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Abstract

Inthepresentpaperweshallobtaintheasymptoticexpansionsandtheexplicitex-
pressionsfor{Mnei)(x)wheni-2and3,respectively.Weshallalsoderivesomeimproved

estimateforMne2-e2.

1.Introductionandtheresults.

LetARbethesetofallcomplex-valuedfunctionsdefinedonthehalf-openinterval

[0,1)forwhich|/(J)|≦Pexp苫｣牀=[0,1),wherePandaaresomepositive

constantsdependingonlyuponthefunction/.ThentheMeyer-KonigandZelleroper-

atorsMnaredefinedonARby

(l.1)(Mn/XxMl-xr'En

fc=｡¥吉vxkf{詮方(xG[0,1);neN).

It is easily seen that, if x∈(0, 1), then the series (1.1) converges for all n≧1+

where the square bracket denotes, as usual, the integral part of the argument. If fit) is

continuous to the left at t-l and /(I) exists, then (Mn/)(1) is defined as (Mn/)(1) :

-lim(Mn/)(x)-/(l). These operators are clearly linear and also positive. It is easily
Xtl

verified that

(1.2　　　　　　　　　　　　　　　Mnei-ei U-0, 1; n∈N),

wherethefunctions etare defined by et ; x -x¥ (lEJVUjOを). It is alsowell-known

that Mne2 converges uniformly to e2 in [0, 1}

P. P. Korovkin 【21 has proved the following theorem: If the three conditions

LォI X -l+αnix).　Ln{t){x)-x+βnix),

Ln{ t2){x)-x2+ 7n(x)

are satisfied for the sequence of linear positive operators Ln{f)(x), where an(x)9 fin(x)9

7n(x) converge uniformly to 0 in [a, 6], then the sequence Ln(/)(x) converges uniformly

to the function f{x) in [a, 6], if fix) is continuous in [a, 6], continuous on the right

at x-b and on the left at the point x-a. Owing to this theorem, if fix) iscontinuous

on [0,1], then ¥Mnf)¥x) converges uniformly to fix) in [0,1]. Therefore Mnet U'-0, 1,
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2) have a conspicuous meaning to study the asymptotic behavior of the operator.

The main purpose of this paper is to study the second moment and the third mo-

ment of Mn operator. Especially we shall investigate the asymptotic expansions and ex-

plicit expressions for Mne2 and Mnez. Inァ2 we shall follow the line of arguments by

Lupas and Muller [3] and improve their results. In §3 we shall make use of the reason-

ing that is performed in §2 and refine the asymptotic expansion for Mne3 which was

found by Sikkema [5] in 1970. In §4 we shall show some improvements on the estima-

tion relating to Mn牀2-牀2. Finally, inァ5 we derive an explicit expression for {Mn牀z)¥x)

with the aid of a differential equation just as in [1J.

The main results obtained in our research work are as follows:

1. Mne2)(x-x2+

2. (Mne3)(x)-x3+

+

x(l-x)2 , x{¥-x)¥2x-¥) , x(l-x)2(6x2-6x+l)

(n-∞) x∈[0, 1),

3∬:(1-∫)2. ∫(1-∬21-9∬+11∬2)

n W

x 1-xr -2+27x-72x2+50x3)
+0
(
EJ

re ) (n-∞),

3. if {Mn牀2){x)-X attains the maximum at the point xo, then

xo-i+孟一差一語.器.o(忘) (n--),

4. {Mne2){xo)-x孟-嘉一詰一差+器.器+o(忘) (n-∞),

5. (Mne3){x)-x+
(i-xr
x"
-Unix), where

･n(x)-(-irn2Uar)+(-1)n+1{n2Mn)+2nj {sn(x)-log(l-x)} +(-1)nn2i:憲,
午(-1)V

sn¥oc) ∑
)'nW′　riMl-x)fc'

h(n)- H4r.

tn¥x)- ∑
午(-1)Kh(k)xh

*-i k{¥-xf

Remarks. We mention the results obtained earlier by various authors to make our

results clear.

1. P. C. Sikkema [5]obtained

Mne2{x)-x2+
x(l-xr , xil-xr[2x-1)

as a special case of his Theorem 3.

2. P. C. Sikkema [5] also obtained the following result:

(Mne3 x -x3+
3∬!(1-∫)2. ∫(1-∬21-9∬+11∬2)

+0
(
i
TV ) (n-∞),

see expression (20) in [5].

3. J. A. H. Alkemade [1] recently obtained the following asymptotic expansion for ∬o

jr　　~~*m*r

t
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xo-‡十品.o(忘) (n--),
seep.270 in

4. J. A. H. Alkemade [l] also established the following asymptotic expansion for IIFJI

･IFォII-孟I詰+o(忘) (n-∞),
where IIFJ-max | Fn(x)| -Fn{x｡)-{Mne2){x｡トx芸.

