further, Ll denotes

the space consisting of all integrable functions.

We define the Bessel and Riesz potential spaces. The Bessel kernel Ga(x) of

order a is given by

'/'OOr-r|*l2/«c-»/4»,(tt-n)/2Jf.
Jo 6 €

Since the Bessel kernel Ga(x) is integrable ([St2: Proposition 2 in Chap.V]), for

f 6 V the Bessel potential of order a

= jGc>{x-y)f{y)dy



is well-defined. The Bessel potential space i?£ is defined by

The norm ||w||^j of u = G^ is defined to be the //-norm of /, i.e.,

IMk = II/IIp ^ « = <?£.

Let A' denote the set of natural numbers including zero, and let 2N stand for

the set of nonnegative even numbers.

The Riesz kernel Ka{x) of order a is given by

K tr\-Lf I*'*"1' *-nl2N
7*,n I («*.n - log IxDIxl—, a - n 6 2A'

with

_ f jrB/22ar(a/2)/r((n - a)/2), a - « £ 2AT

7*." - | (-i)(*-»)/22-*-Ijr-/2r(a/2)((a - n)/2)!, a - « e 2.V

where C is Euler's constant. In order to define the Riesz potential of order a of an

Lp-function, we introduce the modified Riesz kernel. For an integer k < a, we set

5^^. 0<*<a.

where 7 = (71, •••,7n) is a multi-index, x1 — x\x • • • x£{x = (x\, ■ ■ ■ ,*„)), D"' —

D11-- Dl*{Dj = d/dxjl-r1- = 71! • • • 7J and |7| = 7i + • • • + 7n-
For a function / 6 Lp, we define the Riesz potential Usa of order a of / as follows:

^/(x) = //^(*.y)/(yWy. a - (n/p) $ N,

6/V

where k = [q - (n/p)] is the integral part of a — {n/p)., /x is the restriction of / to

{x : \x\ < 1} and f-2 = / — f\. The existence of C/£ is guaranteed by the following

proposition.

Proposition 1.1 (cf. [Kul: Corollary 5.9 and Proposition 5.15]). Let f € Lp and

k = [a — (n/p)]. Then Ul exists and satisfies the following estimates:



(/ WUxWW-'dx)1'" < C\\f\\p, a - (n/p) i N,

(/ \Ul(x)\>\x\-'(l + | log |.r||)-p</.x)l/fl < C||/||p, a - (n/p) e N.

The Riesz potential space /?£ is given by

By Proposition 1.1 we have

„ / I*-, a - (n/p) i N
"a C j LP,-a.log) a _ (n/p) g N

We denote by V the set of all polynomials, and let Vk = {P G V : degree of P < k}.

If k = [a - (n/p)}, then

a - {n/p) £ N

a-(n/p)eN.

Consequently, for k = [a - (n/p)} we have

Q _

Let ib = [a -. (n/p)}. Since U£ + P = U* + Q {f,g € Lp and F,Qe 7>fc) implies

f = g,P = Q (see Lemma 2.15 below), the sum fl£ + "P* is a direct sum Rpa © Vk,

and we can define the norm in the direct sum space RVQ © Vk as follows:

-. a-(n/p) 4 N
\ _a,log, a - (n/p) 6 N

liu = Ul + PeRl®Vk.

In section 2 we give an improvement of a characterization of the Riesz potential

spaces (Proposition 2.17), which is necessary for discussions in section 3. In section

3 we present our main result (Theorem 3.7) concerning a relation between Bessel

potential spaces and Riesz potential spaces. Theorem 3.7 below gives the following

relation: Let k = [a — (n/p)]. Then

and

\W\\b> -IMkan +IMIp

where the notation zz stands for equivalent norms.



2. Characterizations of potential spaces

Let t be a positive integer. For a function u on Rn, the difference Afu of order t

with increment / G Rn is defined by

y=0

with Cj = jutljy We define the space Cpat as follows:

= {« 6 ^ = J«n jf |>( ^*<ft exists in //>.

We write

and

E.M.Stein [Stl: rheorem 2], and S.G.Samko, A.A.Kilbas and O.I.Marichev [SKM:

Theorem 27.3] give the following characterization of the Bessel potential spaces.

