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Abstract

In general, an axiomatic system is nowadays considered as a mere assumption of
the theory, but the requisites are various. Consistency, completeness and independ-
ence are usual required. Consistency and completeness of an axiomatic system are
assured by the existence and uniqueness theorems for the system respectively.
Independence of an axiomatic system means that each axiom is not the logical
consequence of the rest. If an axiomatic system is not independent, some axiom may
be removed from the system, so we shall call an independent axiomatic system
minimal. The purpose of the present paper is to discuss minimality of the axiomatic
systems of remarkable Finsler connections known in a Finsler space systematically.
Key words: Finsler space, Cartan connection, Berwald connection, minimal axiomatic

system.

1. Introduction

Let (M, L) be a Finsler space, that is, a differentiable manifold M endowed with a metric
function L (z,y) (y'=2'). The fundamental tensor field g, is given by gi,;= (9;0; L% /2,
where 8,=3/0y’. We put (g”) = (gi;) "*. We shall express a Finsler connection FI"in terms of
its coefficients as FI'= (N'i, 'y, C/'0). \

In a Finsler space there are known four remarkable Finsler connections CI'= (G'y, Fj's,

(C;jz'k), BIr'=(G',, G/'x, 0), R'= (G, c/’k, 0) and HI'= (G'y, G/, (c?/k), named the Cartan, Ber-
wald, Rund and Hashiguchi connections respectively. As is well known, CI'" and BI" are

uniquely determined as Finsler connections FI'= (N, F, C;x) satisfying the following
axiomatic systems due to Matsumoto [5] and Okada [9] respectively:
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{ (Cl) Dik: y (CZ) T,»fk=0, (C3) gmk:O,
(C4H Si'=0, (C5) gii[x=0;
{ (B1) D',=0, (B2) P';=0, (B3) T;,=0, (B4 L,=0,
(B5) Ci',=0,

where |, and |, denote the respective /- and v-covariant differentiations, D' (=y” F,’x—N*))
the deflection tensor field, and Ty, (= Fi',— F\;), Si'x (= Cjiv— Ci;) and Py (=0, N\, —F\;)
the respective (#)h-, (v)v- and (v)hv-torsion tensor fields. These axiomatic systems are
evidently consistent and complete.

Now, we shall call an axiomatic system minimal if the axioms are independent each
other, that is, if each axiom is not the logical consequence of the rest. The purpose of the
present paper is to discuss minimality of the axiomatic systems of remarkable Finsler
connections systematically. Minimality of an axiomatic system is assured by showing that the
modified system obtained by omitting any axiom and adding its contradictory is consistent,
that is, by the existence theorem for the modified system. From such a modified system we
may get an interesting Finsler connection as a generalization of a remarkable Finsler
connection. Thus, in order to make such a genefalization systematically, the problem of
minimality is important.

Let FI'= (N, Fi4, Ci) be any Finsler connection. It is shown in Aikou-Hashiguchi [1]
that the coefficients N, and Fj’; are expressed in terms of its D', T;'; and giji, and the

coefficients Cj', in terms of its S;’, and gi;|«. Conversely, in the expressions the tensor fields

D', T/, gimw and Sj'y, gij|« are arbitrarily given, so Matsumoto’s axiomatic system is
minimal, which we shall review in §2.

On the other hand, it is also shown in [1] that in any Finsler connection FI'=
(N, Fi', Ci'4) the coefficients N’ and Fj'; are expressed in terms of its D', P'y, Tj'x and
L. The coefficients C;; are arbitrarily given. Contrary to the former case, however, in the
expressions of N, and F; the tensor fields D’;, P, T/« and L, are not arbitrarily given, so
from the expressions it is not clear if Okada’s axiomatic system is minimal. The fact is that
there does not 'existva positively homogeneous Finsler connection such that D', #0, P';;=0,
since the homogeneity yields D= — P‘;,, where a subscript 0 means a contraction by y'. If a
Finsler connection is confined to what is positively homogeneous, then (B2) implies (B1), so
Okada’s axiomatic system is not minimal. We allow a Finsler connection which is not
positively homogeneous, and in 83 we shall show the minimality. Incidentally, in §4 we shall
remark on the existence of the consistent, complete, minimal axiomatic system for each of the
Rund and Hashiguchi connections.