0≦∬≦1

5. This result seems to be new.

2. An asymptotic expansion for (Mne2)(x).

This section is devoted to improve the order of the asymptotic expansion of Mne2

due to Lupas and M山Ier [3J. For the sake of completeness we shall give the detailed

proof of Lemma 2.1 below. This proposition is mentioned in [3], but its proof is omitted

there. In what follows, for simplicity, we make a convention that

TTItukix)-{トx)n+lxK¥ k >

Lemma 2. 1. (p. 20in[3])

=,　1

(2.1)　　　　　(Mne2)(x)-x2+x(l-x)∑
*ron+A:+l

mn-i, fix).

Proof.Bydefinition

(Mne2)(x)-｣(

k=｡トx)n+1xhn言k)(話方)2-義(トxT+lxkn告1)震有･

Notingthat

kn

(n+kln+k-1)
k(k-1)

{n+kin+k-l '

we see that

∞

(Afne2)(x)- ∑(l -xrv
た=1

E琶

-∑d-irv
uai

(

n+k-

k-1

kn k(k-1)

(n+k)(n+k-1) {n+k)(n+k-1)

(n告2)読+｣i(i-xri-*'n
'xn
K=2崇;2)読

∞

∑(l-x)n+V+1
k=0

(n+k-

¥k

畠(l-x)n+V+1(n+k-V

vk*

∞

+ ∑(l-x)n+1xh+2
KHC

x):¥U+lytk+l'n告1)

I
./.､昌1
+∫(1-∫)∑

n+k+1

∞

+∑(1-∫
k=0

+∫(1-∬)∑

n+k+2

n+k+1

k^ofi+k十1

rv+t

昌　　1

n+k

k

缶もn+k+1

∞

十∑{¥-x)n+
た=0

wln-h h¥X)

V+2l n吉k)
k+2

n+k+2
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n+k

k

:�":�":

+∬(1-∬)∑

∞

x2∑d-xrv
k=0

∞

∬2+∫(1-∫)∑

n
+∑(i-xr

n+k+2　*r<>

rrin-i,た(x)

‥告　　1

ifcon+A+1

+∫(1-∫)∑
't～､▲　%AJ/走もn+k+1

rrin-h k(x).

i-*+*(n
xI吉k)

m恥i, *(x)

k+2
n+k+2

-山　■t～､⊥　ou/缶もn+k+1

Theorem 2. 1. (p. 20in[3])

(2.2)　　　　　　　(Mne2)(x)- e2(x)+
∫(1-∫)2

n ･o(i) (n-∞)･

Proof. On the basis of Lemma 2. 1, we can prove the theorem, see p. 20 in [3J.

Remark. In [3] it has been more generally shown that

(Mnflx)-.

for the function J∈ C2[0, 1].

Lemma 2. 2.

(2.3)
告mn-i, k(oc)

缶舌n+k+1

∬(1 -∬)2′〝(∬)

2n

(1-xT

Proof. It is well know that
∞

d-trn-∑
k-0

Hence

(2.4)

00

tn(l- t)-n-∑
fc- O

) (n-∞)

(n+k-V

¥k*i¥(UI<D.

(n+k-Y

vk.in+k

Integrating the both sides of (2.4) with respect to t from 0 to x, x牀=[0, 1),

(2.5)　　　f(了圭)n
Thus we have

l-xn

x" Lx(王1-hi

dt-y¥
h=0

dt-{l

which gives the desired result (2.3).

Lemma 2. 3.

廷二旦竺
x" Lx(王1-f dit-

where

n+k

*

x)nE
h-0

1-∫. 2∬(1-∬)

n+1　n+lXn+2)

0≦Arix)≦
24

yJl+K+ ¥

n+k-V

k,

xh

n+k+V

6∬!1-∫)

(n+l)(n+2)(n+3)

∬3

(n+l)(n+2)(n+3)(n+4) (l-x)4'

+ An¥x)9

proof. Set/ J｡古dt. Ifwemakeasubstitution u-吉,then
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蝣-｣x
i-x u"

(1十㍍)2
du

Integrating by parts repeatedly,

x"

(n+lXl-xrl

+

2xn+ 6xn

(n+l)(n+2)(l-xrl (n+l)(n+2)(n+3)(l-xrl
24

n+1 n+2　n+3

(1-xTr 1-x, 2x1-a)
+

x"　　　n+1

Arkx)

SuhT

Let

Then we see that

0≦ArLx)≦

∫

-T=x U.71+3

(l+uf
du

6∬2(1-∫)

(n+1 n+2)　n+lXn+2n+3

24　　　　l-xn

(n+l)(n+2)(n+3) xn+1

24　　　a-xT r7㌔ ,71+3
(n+l)(n+2Xn+3) xn+1

24 l-xr

n+1n+2h+3x',n+l

Theorem 2. 2.