Proposition 2.1. Let 2[{l + l)/2] > a if a is not an odd number, and H. - a if

a is an odd number. Then

and

Characterizations of the Riesz potential spaces are treated in S.G.Samko [Sa:

Theorem 10] and the author [Ku2: Remark 4.10]. However, the condition of I in the

characterizations can be improved. In this section we give the improvement. We

put

We note that p*tK(x) is finite for a: ^ 0. In fact

for x ^ 0. We simply write Pi'e(x) — pQ'e{x). We use the symbol C for a generic

positive constant whose value may be different at each occurrence.
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Lemma 2.6. Ifrn > 2a - {n/p) and u G L^*-10*, then

AJX * Dfu(x) = u * (A^Vf^)(.x-)

for almost every x in case of a < n, and for all x in case of a > n where the symbol

* means convolution.

Proof. We put

K{x) = A^Ka*Dfu(x)

Since

by the condition u 6 Lp>~a'l°6, we have

We can use Lemma 2.5 (i) and (ii) because of the conditions m > 2a - (n/p) and

a G Lp'-a'log. So, by the changes of variables y + {t - j)t = z (j; = 0, L, • • • ,/y - I)

and Fubinis Theorem, we obtain

for almost every x in case of a < ?z, and for all x in case of a > n. Further, the

changes of variables (z - y)/(( - ]) = t (j> = 0, I, • • •, £ - 1) give

K(x) =
j=
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Proof. We denote by uj the restriction of u to {x : \x\ < j°">/n{logj){p l)/n}

for ; = 2,3, • • •. We have

= {u * (AZVJ5)(*) - Ui *

+(Uj *

First, it is clear that

(2.2) lim /f(x) = 0 for all x.
v ' j-+oo y

Next, we shall prove

(2.3) |/](x)

for j such that ^"/"(logi)^1^" > max(2|a;| + l,4(|x| + 2rn|/i|)). We have

|/;(x)| = | J(u(x -t)- uj(x -

= \f
J|i-t|>jop

x(i + |x - t\r

x( / (1 + \x -t\r'(\og(e + \x -

For;ap/n(log;)(p-1)/n > max(2|x| + l,4(|z| + 2m|^|), it is easy to check that \x-t\ >

jap/n(logi)(p"l)/n implies

(2.4) (i) |t|>|x| + l, (ii) \t\>jap

(iii)' l + |x-t|<2|t|, (iv) e+|z

Hence , for such j by Corollary 2.9 and (2.4) we have

< C(h)j°(J

< C(h)

10



because of

Therefore, we obtain (2.3), and hence

(2.5) I}(x)-+O (j-+oo)

on account of u G Lp'-Q'[og. Finally we consider I]{x). Since dati = f p"fj{t)dt,

we have

(£fuj) *

- i)h -t)- u}(

»=0 J

We denote the Lebesgue set of u by Bu. It follows from u G L\oc that rn(Bca) = 0

where m denotes the Lebesgue measure and Bcu is the complement of Bu. We put

Ei = Bcu- (m - i)h(i = 0,1, • • • ,m) and E = U?L0El Then m(E) = 0 and for

.r G Ec, x + (m — i)h is a Lebesgue point of u for i = 0, 1, • • • , m . We shall show

that for a fixed x G Ec and i = 0,1, • • •, rn,

,(x + (m - i)h -t)- Uj(x + (m - z)/i))^(0^ -> 0 (j - a>).

We choose 5 > 0. Since x + (m — z)A is a Lebesgue point of u, we can find an

r) > 0 such that

(2.6) — / |u(x + (m - i)h - t) - u(x + (m - z)/i)|di < (5
Tn J\t\<r

provided r < rj. We put y = x + (m — i)/i. We have

Kl = \JMy-t)-u]{y))paxfJ{t)dt\

11
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(ii),
for

j
such

that
;°P/n(log;

)(p-l)/n
>

|i|
+
m\k\

+
/?we

hav
e

=
Cjn

[V
w{r)rn-xh(Jr)dr

J
o
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follows

f
r
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(2.7)
a
n
d

(2.9)
t
h
a
t
l
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m
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^
o
W
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r
)
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(
j
r
)
=
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H
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n
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Cjn
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J
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=
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B
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j
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=
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=
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"
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J
"
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<
C
6
f
"
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=
C
8
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f
h(\x\)dx

J
o

c
r
n
_
i
J
R
"
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where
an.x

is
the

surface
area

of
the

unit
sphere.

