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The author [27] discussed parallel displacements in Finsler spaces and showed that
the connection I" defined by E. Cartan [1] is the shortest and fittest from a natural
standpoint. In that case we imposed as a natural condition the torsion tensor field to
vanish, but in its definition the supporting elements are confined to be parallel. And,
M. Matsumoto [ 4 ] has proposed, from the standpoint of his modern Finsler theory, the
following elegant axioms that determine uniquely that connection I” and the associated
non-linear connection N: |

(C1) the connection I” be metrical,

(C2) the deflection tensor field D=0,
(C3) the (h)h-torsion tensor field T=0,
(C4) the (v)v-torsion tensor field S'=0,

where the axiom C2 expresses the geometrical meaning as above stated.

So, from the standpoint that the supporting elements may be displaced with respect
to any non-linear connection /N in the tangent bundle, we shall replace the condition C2
by some weaker conditions and find the conditions to be imposed thereon in order that
the connection I” defined by E. Cartan be obtained (Theorem A).

As a result of this consideration we shall notice that Finsler connections with the
deflection tensor field D= —@ are somewhat canonical. We shall give an example of
such a Finsler connection (Theorem B).

Throughout the present paper we shall use the terminology and notations described
in M. Matsumoto [5]. In §1, we shall briefly sketch the materials in need of our
discussions.

The author wishes to express his sincere gratitude to Prof. M. Matsumoto for the
invaluable suggestions and encouragements.

§ 1. Preliminaries

1°.  Given a differentiable manifold M of dimension n, we denote by L(M)(M, =,
GL(n, R)) the bundle of linear frames and by T(M) (M, t, F, GL(n, R)) the tangent
bundle, where the standard fiber F is a vector space of dimension » with a fixed base

{ed}.
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The induced bundle ™ 'L(M)={(y, z) € T(M)x L(M)|t(y)=mn(z)} is called the
Finsler bundle of M and denoted by F(M) (T(M), 71, GL(n, R)). The projection 7, is
the mapping

wy: F(M)— T | (y, 2)— v,
and we shall denote by 7, the mapping
my: F(M)—L(M)|(y, 2)— z.

The Lie algebra of the structural group GL(n, R) of L(M) or F(M) is denoted by
L(n, R) and the canonical base by {LZ}.

2°. A Finsler connection (I, N) is by definition a pair of a connection I in the Finsler
bundle F(M) and a non-linear connection NN in the tangent bundle T(M).

Given a Finsler connection (I", N), let I,(u € F(M)) and 1,(y € T(M)) be the respec-
tive lifts with respect to I"and N. In terms of a canonical coordinate system (x°, y*, z%)
of F(M), they are expressed by

® o), =) 4oz ).

@ Lo5),=(550),~#4(ozp).
and

o ) =65~ ),

where I',, Ci, are called the components of I" and the F§ the components of N. Ci, are also
the components of the (h)hv-torsion tensor field C.
For each f € F the h- and the v- basic vector fields B*(f) and B*(f) are defined by

O) ‘ Bh(f)u=luly(zf)
and
at u=(y, z) respectively, where I is the vertical lift expressed by
(0N (0
© ly(W)x—<@yi)y'

The A~ and the v- basic forms 6" and 6” constitute, with the connection form w of I,
the dual system of (B"(f), B*(f), Z(A)), where Z(4) is the fundamental vector field
corresponding to 4 € L(n, R). They are expressed by

@ 0"=z"19dx’e,,
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(8) 0" =z"'4dy '+ Ff{dx")e,
and
9) w=z"1%(dz}+ 2]}, dx*+z{Ci,d y*)LE.

If we denote by 6 the basic form in L(M) then
(10) 6" =r,6.

3°.  Given a Finsler connection (I", N), we get the associated non-linear connection
N with the subordinate F-connection I'r to (I', N). The pair (I", N) is a Finsler con-

nection and is called the associated connection with the given one. We shall denote by
putting __ the quantities with respect to (I', N).

If we put
(11) Fjy == CaFy,
the components F;} of NV are
(12) Fi=y'F},
and differ by y'F}, —Fj from F}{. The quantities
(13) Di=y'Fj,—F}
are the components of the deflection tensor field D defined by
(14) D(f)=B"(f)r,
where 7 is the characteristic field defined by
7: F(M)—> F|(y, 2) >z y=2z"1¢y'e,.
Between the h-basic vector fields B*(f) and B*(f) there exists the relation
(15) B'(f)=B"(f)+B*(D(f)),
therefore, as the dual relation, we have
(16) 0°=6"— D(6").