(Mne2)(x)-x2+

(1+uf

X
了ニラ　n+3

(1+uf
d㍑

du

24∬3

(n+l)(n+2)(n+3)(n+4)(l-x)4

x(l-x)2 , x(l-x)2(2x-1) , x(l-x)2(6x -6x+l)
n

Proof. From Lemmas 2. 2 and 2.3,

告TUn-h k¥X) 2∬(1-∫)

Un+k+1　n+l (n+lXn+2

Noting An(x)- O (忘), we have

告rrin-iAx) l-x

･o(忘　x<=[0,1].

6∬!1-∫)

(n+l)(n+2Xn+3

x 2x-l , (l-x)(6x2-6x+l)

fcl n+k+1　n nr n-

+ An(x).

Combiningthe last expression and Lemma 2. 1, we obtain Theorem 2. 2.

Remark. In 1970 Sikkema [5] proved generally that

(Mn/XxK ∫(1-∫)2 ′〝′__､. 1

/"* +一三
2n J ､W′■　n2 tj÷∬(1-∫ 2(2エー1)′〝(∫)

･‡x(l-x)3(l-5x)f'"(x)+‡x2(l-x)4/lv(x) + o忘),
as far as the order of the expansion is concerned, Theorem 2. 2 is an improvement on

the result mentioned above. However, in 1984 Alkemade found for the first time the

explicit expression for Mne2. Therefore by using it we can find the asymptotic expan-

sion for Mne% to any higher order without performing the above operation involving the



Takaaki Baba and Yoshio Matsuoka

integration. But since the explicit expression for Mn牀t (i≧3) has not yet been found,

this procedure seems to be useful slightly.

3. An asymptotic expansion for ¥Mnez)¥x).

In this section we derive an asymptotic expansion for {Mnez)(x) by appealing to the

method dealt with in §2.
I

Lemma 3. 1.

3x2(l-x)2　9x2(l-x)2品ran-2,k¥x)
∑

n-1　　　n-1　K=hn+k+2

A_､苔mn-i,k(x)A_′. __､2苔mn-2,*(x)+∫(1-∫)2∑

(3.1) (Mne3 x-x3+

∬!(1-　∬)∑
W､▲W′*=o(n+A+2)t､▲W′*-ォ(n+k+lY

Proof.Bydefinition

(Mne3)(x)-(l-xr畠x""n吉k)(諾詳

whichimpliesthat

(Mne3)(x)-(l-x)n+1真xn"n告vky
J¥n+k)

Since

kn k(k-1)

n+k n+AXn+A-1)　n+AXn+A-D'
00

(Mne3)(x)-(l-xr ∑xk
た=l

n+k-1

k-¥

k'n

(n+krin+k-1)
00

+(1-xT ∑xh
た=l

(n+k+lr

(n+k+iy

(n+k+ir

+(1-∫)∬∑

∞

+(l-x)n+1∑xk+i
h=l

告mn-i,tlx)

*-o(n+k+if

- i-xxl二≒芋
00

+ l-zn+1∑x"
fc=O

告nin-u kix)
(1-∫)∬∑
*-o(n+A;十1)2

(

kU-1)
(n+knn+k-1)

71+/C+2

2k

(n+k+lY

n+k-

k-¥

()0

+ l-x)n+i∑xfc+2
k-0

(n+k

vk

(n+k+ir

n+k+2

(Hln ,　2n　, (k+2Y
(n+k+2)2 (n+k+2)2 (n+k+2f

(n+k+2T-n(n+k+l)

(n+k+2)2
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告m,n-¥,Ax)

L⊥　仙′仙孟-o(n+/c+l)2

xH-xT　.2 i

Inasmuch as

･x2-義(トx)n+1x*+2l'n+k+l¥

.k)

+x2+丁二∑

n(n+l)

(n+k+2Y

告(1-x)2mn-i, *+i(x)-n(n+l)xmn+i, tlx)

(n+k+2Y(n+1)2　　ル　l-x｣

{1-x)2mn-i, k+i(x)-n{n+l)xmn+i, k¥x)

)x*+1-n(n+l)x*+1(l-xr2(n+｣+1)

-x*+ld-xr

we obtain that

AfBe,Xx -
蔓(1 -XJT

(n+1)2

xii-xr

(n+1)2

xii-xr

(n+12

+∑
h-0

CIO

+x2-x(l-x)∑
k-0

(k2+nk+2k+n),

(Kn+*)xk(l-x)n(k2+nk+2k+n)