W
e

note
that

/i(|x|)
G

Ll
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of

(2.8),
(2.9)

a
n
d
a
<

2[(£
+

l)/2].
W
e
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a
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=
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+
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/
(7n_,

Jft"

S
i
n
c
e

6
is
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=
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\u(y)\
J

-
cl

—
c
}

It
follows

f
r
o
m

pa>t
G

L
x

t
h
a
t
l
i
m
^
o
o

c)
=
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>
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+
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+
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+

!)/2]
+
i
.

W
e

also
notice

that
a
<

[(*
+
1
)
/
2
]
+
£

gives
(
2
a
-

2[(*
+
1
)
/
2
]
-
n
)
p
'
<

-
n
and

the
assumption

a
<
(1+

£)[(*+l)/2]
implies

^
-
2
(
1
+
f

)[(/+l)/2]
<

0.
a
p

T
h
e
r
e
f
o
r
e

w
i
t
h

c

(
2
.
1
0
)

C
\
\
u
\

lp,-<*,log
<

«
<

I4?]
+

ft

[(£
+
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<
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=
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+
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Young's inequality implies Ajf#co * D°fjU -> AJ>O * / in L" as j -* oo. On the
other hand, since the assumptions about ( satisfy those of Lemma 2.10, we have

u as j ^ oo

for almost every a:. Hence

for almost every x. Moreover, by Lemma 2.11 we see that

Therefore, dajA™u = A^U*, and hence by Remark 2.3 and Lemma 2.14 there exists

a polynomial P G Pm_i such that

u = f///^.« + P.

By Proposition 1.1 and the condition

/ L"--a, a - (n/p) ^ /V
«e | LP,-Q,iogj a-{n/p) e A',

we have
f L^"*, or-(n/p) $tiV

^ 6 \ LP-a'log, a - (n/p) G :V.

This implies P G Vk% and hence u6fij+ ^.

The estimates of the norms in (i) and (ii) follow from Proposition l.l and Corol

lary 2.13, This completes the proof of the proposition.

3. Relations between Bessel and Riesz potential spaces

In this section we are concerned with relations between Bessel and Riesz potential

spaces. At first, we treat a correspondence between individual Bessel potentials

and Riesz potentials. For a tempered distribution a, we denote by Tu the Fourier

transform of u. The Fourier transform of u G Ll is defined by

x) = f e-ixyu(y)dy

16



where x y = x{y{ + • • • + xnyn denotes the usual inner product. The Fourier

transforms of the Bessel kernel and the Riesz kernel are given by

(3.1) FGa(x) = (1 + \x\2)'a/2 ([St2: Proposition 2 in Chap.V])

and

(3.2) F*M = Pf!^|"a ((Sc: section 7 in Chap. VII])

where Pf. stands for the pseudo function [Sc: section 3 in Chap.II].

The following lemma is due to E.M.Stein [St2: Lemma 2 in Chap.V].

Lemma 3.1. There exists an integrable function ha so that its Fourier transform

ThQ is given by

Lemma 3.2. If t is a nonnegative integer such that I > a - (n/2), then

Proof. By (3.1) we have

(3.3) H*\Ga){x) = (-l)'(l -e*f)'(l + |x|2)-/2.

Further, by (3.2) and I - a■ > -n/2 > -n, we obtain

(3.4) f(&etKa)(x) = (-l)'(l - C'*-')'Pf.|x|-0 = (-l)'(l " elxt)e\x\-*.

We denote by gl(x) the restriction of A(«a(x) to {x : \x\ < 2t\t\}, and let

g2{x) = AetKa(x) - gi{x). It is clear that j, G £', and it follows from Lemma 2.4

and t > a - (n/2) that g2 6 L2. Therefore we have

= Tgx{x)7ha{x)

Hence by (3.3), (3.4) and Lemma 3.2 we have

= (-l)'(l -e"')

(i + M

17



Thus we obtain the lemma.