4°. Given a Finsler metric function L, the usual metric tensor field G is defined, its
components g;; being given by

212
(17) 1 0°L°

A Finsler space means here a differentiable manifold M endowed with such a metric
tensor field G.
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We put
_ ag]h 0gnr 0gjk>
(18) =g (Gt + s~ 5k )
i 1
(19) G :Trjky]yka
and
. 0G*
(20) Gi=g,o
where 7{,= g7
And we shall sometimes use the notations
(21) li: —y— lj= g,'jli.

L b

5°.  Let a Finsler connection (I", N) be given in a Finsler space (M, G). The con-
ditions C1-C4 are expressed as follows:

0o
(C1) (22 rjhk—l'rhjk:—ag—]kh,
x
(23) Cine+ Crjr= ai]h‘
7 J ayk o
(C2) (24) Fi=y'F},
(C3) (25) Fine= Faj,
(C4) (26) Cine = Crajy

where ;= ginl i}, Cine=ginCi; and Fjup= ginF},. We shall here explain some geo-
metrical meanings of these conditions.

Let C be a differentiable curve in M and C be a differentiable curve in T(M) mapped
on the C by the projection . Tangent vectors X(¢) along C are said to be parallel along
C with respect to C, if the equations

dX’ dx* dy*

(27) T X 4 G, X =0
are satisfied, where C is expressed by x(¢) and C by x'(¢), y(¢).

Under the parallel displacement along a curve C, if we take in particular C to be a
lift Cy with respect to the non-linear connection N, i.e.

dy dk

(28) dt +Fk( Xy y) O’
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the equations (27) may be written in the form

dX’

(29) e

——+F} (=, y)X — —0
The supporting elements y* (the points of the lift C) are parallel with respect to Cy,

1.e. o

k

dy’ o dz” _
(30) , —r + Fj(x, y)y 7 =0,

if and only if the equations (24) are satisfied, which is a geometrical meaning of the
condition C2.

The connection I” is called to be metrical if the length of a vector remains unchanged
under the parallel displacement along any curve C with respect to any C, which is a
geometrical meaning of the condition Cl. On the other hand, the non-linear con-
nection N is called to be metrical if the supporting elements as the points of a lift Cy of
any curve C have a constant length, that is, the (28) yields

. d i g
(1) 7 (&2 D y'y)=0.
In the case that the /" is metrical, the non-linear connection N is metrical if and only if

(32) giny’Di=0, or [;Di=0.

This is easily verified by (22), (23), (28) and (13). Hence, if the condition C2 is
satisfied, the non-linear connection NV is metrical.

Let T(x) be the fibre t='x over a point x € M and F(x) be the Finsler subbundle
w71 T(x). If we denote by I'® the restriction of the distribution I” to F(x), the I"” is
regarded as a linear connection on the differentiable manifold T(x), whose components
are C#,. Since the (v)v-torsion tensor field S' is expressed by S?;,=C?,— C},, the con-
dition C4 requires this connection /™ to be without-torsion.

If we restrict the metric tensor field G to ‘T(x), then the T(x) becomes a Riemannian
space. Thus, the connection satisfying (23) and (26) is the Riemannian connection,
which is uniquely determined by the G as follows:

(33) Comn= —;—aagy: .
Therefore, C;s, are symmetric and the relations

(34)  Cmy®=0, or Cjul*=0
hold good. | |

Now, since F},=1I"},—Ci, Fp, the (h)h-torsion tensor field T, which is expressed by
T},=Fj,— F{;, depends not only on the I" but on the N. However, the conditions C1
and C4 do not depend on the N. So, the condition C2 gives an influence upon the
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definition of the T only. Hence, to determine the I” only, it seems that the condition
C2 is replaced by some weaker conditions.

§ 2. Determinations of Finsler connections by deflection tensor fields

6°. First, we shall consider the case that any non-linear connection is given in the
tangent bundle of a Finsler space.