00

+x2-x2(l-x)∑m,n-h k(x
KBE

一十∬2-∬!(1-∫)
(

(n+k+2)2

(n+kW+nk+2k+n)
(n+k+mk+1)

●●

∑mn-i, tlx)
KHi

告mB_, K{xt(n+k)¥ k2+{n+2)k+n¥-(n+k+2r(k+

{n+k+2nk+l)

=∬3+ xii-xr
(n+1)2

00

+x2(l -x)∑ rrin-i,
KB冗

Thus we are led to

(Mne3)(x)- xi+

Since

[-xr
n+12

h(x坪±3n+6){k+l)+n-k-2

(n+k+2Y(k+l)

･3*2(1ニ掘岩音票
(:)0

+x2(l-x)∑mn-i, k(x
k-0

n-l-{k+l)

+A;+2)2 A;+1

-n-i,*(x)-崇¥(x-xT-xxk(n+k

k2)(n+/c+2-3)j,

we see that

(3.2)  (Mne3)(x)-x3+
x(l-x)n+1 , 3x2(l-x)2

∑mn_2,た(x)
h=0(n+lY n-¥

9x2(l-x)2昌ran-2,た(x)

n-1　缶もn+k+2

.  ､品rrtn-h k¥x)
-∬!(1-∫)∑
仙､⊥　W′^o(n+/e+2)2

As

xM-x)∑ nin-h k(x伝法-x2(l
EE

h-0

∞

+x2il-x)∑mn-i, fix
k-0

-x)云
k-0

n+k-

k+1

n-1

n+k+2Y(k+l)

1
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n+ k-2"H-x)nxk-1 ∫(1-∫)2∑
告m,n-2,ft(x) x{¥-xf+1

(n+k+lY　､▲　t～′ "o(n+/e+D2　(n+1)2

the substitution of this expression into (3.2) yields Lemma 3. 1.

Lemma 3. 2.

(3.3)
告mn-2,Ax) (l-xf-1

ro n+k+2　　xn+2

tn+l

(l-tr
dl

Proof.InexactlythesamewayasinLemma2.2ofァ2,wehave

r+1(i-｣)-"+1-｣(n+f2^

fc=｡¥k>

nance

(3.4)r

J｡tn+1{i-t)-n+ldt-T>(n+k-2^

｣i¥k)

xn+

n+k+2

Multiplying the both sides of (3,4) by x~n-l(l-xT-¥ we obtain (3.3).

Lemma 3. 3.

win-2,た(x) 1-x , 4xil-x)　　20x2(l-x)3.5　　　　∑
畠もn+k+2　n+2 in十2n+3　(n+2n+3)n+4)

where O≦Anix)≦
120∬3

(n+2)(n+3 n+4Xn+5Xl-x)'

proof. Let / J｡す芳dt. Makingasubstitution u--+三t,
-Lx
l-X u"

(1+㍑)4

Integrating by parts successively, it follows that

n+2

n+2 1-xr

1-x
-I

x"

4x,71+ 3

du

20∬桝4

+ An(x)9

{n+2){n+3)(l-x)n-2 (n+2)(n+3)(n+4)(l-x)n-2

120

n+2 ri+3 n+4)

1-∫. 4∬(1-∫)

X

了ニラ　un+i

a+uY
du

20x2 l-x

n+2 (n+2)(n+3) (n+2)(n+3)(n+4)

120(1-xT-1　f品　V,n+4
En+2)(n+3)(n+4)xn+2 (1+uY

Denoting the last term on the right-hand side of (3.6) by An(x¥ we get

(3.7)　　　　　　≦Arkx)≦
i2o i-xr

(n+2)(n+3)(n+4)xn+2

120∬3

L品un+tdu

(n+2)(n+3)(n+4)(n+5)(l-x)6

Lemma 3.2, (3.6) and (3.7) lead ustoLemma 3.3.

du
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Lemma 3. 4.

告mn-i,た(x) (1-xY , 4x(l-x)2
(3.8　　　∑

｣h{n+k+2)* (n+2)2 (n+2)2(n+3)一(n+2)(n+3)2

Proof. Obviously

Thus

r
follows. Hence we have

which implies that

Therefore

(3.9

Let柑-∫

tn+id-trndt-∑
KHE

tn+id-trn-義(n+k-1¥n+k+l

¥kr

.m⊥./‥､ini-m昌(n+k-1¥n+k+2

¥kls

itn+uト｣)-"d｣-E

fc=｡

n+k+2

¥　k )S

n+k+2

告(n+k-¥¥n+k+2

¥krLx(itn+1(l-trndt)ds-I]

fc=｡

告rrin-hfix) _(1-xf P7 1

(n+k+2Y

*-o(n+/t:+2)2　xn+2 Jo ＼sJo 1-

s　*n+i

(l-tr

t

at and set u一手二戸then we have

∫(β)-

5

IT

(1+uY
du

Integrating by parts, we see that

I(s)