Remark 3.3. By lemma 2.4, Af«o*A«(z) exists almost everywhere for I > a-n.

Lemma 3.4 ([Ku2: Lemma 4.4 (ii)]). If £ > a - {n/p) and f £ Lp, then

for almost every x in case of a - (n/p) < 0, and for all x in case of a - (n/p) > 0.

Lemma 3.5. Let f € Lp,2[(£ + l)/2] > a and I > max(a - (n/p), a - (n/2)).

Then

Da'lGsQ = da,tf + da>tf * ha.

Proof. Since £ > max(a - (n/p), a - (n/2)) and fj*ha€ Lp, by Lemmas

3.2, 3.4 and Fubini's Theorem we have

Since 2[(^ -f l)/2] > a, by Lemma 2.2 and Remark 2.3 we obtain

D^Gi = Jim Df''Gi = da<tf + daitha * f

in V. This completes the proof of the lemma.

We define the bounded operator Ta on Lp as follows:

T*f = f + / * ha.

18



We set

Prpposition 3.6. (i) For a function f G Lp, we have

where P is a polynomial of at most degree k.

(ii) The operator T° is one-to-one on Lp, and if g G TQ{LP), then

where P is a polynomial of at most degree k and (TQ)'1 is the inverse operator of
spa

Proof, (i) Let / e Lp. We take a positive integer £ such that t > max(a -

(n/p),a- (n/2)). By Lemmas 3.2 and 2.11 we have

(3.5) *\G{ = ££Ga*f

= (A^/ca + Af/ca * ha) * f

= AetKa * (/ + ha * /)

So, it follows from Lemma 2.14 that there exists a polynomial P of degree (- 1 such

that

g{ = urj+p.

This also implies P € Lv'~a in case of a - (n/p) <£ N and P. € Lp'~a'[°6 in case of

q - (n/p) € N, and hence P € Vk.

(ii) Let fuf2 € L> and ra/x = r*/2 = 9- By (i) there exist polynomials

Pi, Pit 'Pk such that

Therefore, Pl - P2 = G£ - G% G I/, and hence Px = P2. So, G^ = G{*. This
implies /, = /a. Thus the operator T0 is one-to-one on Lp. Next, let g G Ta(Lp).

If we put / = (Ta)~lg, then in the same way as (3.5) we have

A(tG{ = *\Ul

Hence there exists a polynomial P G Vk such that U9a + P = G{. We have thus

proved the proposition.

19



By
P
o
t
i
o
n

3.«(»).
for

,
€

7-,.'),
we

have
CST'""'

-
^

€
P.

We
define

the
o
p
e
r
a
t
o
r
P
o
p

as
follows:{

g
)

The
operator

P
~

map.
7-(//)

to
P,

Further,
we

define
the

space
SJ

as
follows:

rp,
r/y

.
pa,pffl\

o
g
ra(Ip).

Since
the

operator
T
°

is
one-

Let
u
e

S£.
T
h
e
n

u
=

£/*
+
^

W
,
<
r
^
i

V
j

W
e

define
to-one

on
L>,

there
exists

an
unique

//-function
/

such
that

g
1

J

the
norm

||u|Us
to

be
the

/
/
-
n
o
r
m

of
/.

N
o
w
w
e

are
in

a
position

to
prove

our
m
a
m

theoiem.

T
h
e
o
r
e
m

3.7.
Let

k
=

[a
-

(n/p)\-
T
h
e
n

and
\\u\\bi=

IMIss
~
IMk^*

+
""Up-

First,
fl5

=
SS

and
||u||eS

=
||«lk

follow
from

W
+

P-(^)
=

6
'
r
>
T
5

€
T-(L').

NexCsS
C

(«f,
*
^
)
n
/
/

isclear
from

the
defm.t.on.

We
s
h
o
w

(
)

Le.
u
6

SI.
Then

u
=

£/•
+

/**>(*)
^
d

5
=
V
f
,
f
C

L>.
Since

Q
-

W
e

m
u
s
t

estimate
|
U

b
o
u
n
d
e
d
operator

o
n

Lp,
w
e

see
that

\\g\\p
=

\
\
T
°
f
\
\
v
<
C
\
\
f
\
\
P
=

C\\u\\s,.