ProrosiTioN 1.  Given a non-linear connection N in the tangent bundle of a Finsler space,
there exists a unique Finsler connection (I', N') satisfying the following four conditions:

(C1) the connection I' be metrical,

(C2") the non-linear connection be the given N,

(C3) the (h)h-torsion tensor field T=0,

(C4)  the (v)v-torsion tensor field S*=0.

The components I'jny and Cjpy, of the I” are

0 0
(35) Iine=7im+ (agjk Fr — 8tk Fm>
y ay”
. 1 0g;
(33) jhe = Trg;z ’

where F}i are the components of the given non-linear connection N.
In this case Fjpy, are

0 0 0g;
(36) Finp=1jnr— 5 (0?" Fpr+ Ozi/%"’: i a‘ij:; FZ">,
and if we put
an 0 _ 0 g0

then they are expressed by

1 /0gin , Ogne 08
(38) Fim=y (oot + 5~ oot )

Proor. (33) follows from (23) and (26) as remarked in 5°. If we put

0 0
(39) Tim=tut (558 Fr =S80 P )+ Ay,

then we obtain by (22) and (18)

(40) Ajnr+ Apj=0,
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and by (11), (33) and (25)
(41) Ajhk:Akhj-

From these equations it follows that A;n,=0. Hence, (39) becomes (35), and (36) fol-
lows.
And the I" defined by (35) and (33) satisfies with the /N our conditions.

From (36) and (34), we have

1 0
(42) yFk-—f)’ T;k"‘——g’ha-sj;kayj

We may solve Fj from (13) and (42), and obtain
(43) Fi =Gj+Cj,D! y*—Dj,
Substituting (43) into (35), we have

ProrosiTioN 2. Given a Finsler tensor field D of type (1, 1) in a Finsler space, there exists
a unique Finsler connection (I"y N') satisfying the following four conditions:

(C1)  the connection I" be metrical,

(G2")  the deflection tensor field be the given D,
(G3)  the (h)h-torsion tensor field T=0,
(C4)  the (v)v-torsion tensor field S'=0.

The components I'jupy Cine and Fji of the (I, N) are

1 /0 0
(44) rjhk=7’jh(a+ 5 (agj,ﬁ Gr— a‘i:",:(;’”)

+ CjkmC%Déys - C},kmC;”leys— C_,kmDhm"I" ChkmD.';",

1 0gj
(33) thkZT—g}]‘%,
and
(43) F{=G;+C},D;y —Dj,

where D}, are the components of the given Finsler tensor field D.

7°.  Proposition 2 shows that the connection I” determined in Proposition 1 or 2 is
the one defined by E. Cartan if and only if

(45) CjkmChI.Dly ChkmC ,D y Cjkm-Dh + ChkmD' —-0

It is easily verified by (34) that (45) is equivalent to
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(46) CjkmD;L” = Ch kmD;n; or thmDZ” = CkhmD}".
Thus we have

THEOREM A. Given a Finsler tensor field D of type (1, 1) in the Finsler bundle of a Finsler
space, there exists a unique Finsler connection (I'y N') satisfying the following four conditions:

(C1)  the connection I" be metrical,

(C2")  the deflection tensor field be the given D,
(C3)  the (B)h-torsion tensor field T=0,
(C4)  the (v)v-torsion tensor field S'=0.

And, a necessary and sufficient condition that the I' thus determined be the one defined by E.
Cartan is that the deflection tensor field D satisfies the condition

(47) C(f1, D(f2))=C(f2 D(f1)),

where C is the (h)hv-torsion tensor field of the (I'y N), or equwalently t/zat the components Dj of
the deflection tensor field D satisfy the conditions

5'th m_ agkh m
(48) 5y Dr= aymD

In this case the conditions

agjh MoAS

hold good, and the components I juuy Cing and Fji of the (I'y N) are |

1 /0g; 0
(50) Line=7in+ 5 (as;,ﬁch aifk G”’),
1 0g;j
(33) Cinp=—4 ay’,:' ,
and
(51) Fi=Gi—D:i.

8°. As a special example of the D satisfying the condition (48), we have

ProrosiTION 3. In a Finsler space there exists a unique Finsler connection (I'y N) satisfying
the following four conditions:

(C1)  the connection I" be metrical,
(G2""")  the deflection tensor field D be given by

(52) Di=21'l;+ uoi,
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where A and p are scalar functions on the tangent bundle,
(C3) the (h)h-torsion tensor field T=0,
(C4)  the (v)v-torsion tensor field S*=0.