0≦An(s)≦

where

hence

where

n+2
3s*

(n+2)(l-sT'1　n+2Xn+3 1-s)か1

12

(n+2)(n+3)

!I ･S
n+i

3J_._　　　12

+An(s),

(n+2)(n+3)(n+4)

3sn+2

(n+2)(l-srl n+2Xn+3Xl-srI

0≦Bnis)≦
12s'

n+2 n+3 n+4U-sT

LetJ(x)-f

J｡‡I{s)dsandletk-1then

,/､1rl革豆71+1

J(x)-まきL島71+1石了扉dk+
Integration by parts yields

(l-xT

n+2　n+3

(1-∬2 , 4∬(1-∫)2

n+2f n+2'n+3

烏　-n+2

(l+kf

+Bn(s),

dk+[xBn(s)ds

Jo

3∬(1 -∫)2

n+2Xn+32
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Now (3.8) follows from the last expression and (3.9).

Lemma 3. 5.

告mn-i,k¥x) (1-xY , 4x(l-x)2 -xf

孟式(n+k+lf (n+1)2 (n+mn+2) (n+l)(n+2)2

Proof. All we have to do is only replacing n by n-1 in Lemma 3.4.

Theorem 3. 1.

(Mne3)(x)- x3+
3∬!(1-∫)2. ∬(1-∬m-9∬+11∬2)

+

n rf

∫(1-J f -2+27エー72∬ +50∬3)

Proof. Takinginto accountofLemmas 3. 1, 3. 2, 3. 3, 3.4, and 3. 5,

(Mne3)(x)-x3+
3x2(l-xf　9x2(l-xf

n-1　　　　n-¥

-∬!(1-　∬)

+∫(1-∫)2

(
+

1-∫. 4∬(1-∫)

n+2 (n+2)(n+3)

(1-x)2 , 4x(l-xY　　3x(i-xr

(n+2)2 (n+2)2(n+3) (n+2)(n+3)2

{1-xf , 4x(l-x)2　　3x(l-x)2

(n+1)2 (n+inn+2) (n+l)(n+2)2

Therefore from this result Theorem 3. 1 follows at once.

Remark. In 1970 Sikkema [5]proved that

(Mne3)(x)-x3+
Zx¥l-x)2 , x(l-xy(l-9x+Ux2)

Theorem 3. 1 is an improvement of this expansion.

4. Some improvements on the estimation relating to J/ne2- e2*

Let

(4.1)　　　　　　　　　　　Fn(x)-(Mne2)(xトx"  (x∈[0, 1], n∈N)
and let ll/ll denote the supremum norm of /｣C[0, 1J. We observe that

(4.2)　　　Fサ(x)-志x(1-z)',F,(l, 2; n+2; x),
which is established by J. A. H. Alkemade [1], In this connection we refer to two

theor叩s([5],[l] .

Theorem A. (Sikkerna,[5]) Let Fn be defined by (4.1). Then we have

(a)　IIF,I ≦0.1113

(b)　　¥¥Fn¥¥ ≦
4

27n

n-5

4n2-l2 ) (n≧2)･

Theorem B. (Alkemade, [l]) Let Fn be defined by (4.1). Then the following state-

ments hold:

(a)　IIFill -0.0999032　　{exact up to the last digit shown)



(b)　　WFnH ≦
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27n+9
(n≧2)

Ill

(c) IIFサII-孟一議+o忘) (n-∞)･
For the part (c) of Theorem B we deduce the following refinement:

･IFォII-孟一志一差.器.器. o(忘),
which is stated as Theorem 4. 1. To prove this we need a lemma.

Lemma 4. 1. The asymptotic expansion of the value xo^(0, 1), which is uniquely deter-

mined by IIFJI- |Fn{xo)¥, is given by

(4.3)　　xo-i+孟一差一語.欝+ o(忘)･
First we notice that xo satisfies the equation

(4.4)　　　　2Fi(l, 2 ; n+2 ;xo)-憲詰,
see, p. 268 in[lj. We begin with showing

xo-i.孟一差+ o(忘)･
(4.4) is transformed into

2xo　　　6x芸
1+　千一二+
x n+2　n+2)(n+3) (n+2)(n+3)(n+4)

By a simple calculation we obtain + o(忘)-響(義)･
･･豊(1-か意一意).管(卜‡+慧).響(1-‡)

-1-普+霊一票+in2n3y忘)･

Finallyfromthisweseethat

(4.5)25xl+{5n-31)xl+{3n2-3n+S)x｡-n2+o[‡1-0.