The terminology and notation are referred to Matsumoto [6]. In reference to Tj,
however, we use the notation Sj’; instead of S%;,. The tensor fields gi; and g" will serve for
lowering and raising indices, e.g., K.’ =gis &'” K;*,, where the position and order of indices are
essential.
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The present paper was first suggested by R. Miron, the first author, in order to dedicate
to M. Hashiguchi, the third author, on the occasion of his sixtieth birthday together with T.
Aikou, the second author, and has been completed based on [1].

2. Minimality of Matsumoto’s axiomatic system
For any Finsler tensor field K/, we put
2.1 K*'= (Ky'+ Ki' — Ki'j) /2.
Then we have from Theorem 2.2 in [1]

Theorem 2.1. In a Finsler space, let Dik, Tjik (:_Tkij), Sjik (:_Ski,‘), and Uikj (ZUjki),
Viii (=Viw) be any Finsler tensor fields. Then there exists a unique Finsler connection FI'=
(N'y, Fi'y, Ci'y) such that the deflection tensor field, the (h)h- and (v)v-torsion temsor fields,

and the h- and v-covariant derivatives of gi; are the given D'y, Ti'y, Si'w, and Uiy, Vi
respectively:

(2.2) F'«— N =D/,
23) Fiv—F/i=Tj', Ci'v—Ci';=S/'x,
(24) giilk= Uinjy &ii|x= Viks.

We construct the Finsler tensor fields K%, X'y and Yy by

(25) K =D"—T*+U*s,
(2.6) Xiszik—ékir K,
(27) Y}ikzéjir ka"*'ékir er—éjky X”

successively. Then the coefficients of FI' is given by

(2.8) Ny =G — X",
29 Fi=Fi Y+ T — U,
(2.10) Ci=Ci+S*— V¥

Since the Finsler tensor fields D', T’y (=—T."), Si'x (=—5%), and Uy; (=Ujrd), Vi
(=Vj) in Theorem 2.1 are arbitrarily given, the independence of each axiom is clear. For
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example, putting D*,=0%, Ti'+=S;'+=Ui;=Vi;=0, we have X', =d%, Y;'v=C,", so we have

a Finsler connection which assures the independence of the axiom (Cl) as follows.

Example 2.1. The Finsler connection given by

. . . . ¢ . [ . [
(2.11) NY=G"—0", Fi'x=F;"«+Cj'r, C;'x=Cj"«
satisfies D'x=0"%, T;v=giu=>S/'v=gij|x=0.
We have generally

Theorem 2.2. A Finsler connection FI'= (N',, F;'\, Ci'\) satisfying the axioms (C2), (C3),
(C4), (C5) is obtained from

(2.12) N4Y=G— X", Fi'v=Ft Y, CHh=Cj,

if we put X', =D, — (CJ,/; D7, Vi = é/; X’k-*—(clk’; X7— ém X" for any Finsler tensor field D*,.
Then the deflection temsor field of FI' is the given D',.

Such Finsler connections were discussed in [2]. Especially, interesting Finsler connections

are given by D', =Ad%+ul' I, e.g, D'y=—0d%, D',=h',, where 1 and y are any Finsler scalar
fields.
Next, we shall discuss the independence of the axioms (C2) and (C4). We have generally

Theorem 2.3. A Finsler connection FI'= (N, F;,, Ci'y) satisfying the axioms (C1), (C3),
(C4), (C5) is obtained from

(2.13) N =G—X", Fi'=F + Y +T*", C/v=C/
. . [ . [ [ [ . .
if we put X',=—T*'v+Ci', T*", Yiv=Cj, X"x+Ci', X";—Ciir X7* for any Finsler tensor

field Ty (=—T,',). Then the (h)h-torsion tensor field of FI" is the given Tj.

A Finsler connection FI'= (N, F/'y, Ci'y) satisfying the axioms (C1), (C2), (C3), (Cb) is
obtained from

(214) NY=G", Fiv=F, Ci'v=Cj i +S5%,
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where Si', (=—3Si';) is any Finsler tensor field. Then the (v)v-torsion tensor field of FI is the

given S;'s.
As simple examples we have

Example 2.2. The Finsler connection given by

c

(2.15) N4=G+Lh'y, Fi'=F'«—LC/«+1; 0%—1' g, Ci'v=C'«

satisfies T/v=1; 6'x,—1; 6%, Dik=gzj4k25jik=gzj|k:0~
The Finsler connection given by

(2.16) N'=G", Fi'=Fj, Cih=Cj+1;0%—1" gi
satisﬁes Sji/c:lj 5ik_lk 5ij, Dik:Tjik:gﬁlk:giﬂk:O.