Further,
in

case
a
-

(n/p)
±
N,

by
Proposition

1.1
we

have

\\Pa'p(9)\\r>-a
=

A'

and
^
^

**
'"

The
estimate

of
||/"(,)IL-.*.

«
c-e

of
a
-

(n/p)
€

/V
is

the
same.

Moreover,

w
e
h
a
v
e

2
0



Thus we obtain (3.6). Finally we show that (/£ © Vk) D V C B*a and |M|BS <
C(||«||ftpen + IHIp). In case a - {n/p) i N, we take a positive integer £ such that
2[(£ + l)°/2] > a and £ > a - {n/p) Then by Proposition 2.1 and 2.17(i), we have

(Rpa © Vk) n V c CaJt n /,»- n V = Cae nL" = Bpa

and

IMIbs « II^'^IIp + II«IIp ^ H^'llp +Ml*- + Mir - c(H«lke^ + IHIp)-

The proof of the case a - {n/p) € N is the same. We have thus completed the

proof of the theorem.

Remark 3.8. If a # odd, or a = odd and *%=? < J, then EFa = (^0^)01'

follows from Propositions 2.1 and 2.17.

Corollary 3.9. Let g G Lp and k = [a - (n/p)]. 7%en i/ie following three

conditions are equivalent:

(I) g € T-(L'),
(II) f/iere eiisis a polynomial P such that C/f + P € Lp,

(III) </iere exists an unique polynomial P of degree k such that U^ + P E Lp.

Proof. First, we show (II) «=> (III). Since (III) =» (II) is trivial, it suffices

to show (II) =» (III). We suppose that there exists a polynomial P such that

(3.7) £/» + />€ £p-

The condition (3.7) implies P € £Pl"a in case of a - {n/p) £ N and P 6 Z,"--*-108 in
case of a - (n/p) 6 AT, and hence P € Pit- In order to show the uniqueness of P,

we assume that P, Q G 7> and C/» + P, C/| + Q € Lp. Then we have

P _ q = t/| + P - (f/| + Q) e Lp.

This <^ives P = Q. Next, we show (III) =* (I). We suppose that there exists

a polynomial P 6 Vk such that U* + P € L". Then (7| + P € (#p © P*) n V,
and hence £/» + P € Bp by Theorem 3.7. Therefore there exists an / € V such
that U^ + P = Gfa. We take a positive integer £ such that 2[{£ + l)/2] > a,£ >

max(a*- {n/p), a - (n/2)) if a is not an odd number, and £ = a if a is an odd
number. Then by Lemma 3.5 we have

On the other hand, by virtue of Corollary 2.13 and Lemma 2.14 we see

D*-\Ul + P) = da,eg.
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Consequently we obtain g = f + f * hQ by Remark 2.3, and hence g G Ta{L»).
Finally, we show (I) => (II). Let g G T*(V).By Proposition 3.6 (ii) there
exists a polynomial P G 7>fc such that l/|+ /> = Gf > *. Since G^ > 'e^.we

obtain the required conclusion.

Remark 3.10. By Corollary 3.9 Pa'v{g) is the unique polynomial P G Vk such

that

Remark 3.11(cf. [No: Theorem 2]). We assume that 2[{t + l)/2] > a,* >

max(a - {n/p),a - (n/2)) if a is not odd, and I = a if a is odd. By Lemma
3.5, Proposition 3.6 and Remark 2.3, the operator D^/d^e is a one-to-one mapping

from Bl to Ta(L'), and

for/GLp-

Remark 3.12. The Lizorkin space $ is defined as follows [SKM: §25]:

$ = {^5: f <f>(x)x^dx = 0 for any 7}

where S is the Schwartz space. Then $ C Ta{Lp). Indeed, if / 6 $, then

^ e $ and /" = g + g * ha where T stands for the inverse Fourier

transform/ Since $ is dense in £p(see [Li]), Ta(Lp) is also dense in Lp.
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