MotivatedbyAlkemade'sresultxo-i+読+o(忘(see,p.270in[l])wemay

assumethat

xo-‡十品.意.o(忘{kisaconstant),

then

(4.6)-r2-‡･志.o(忘xo一去+o(i)･

Substituting(4.6)into(4.5)yields雷+3k+0(i1-0,andconsequentlyweseethat

716-

-9d^'Conversely,xo-i+孟I詰+o(-o)isclearlythesolutionof(4.4).
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This shows that xo-i+孟一叢十0(忘)･

Next we put xo-i.孟一差+意.o(忘). By substituting this expression
into the asymptotic equation

n9xt+(25n-215)xl+{5n2-31n+U4)xl+(3n3-3n2+sn-16)x<>- n3+ O{‡)
-0,

which is obtained from (4.4) by expanding the both sides ｡f it up t｡ the term ｡f土｡Ⅹ-
phcitly, we get

xo-i+孟一差一語+ o(忘)･

Finally we put xo-i.孟一差一語.意.o(忘In a similar way, from
the asymptotic equation

孟+(119n-1681需+ 25n2-215n+1320 *孟+(5n3-31n2+114n-390h;三

･(3n4-3n3+8n2｢16n+32)xo-n4+o i 1-0,
we have (4.3).

Remark. By means of the above method we can derive the asymptotic e女pansion for

∬o giving to as any higher order as we please. But the calculation involved is trouble-

some.

Theorem 4. 1. For Fnwe have

･IF-II-孟一志一差.器.器.o(忘ト(n-∞)･
proof. In view of (4.2) we obtain

1

IIFJI-Fixo =両Xnl-xo iFi(l, 2; n十2 ; xo),
thus by the definition of the hypergeometric series

(4.7) IIFサII-志xod-xo)2 1+普(1-‡+意一意)･豊(1-‡+慧)

･響(1-‡).響).棉)･
From Lemma 4. 1 it follows that

4.8

xo-i.孟一差一語.器+o(忘)･ x孟-‡+蓋一差一語+o(忘),

xS-去.去. o(忘　　xq一志.慕. o(忘),

(1-xサ)2-‡一芸+慕.器一欝. o(忘)･
Substituting (4.8) into (4.7), we obtain Theorem 4. 1.
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In the meantime, Alkemades theorem and Lemma 4. 1 lead us to the following

estimation for IIFnll.

Theorem 4. 2. For sufficiently large n∈N,

FnW ≦
324 n3

2187n4+729n3+324n2-144n-208

holds.

叫Let伽)-霊wealreadyknowfrom (4.4) that
:Fi(l, 2 ; n+2 ; xo)-/n(xo).

The function 2Fi(l, 2 ; n+2 ; x) is monotonically increasing and fn¥x) is monotonically

decreasingin (0, 1). From Lemma 4. 1 we have

xo-i.孟一差一語.器+ o(忘),
hence the monotony of 2Fi(l, 2 ; n+2 ; x) and fn¥x) implies that

･F,(l, 2 ; n+2 ; x,)≦jL(i.孟一差一語)

37(n+l)n3

3V+3V+34×4n2-32×16n-208

for sufficiently large n^N. From (4.2) and the above inequality we conclude that

1

IIFJI≦前日x(l-xfIIiFi(l, 2 ; n+2 ; xo)

324 n3

2187n4+729n3+324n2-144n-208

This completes the proof of Theorem 4. 2.

We make use of Theorem 4. 2 to improve slightly upon the known theorems on Mn

operators. We have the theorem by Shisha and Mond[4J.

Theorem 4. 3. [4] Let Ln *- C[0, 1] -* C[0, l] {n^N) be a sequence of linearpositive

operators satisfying Lnei- ei U-0, 1). Then for any <5*>0

(4.9)　　|(WXx)-/(x)l ≦{l+S-2((Lne2)(x)-x2)}aj(f ; S)

where coif ; 50 denotes the modulus of continuity off on [0, 1].

If we replace Lnby Mnand set S-n与in (4.9) and use Theorem 4. 2, we obtain

the following theorem.
●

Theorem 4. 4. For sufficiently large n∈N,

WMj-fW≦
(
1+

holds.

Note that WMJ- fW≦

324 n4

2187n4+729n3+324n2-144n-208

An

27n+9Uf;去)

L(/;去)

,which was previously obtained by
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Alkemade [1], Further we know the following theorem due to Lupas and Muller [3].