A Finsler connection such that Tj;=t; 6',—t 6%, and/or S;v=s; 8'x—sx 0'; is generally
called semi-symmetric, where t;, s; are any Finsler covariant vector fields (cf. [7]). Especially,
a semi-symmetric Finsler connection satisfying the axioms (C1), (C3), (C4), (C5) is called a
Wagner connection, and is important as a typical gemeralized Cartan connection (cf. [4]).

Lastly, we shall discuss the independence of the axioms (C3) and (C5). We have
generally

Theorem 2.4. A Finsler connection FI'=(N',, Fi'x, C;'v) satisfving the axioms (C1), (C2),
(C4), (C5) is obtained from

217 Ni,=G'— X'y, Fj'\=F/+ Y \— U%*', Ci'v=C/,

. . [ X [ c c .
if we put X, =U*,—Ci', U*y, YViv=C;', X"+ Ci', X';— Cjiy X7 for any Finsler tensor field
Ui (=Uji). Then we have gijiw=Uy; with respect to FI, where U, is the given one.

A Finsler connection FI'= (N, Fi'y, Ci'+) satisfying the axioms (C1), (C2), (C3), (C4) is
obtained from

4 c

(2.18) N =Gy, F/x=Fj'y, Ci'h=Ci'y— V¥,

where Vi; (=Vi.) is any Finsler tensor field. Then we have gi;|=Vi; with respect to FI,

where Vi, is the given one.
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As typical examples we have

Example 2.3. The Hashiguchi connection HI'= (G, G\, Ci\) satisfies gijix = — 2Piji,
Dik:T]‘ik=Sjik:g,‘j]k:0.

¢ N : 4 . . .
The Rund connection RI'= (G, Fy'y, 0) satisfies gi;|x=2Cir, D= Tj'c=gij=3S;'x=0.

[
In a Landsberg space, where P;;;,=0, the above first example becomes trivial. In a

c
Riemannian space, where C;;;=0, the above second one is also trivial. As non-trivial examples
we have recurrent Finsler connections such that gi;;x=2ay gi; or gij|x=2bi gij, where a; and by

are any Finsler covariant vector fields (cf. [3]). Especially, putting a,=2[; and b,=2[, we
have

Example 2.4. The Finsler connection given by

c

(219) Nik: G"k—L(S"k, FjikZFjik'f'LCjik—lj 5ik"lk 5ij+li ik, Cjik:Cjik

satisfies gmk:Zlk Zij, Diszjik:Sjikzg“.]k:O.

The Finsler connection given by

(220) Nik:Gik, Fjikszik, Cjikzcjik_lj 6ik_lk 51]__{,_11’ Sik

satisfies gy« =21k gij, D'=T/}v=gij=S/'+=0.

3. Minimality of Okada’s axiomatic system

We shall discuss minimality of Okada’s axiomatic system by the following theorem (cf.
Theorem 3.2 and Theorem 34 of [1]).

Theorem 3.1. In a Finsler space, let D'\, Py, T (=—T'), Ly, and C;'x be any Finsler
tensor fields. We construct the Finsler temsor fields Q;'v, H'v, E'v, and Z'; by

3.1 Q' =T/ — (P'u— Py,
(3.2) Hik:Dik+Pik0+Qki0 (=D"+Py+ T,
33) E=0,(LLy) —2LL,,

(34) Zh=(H+0.(H+E")/2
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successtively.
If the three conditions

(35) Zik_yr 3, ZikzDik"'Piko, 5k Zij_aj Zik:jSky Yr Zyk:LLk

are satisfied, there exists a unique Finsler connection FI'= (N'\, F;', C;'y) such that the deflec-
tion tensor field, the (v) hv- and (h) h-torsion tensor fields, and the h-covariant derivative of L

are the given D'y, P, T/, and L

(3.6) Fiy—Ny=D',, 0, N',— F,';= P},
3.7 Fi'v—F=T/, Ly=Ly,

and the coefficients Ci'v are the given one. The coefficients N'., Fi'y of FI' are given by
(3.8) Ni=G\\—Z, F/v=G;/y—0; Z',— Py,