The connection I is the one defined by E. Cartan.  And, the non-linear connection N is metrical
if and only if 2+ u=0.

This is easily proved by (34) and (32). Thus, we have noticed that, in order to
determine the connection /" defined by E. Cartan, the condition (C2) may be replaced
by the weaker condition (C2"’). If we take D in (C2") such that

(53) Di=2(l'ly—0),
then the non-linear connection NV is metrical, and so we have a generalization of the

(I'y N) defined by E. Cartan.

However, in order to obtain the I” only, it does not need the non-linear connection to
be metrical. In particular, if 2=0, £=—1 (i.e. D= —0) then the components F} of the
non-linear connection N become Fj} =G}+ 0}, which are somewhat canonical in features.
So, it seems to be interesting that, apart from Finsler metrics, we treat Finsler connec-
tions with the deflection tensor field D= —¢. Next, we shall give an example of such
a Finsler connection. :

§ 3. Finsler connections derived from affine connections

9°. Let F(M) (M, %, G) be the affine bundle over M, where G=GL(n, R)X F is the
affine group with the multiplication

(54) (815 v1) (g2, v2) = (8182, gLv2+v).
Each (g, v) € G acts on F(M) by
T, 0y: F(M)— F(M)| (y, 2) = (y+ 20, 2 8),
so we have the restrictions
Te: FM)— F(MD) | (y, 2)—>(y; 28)
and
Sy: F(M)— F(M) | (y, z2) > (y+zv, z).

Therefore, a connection in the affine bundle is invariant not only by T, but by S,.

The Lie algebra of the structural group G is L(n, R)+ F, if we identify the Lie alge-
bra of the additive group F with F itself. If we denote by Z(4) and Y(f) the respec-
tive fundamental vector fields corresponding to 4 € L(n, R)+0 and f€ 0+ F, then
Z(A) is also the fundamental vector field in the Finsler bundle F(M), and Y(f) is the
induced fundamental vector field.
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The induced vertical distribution F* defined by
FM)>u—{Xe F(M),|n, X=0}
is spanned by Y(f), where F(M), is the tangent space at u € F! (M).

10°. Let I” be a connection in the affine bundle F(M). Then, a Finsler connection
(I, N) is obtained by pairing I" with the induced vertical distribution F*. In this case
the v-basic vector field B*(f) is Y(f).

Since the I is S,-invariant, the h-basic vector field B"( f) is S,-invariant. There-
fore, the subordinate F-connection to (I”, N) is a linear connection and the deflection
tensor field D of (I, N) is S,-invariant.

Now, we shall treat the connection forms.

PROPOSITION 4. Let & and o be the connection forms of I' and I respectively. If we con-
sider the form w40 to take values in the Lie algebra L(n, R)+ F, then

(55) : o=w+0".

Proor. Since (6%, 67, ») constitutes the dual system of (B*(f), Y(f), Z(4)), we
have .

(56) | (0+0") (B*(f))=0,
(57) (0+6") (Z(A)=4, (0+0")(Y(f)=Ff.

These relations show that v+ 67 is just the connection form & of the I". Because, with
respect to the connection in the affine bundle F(M) over M, the horizontal subspace is
spanned by B*(f) and the vertical subspace by the fundamental vector fields Z(4) and

Y(f).
PrOPOSITION 5. Let @ be the connection form of T’y and w be the connection form of the
subordinate linear connection to (I'y N'). If ¢ is the injection
¢: LIM)— F(M)|z— (0, z),
then
(58) e¥o=w—D(0).

The proof will be obtained from (55), (16), (12) and (10). A connection I" in the
affine bundle is canonical, if the ¢*® has the form

(59) *d=w+0,

and is called the affine connection [37]. The formula (58) shows that the connection Iis
affine if and only if ‘
(60) . | D=—9.

Thus we have
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THEOREM B. Let I be a connection in the affine bundle F(M) over M. Then, a Finsler
connection (I"y N) of M may be defined by the Finsler pair (I, F’), where F* is the induced
vertical distribution. Its subordinate F-connection becomes a linear connection and its deflection

tensor field D is S,~invariant. In particular, the connection I is an affine connection of M if and
only if D= —0.
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