Theorem 4. 5. [3] Let Ln�"C[0, 1]-* C[0, l](n牀=iV) be a sequence oflinearpositive

operators satisfying Lnei- ei U-0, 1). // /′ exists and continuous on [0, l], then for any

U>O

HW-/II≦{l+S-1)¥¥Lne,-et¥¥<,if′ ; *.
I

If we replace Lnby Mnand set a-n官and use Theorem 4. 2, we obtain the follow-
●

ing theorem.

Theorem 4. 6. For sufficiently large n∈N,

�"-/I暮≦(1+∨有

Note that WMj-fW≦

obtained by Alkemade [1J.

324 n3

2187n4+729n3+324n2 144n-2｡8co¥ f′ ;去)･.

W(f′ ;去) , which was also

5. An explicit expression for {Mnez){x¥

In this section we search for the explicit expression for (Mnez){x) by means of the

way developed in [1J; namely the way appealing to a differential equation. Let us recall

a theorem in [1]:

Theorem C. [1] Letg(t)-了寺te[0, 1). Foreach n∈N, iG[O, ¥)and f∈AR,
{Mnf){x) defined by (1. 1) satisfies the differential equation

x(l -x塩(Mnf)(x)- -(n+ l)x(Mnf)(x)+ n(トx)(Mn(gf))(x).

Lemma 5. 1. For each n∈ A/¥ Mn^z satisfies the differential equation

(5.1)　　　x2(l-xry"+x(l-x)(l+2n+x)y'+(x2+(3n+l)x+ n2)y

-nV+(3n+l)x2+x,

with the condition 2/(0)-0 and y'{0)
(n+lf

Proof. By the definition of Mne3 it is clear that

j/(0)-0, y'(0)
n+1)2'

where y{x)-{Mnez)(x). We set f-e2-ez in Theorem C. Then we have

L -X塩(Mn(e2- e3))(x)- -(n+l)x(Mn{e2- e3))(x)+ n(l -x)(Mne3)(x).
From the linearity of Mnoperators, we have

x(1 - x塩{Mne2){x)- x{l - x塩(Afサe,)(x)
-(n+ l)x{Mne2){x)+(n+ x)(Mne3)(x),

namely,
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(5.2) x(l-x塩(Mne2){x)+{n+l)x(Mne2){x)

-x{l -x塩{Mnez){x)+{n+x){Mnez){x).
From Lemma 1 in[1] (see. p. 263)

(5.3)　　x(l-x塩(Mne2){x)- -{n+x)(Mne2){x)+ nx2+x.
Substituting (5.3) into (5.2) yields that

{nx- n){Mne2){x)+ nx2+x-x{l -xhr-{Mne3){x)+{x+ n)(Mnez){x).

In other words, (Mne3)(x) is a solution of the differential equation

(5.4)　　　　　x(l-x)y'+{x+ n)y- n(x-1){Mne2)(x)+ nx2+x.

Differentiating (5.4), we have

(5.5)　　　　　　　x{l-x)y"+(l+n-x)y′+y

- n(Mne2)(x)+ n(x-1)((Mne2)(x))'+2nx+ l.

Further from (5.3)

n(x- 1)((Mne2)(x)Y-
n{x+ n)(Mne2)(x)

∫

Therefore from the last equation and (5.5) we get

(5.6)　x(l-x)y"+(l+n-x)y'+y-
n(n+2x)(Mne2)(x)

∫

On the other hand, since Mne3 is a solution of (5.4),

5.7)　　　　　　n(Mne2)(x)-

n x-n

(n -2n)x-n+1

x¥¥-x)y′+(x+n)y-nx -x

Ji-il

15

Substituting (5.7) into (5.6), we obtain (5.1), as required.

Lemma 5.2. Let wn(x)-(Mne3)¥x)-x. Then wn(x) satisfies the following differential

equation

(5.8 x2(l -x)2wn"(x)+x(l-x)(l+2n+x)wn (x)+{x2+(3n+l)x+ n2¥wn(x)
-nx(l-x){nx+n+2).

Proof. By making use of the relation wn(x)-(Mnez){x)-x and Lemma 5. 1, we

obtain the result.

Lemma 5. 3. y-x n(l-x)n+1 is a solution of the differential equation

(5.9)　x2(l-x)2y"+x(l-x)(l+2n+x)y′+{x2+{3n+l)x+nz¥y-0.

Proof. A straightforward calculation gives the result.

The following two lemmas are concerned with some definite integrals. In the se-

quel, we employ the notation:

黙　-1)V
sn{x)- ∑
K-¥ k{¥-x)7c' tn(x)-畠豊where /i(A)-Zj-t-.