Especially, in the case where the given Finsler temsor fields D', P'y, T/w and L, are
bositively homogeneous of respective degrees 1, 0, 0, 1, that is, in the case where the obtained
Finsler connection is positively homogeneous, the above conditions (3.5) are equivalent to the
Sollowing two conditions:

(3.9 D' +Piy=0, y (04 Qi',—0; Q') =0,

Since a Finsler connection FI" satisfying the axioms (B1), (B2), (B3), (B4) is given by

Fr=(G'%, Gj';, Ci*) for any Finsler tensor field C;’,, the independence of (B5) in Okada’s
axiomatic system is clear. In a non-Riemannian space, the Hashiguchi connection

HI'= (G'y, Gi'y, (ij"k) is a typical example of a Finsler conenction satisfing C;'x#0, P'j,=Tj",=
L=0.

Since there does not exist a positively homogeneous Finsler connection such that D, #0,
P';,=0, in order to show the independence of (B1) in Okada’s axiomatic system, we should

search a Finsler connection with a surviving D’ which is not positively homogeneous of
degree 1. From Theorem 3.1 we have generally

Theorem 3.2. A Finsler connection FI'= (N',, F;', 0) satisfying the axioms (B2), (B3),
(B4) is given by

(3.10) W=G4—Z', Fi=G/—0; Z',,
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if the Finsler tensor field Z'y= (D'+0: Do) /2, constructed from any Finsler tensor field D'
such that 3; D'y=0, D';, satisfies

(3.11) Ziv—y 0, Z'v=D", y, Z",=0.
Then the deflection temsor field of FI is the given D'.

A typical example is given by D=0, s’, where s’ is any positively homogeneous Finsler
contravariant vector field of degree 0 such that y, 0, s”=0. Especially, taking s'=2[' we have
from 0, I'=h',/L

Example 3.1. The Finsler connection FI'=(N',, F;', 0) given by
(312) Nikz Gik_hik/L, Fjikz Gjik+ (ll hjk+lj hik+lk l’lij) /Lz
SatiSﬁeS Dik:2hik/L, Pi]_k: T/kzL‘kzo.

In order to discuss the independence of the axioms (B2), (B3), and (B4), it is sufficient to

take a positively homogeneous Finsler connection with C;;=0. First, we shall discuss the
independence of (B2). We have generally

Theorem 3.3. A positively homogeneous Finsler connection FI'= (N, Fi'\, 0) satisfying the
axioms (B1), (B3), (B4) is given by (3.8), if we put Z'y= (Pio.+ 0, Pos') /2 for any positively
homogeneous Finsler tensor field Py, of degree O such that P'o=0, y” (d; Q/'»—0; Qi'y) =0,
where Q;'y=P';—P'.. Then the (v)hv-torsion temsor field of FI' is the given P'j.

A simple example of P'j, satisfying the conditions in Theorem 3.3 is given by

Example 3.2. Let P’y (=P?%;) be any positively homogeneous Finsler tensor field of
degree 0 such that Pi=0. Then the Finsler connection FI'= (G, G;x— P, 0) satisfies
Di,=T/v=L,=0. The (v)hv-torsion tensor field of FI" is the given P'j.

A typical example is given by P';,=P';, for which G;y—P';;,=F;',. Then we have the
Rund connection RI" In a Landsberg space we can take [ &j; as an example of P';,#0. Thus
we have

Example 3.3. The Rund connection RI'= (G',, F}',, 0) satisfies P*y= Py, D'y= T}’ =L, =0.
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The Finsler connection FI'= (G, G;'x—1' hj;, 0) satisfies P';;=1" h;,#0, D', = T;/,=L;,=0.
Next, we shall discuss the independence of (B3). We have generally

Theorem 3.4. A positively homogeneous Finsler connection FI'= (N, F'i, 0) satisfying the
axioms (Bl), (B2), (B4) is given by (3.10), if we put Z',= (Tio+ 0k Tio0) /2 for any positively
homogeneous Finsler tensor field Ti'y (=—T;) of degree 0 such that y" (0, Tj,—0; Ti',) =0.
Then the (h)h-torsion tensor field of FI is the given Tj',.

A typical example is given by

Example 3.4. The Finsler connection FI'=(N';, F;’, 0) given by
(3.13) Nu=G+Lh'/2, Fi'y=Gi+ (L k=1 b =1 hy) /2
satisfies Tj',=1, 6',— 1, 6%, D',=P',=L,=0.