Lemma 5. 4. Foreach n^N andforeach x牀=[0, 1),
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r

i-f二

Proof. Denoting In-

dt-(-¥)n{sn(xトIog(l-x)

(l-tr+1
at. we obtain the relation

∬桝1

n+1 1-xr
tn+i*

by the integration by parts. Thus (-ir+7B+i-(-lrJサ-(-lf+1

x"

(n+l)(l-xT+1

Addingtheequalitiesobtainedbysettingn-0,1,2,�"�"�",m-1inthelastequation,we

have

(-1)*JォーZ,-｣

71=1忘豊-sm(x).

ObservingIo--log(l-x¥weestablishthelemma.

Lemma5.5.Foreachn∈Nandforeachx∈[0,1),

tn x"

(l- f)n+2　(n+lXl-xf

t

Proof. ㊦ putting u=手=了, we easily obtain the result.
By employing these lemmas we are now in a position to solve the differential equa-

●

tion (5.8). Motivated by Lemma 5. 3 we may set y-wn{x)-{Mnez){x)-x-yi{x)un(x),

where yi{x)-x n(l-x)n+1. Then obviously we have

(5.10)　　　wn (x)-yi'Un+ y,Un¥　wn'{x)-2/,"un+22/,'ttn'+viUB*.

Substituting (5.10) into (5.8), we have

(5.ll)　x2(l-x)2ylun/+ {2x2(l-x)2yi′十x(l-x)(l+2n+x)t/1) un/

-nx{¥-x)(nx+n+2).

As y,′--x "(1-x)n(n+x¥ we have from (5.ll)

xUn ¥x)+Unix)

Solving this equation, we get

xun(x)--n2

J.72+ 1

(i- tr+2

n2xn+1　n(n + 2)xn

(l-x)n+2　(1-xT+2

dt-n(n+2)[

Jo a-tr
dt,

here we use the condition [xun(x)]x=｡-O. By appealing to Lemmas 5. 4 and 5. 5 we

obtain

xun(x)-(-1)nn2ォ+,(*)-log(l-x)

un (x)-(-1)nn2

Thus we have

β桝血) iog(i-∬)
t t^^^^^m *

Finally, from the above equation we get

5.12　　　　　　un(x)-(-1T
xsn+l(t)

n{n+2)xn

(n+in-xj¥n+i

n(n+2)xn

(n+m-xT

dt-f'

JO;log(l-t)

tdt
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n(n+2 r

(l-tr
dt,

17

dt-y

here we use izn(O)-O.

Now by definition

xsn+,U) 7i W(-1)*
i thレ　fc=l

fc=2　k

by making use of Lemma 5. 4 again we have
●

(5.13)　聖

Next we prove that

5.14

n+ii

k-2n,

x j*-1

a-tr

J*-.

a-tr

dt

-l '': 1さ｡三･

tsた-i(x)-log(l-x) +log(l-x)

n+¥
-E

fc=2‡s*-i(x)+Mn+l)log(l-a:).

n+i
E

fc=2‡sk-i{x)-h{n+l)sdx)-tdx).

In fact, by the change of order of double summation, we get

n1nik
:-i1/¥v-i1x-
n+11n
H-4rs*-i(x)-E

fc=2KK=¥前了s,lx)-^青石2]

∑て÷丁- ∑

(-lYxl

i(l-x)1

告(-D'x n 1 A(-1)lx'-∑
｣ii(l-x)1たちk+1盲i(1-x)i (柚+1ト的))
-h(n+l)sn{x)- trix).

Combining (5.13) and (5.14) we get

(5.15)　JJ｡雪坦dt- tn(x)-h{n+1)1 5n(x)-log(l-x)J.
Again in view of Lemma 5. 4we conclude from (5.12) that

sn(x)-log(l -x)wn(x)-(-l)V ar)+(-1)n+1n2/i(n+l)
･(-1)nn2｣

k=l憲一
n(n+2)
n+1

that is,

5. 16　　　un(x)-(-1)nn2tn(x)+( 乃2+
)
乃
(ム
川
2
m

円HHHHHHHHu

日
日+乃E

u
H
H

∞
慧
乃
乃
ー

　

　

h

u

一

l
n

H

r

■

L

u
+

Recall the relation set at the outset

(5. 17　　　　　　　　　(Mne3)(x)-x+
(l-x>¥n+¥

x"

(5.16) and (5.17) lead us to the following theorem.

Theorem 5. 1. We have

(Mnez)(x)-x+
(l -x)n+l

x"

E""lrJ
J
H
r
d乃
日照がIes)

unix).

unix),

(-1)" sn(x)-log(l-x)

-log(l-x)
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whereun(x)-(-1)nn2tn(x)+(-1)n+1{n2Mn)+2n}{sn(x)-log(l-x)}+(-iTtfY*

k=l憲,

午(-1)V
sn(x)- ∑
*-i k{¥-x)ォ'

in(x)- ∑
午(-irh(k)x*

仙′　fci k{l-x)た'
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