Lastly, we shall discuss the independence of (B4). We have generally

Theorem 3.5. A positively homogeneous Finsler connection FI'= (N'y, F'y, 0) satisfying the

axioms (B1), (B2), (B3) is given by (3.10), if we put Zy,= (0, E')/2 for any positively
homogeneous Finsler tensor field L, of degreee 1. Then we have L,=L, with respect to FT,
where L, is the given one.

A simple example is given by

Example 3.5. The Finsler connection FI'=(N', Fj';, 0) given by
(314) Niszik_L((Sik"'li lk), Fjik=Gjik_ (l] 5ik+lk 5ij+li hjk)
satisfies L,=2y,, D\=P;,=T;=0.

Thus we have shown minimality of Okada’s axiomatic system. Contrary to the case of
the Cartan expression (2.8), (2.9), (2.10) shown in Theorem 2.1, the tensor fields appeared in
the Berwald expression (3.8) shown in Theorem 3.1 are not arbitrarily given, which never

negates the excellence of Okada’s axiomatic system, but it seems to be an interesting problem
to search various characterizations for the Berwald connection (cf. [8]).
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4. The Rund and Hashiguchi connections

The Rund connection RI'= (G, C,»"k, 0) and the Hashiguchi connection HI'= (G%, Gj's,

c . [ X . [ c .
C;) are obtained by interchanging C;; and 0 in the Cartan connection CI'= (G', Fj'x, C;';) and

in the Berwald connection BI'= (G}, G, 0) respectively.

Since the coefficients Gy, F e (or G, Gj») and éjik (or 0) are independently deter-
mined by the conditions D,=0, T;,=0, g;,=0 (or D=0, P{,,=0, T/+=0, L,=0), and
7x=0, gij|r=0 (or C;,=0) respectively, the connections RI" and HI" are uniquely deter-
mined as Finsler connections FI'= (N, F;,, Ci*v) satisfying the following axiomatic systems
respectively:
R { RD D=0, (R2) T/%=0, (R3) gi=0,
(R4 C/=0;
{ (HD D=0, (H2) P;=0, (H3) T/,=0, (H4) L;=0,
(H5) S/'x=0, (H6) gi;|«=0.
These axiomatic systems are clearly consistent and complete. These are also minimal. In
fact, a Finsler connection which assures the independence of each axiom is obtained from
some example given in 82 or §3 by interchanging the coefficients. We also remark that the

connections CI, BI, RI" and HI satisfy the conditions listed below, where a bold-faced 0
indicates that it is assumed as an axiom.

D', Ti' &ijlk P Ly N &ij|k Cix
cr 0 0 0 Py 0 0 0 C/
Bl 0 0 —2P; i 0 0 0 2Ciii 0
i c c
Rl 0 0 0 i Py 0 0 2Cis 0
HT 0 0 —2Py |0 0 0 0 o
References

[1] T. Aikou and M. Hashiguchi, On the Cartan and Berwald expressions of Finsler connections, Rep.
Fac. Sci. Kagoshima Univ. (Math. Phys. Chem.) 19 (1986), 7-17.

[2] M. Hashiguchi, On determinations of Finsler connections by deflection tensor fields, ibid. 2 (1969),
29-39.

[3] M. Hashiguchi, Some remarks on linear Finsler connections, ibid. 21 (1988), 25-31.

[4] M. Hashiguchi and Y. Ichijyd, On generalized Berwald spaces, ibid. 15 (1982), 19-32.

[5] M. Matsumoto, A Finsler connection with many torsions, Tensor, N.S. 17 (1966), 217-266.



On Minimality of Axiomatic Systems of Remarkable Finsler Connections 51

[6] M. Matsumoto, Foundations of Finsler Geometry and Special Finsler Spaces, Kaiseisha Press, Otsu,
Japan, 1986.

[7]1 R. Miron and M. Hashiguchi, Metrical Finsler connections, Rep. Fac. Sci. Kagoshima Univ. (Math.
Phys. Chem.) 12 (1979), 21-35.

[8] T. Okada, On axioms for the determination of Finsler connections, Symp. Finsler Geom. Nasu, Japan,
1981.

[9] T. Okada, Minkowskian product of Finsler spaces and Berwald connection, J. Math. Kyoto Univ. 22
(1982), 323-332.



