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Abstract

In the presenもpaper we treat the Randers change of Finsler metrics to determine

the Randers spaces with rectilinear geodesies.

ァ0. Introduction.

In his paper [17] G. Randers modified the Riemannian metric under the necessity

of using a metric of asymmetrical properties and introduced the metric

●

(0.1)　　　　　　　ds - {dij{x)ゐ励iyv+biix) dxl ,

where a^ is a Eiemannian metriO tensor, and b; is a covariant vector. In spite of its

simplicity in form, the Finsler space with this metric enjoys interesting properties full
●                                                                                                                                ●

of suggestion, and was named the Randers space by R. S. Ingarden [11], and has been

studied by many authors, from various standpoints in physical and mathematical
●

Ots, e.g., [4], [6], [7], [9], [10], [11], [121, [13], [14], [18], [20], [21] e上c. (See the

concerned article in [16].)

The Randers space is thought to be the simplest possible asymmetrical modifica-

tion of the Eiemannian space (ァ1). So, it seems to be important to investigate what

geometrical properties remain under the modification by some &<,-. As an example of

such a property, we Oonsider the property that the spa°e be with rectilinear geodesies (§2)･

Generally we treat a change of Finsler metrics Oailed the Banders change, which has been

defined by M. Matsumoto [14] as

(0.2)　　　　　　　　　as - ds - ds+bi(x)ゐi ,

and obtain地e condition也at it bold仏e above property (§3). As仇e special case

that as be Riemannian, we can determine the Banders spaces with rectilinear geodesies

(§4).
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To construct generally the geometry of the space with rectilinear geodesies belongs

to the fourth problem of D. Hilbert, who gave an interesting example [8], and since the

studies of P. Funk [5] and L. Berwald [1, 2, 3] the problem has also been an important

bllt di鮎ult one in the Finsler geometry. (See [15], [19].) In the Eiemannian spaces

such a space is nothing but a space of constant curvature. In the Finsler geometry,

however, it seems that the condition that the space be of constant curvature is too

strong. So, our research also aims at the problem to find a reasonable Finsler space

corresponding to a Riemannian space of constant curvature.

The authors wish to express their sincere gratitude to Prof. Dr. M. Matsumoto for

the invaluable suggestions and encouragement.

隻 1. Randers spaces.

Let (M, L) be an n-dimensional Finsler space, that is, an ^-dimensional differentiable

manifold M with a fundamental function L(x, y) {y^xl). At each, point x of M we

consider the indicatrix Ix defined as the hypersurface lx:-{y ∈ Mx¥L{x, y)-l) of the

tangent space Mガat x. In case of a Riemannian spa°e with L(x, y)-{adx)y'yi)1/2,

each indicatrix Ix is the quadratic hypersurface aij(x)yty^-l with respect to the

coordinates y% of Mx with, the Oenter y-0. Hence, a Finsler space, whose indicatrix
●

Iガis a quadratic hypersurfaOe with, respect to y¢ at each point x of M, is thought to

be the simplest possible modification of a Kiemannian space. If its center y is not

zero, the Finsler metric lias an asymmetrical property L(x, -y)幸L(x, y). Such. Finsler
●

spaces are given by

Proposition 1.1. Let (M9 L) beaFinslerspace. If at each point x of M the in-

dicatrix lx is a quadratic hypersurface with respect to the coordinates y% of Mx9 the funda-

mental function L(x, y) has the form

l.1)　　　　　　　　　　L(x,y) - α(ササy)+β(*サy)サ

1.2)　　　　　　　　　　L(x,y) - -α(ョサy)+β(x,y) ,

or

(1.3)　　　　　　　　　L(x, y) - α{x, yf/β(*, y) ,

where α{x,y) - {adx)yyyi¥ β(x,y) - bi(x) yi.

Proof. Let the mdicatnx Ix be given by

Pifa) fy'+mx) y%+r(x) - 0.

Since l*-yijL(x9 y) has the iinit length, it satisfies

fij{x) l*V+2qi(x) V+r{x) - 0 ,

比atis.

r(x) L(x,y)i+2qi(x) tfL(x, y)+pdx) yly'- 0 ,

from which we have
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U*> y) - (-*(サ) y*ァ( (?<(ォ)?>(ォ)-*<*) M*) ) y'y')1/ !)M*) ,

or

L{x, y) - -ptM) y'yjmi(x) fサ

according as r(x)幸O or r(x)-0. These are reduced to the form (1.1), (1.2) or (1.3).

Let us assume in the above proposition that L(x, y) is positive valued, i.e., L(x, y)

>O for any y幸0. Then, L(x, y) should have the form (1.1), and the Finsler space is

just a Randers space. Thus we can understand that Gr. Randers attained the metric

(0.1) as比e simplest possible asymmetrical modi丘cation of比e Riemannian metric.

A Randers space (M9 L) is by definition a Finsler space with a fundamental func-

tion L{x, y)-{aij{x)fyi)1/2jrbj(x)y% where a^ is a Biemannian metric tensor, and 6;

is a covariant vector, (ay) is positive definite, but it does not need to assume that L is

positive valued. We have easily

Proposition 1.2. In a Banders space (M, α+β) (α-(ォ<#y/)1/2, β-biyt), thefun-

damentalfunction竺+β is positive valuedゲand only if {q>u-&*�"&/) is positive definite at
each x∈M.

ァ2. Finsler spaces with rectilinear皇eodesics.

A geodesic in a Finsler space (M, L) is given by

(2.1)　　　　　　　　　rfV/rfs望+2GHx,ゐ/efe) - O ,

if we use the arc-length s as the parameter. G{(x, y) is (2)w-homogeneous in y¥ and is

expressed as Gl-γ卸蝣'y*/2, by putting

●

y)k - gih(∂9jkl∂af + ∂9khl∂xL∂9サl∂3*)/2 ,

where gif - ∂w/2)/dy*d^ is the fundamental tensor, and {gl'*)-(gij)-1.
A Finsler space (M, L) is called with rectilinear geodesies, if the manifold M is covered

by coordinate neighbourhoods in which the geodesies can be represented by (n-1) linear

equations of the coordinates, or equivalently by

●

(2.2)　　　　　　　　xHs)-R(s)vri+ri　(m%w*∈R).

Now, let hif be the angular metric tensor: hij-gij-lil^ where lj-∂L/∂y¥　Then, we

have

Proposition 2.1. A Finsler space (M, L) is with rectilinear geodesiesゲand only if

manifold M is covered by coordinate neighbourhoods in which it

(2.3)　　　　　　　　　　　　　伊- vV

for some (2)p-homogeneous local function p(x, y), or equivalently

(2.4)　　　　　　　　　　　　　hi&J - 0.

Proof. Let x｡ be a fixed point ofM and yQ be a fixed tangent vector at x｡. If (M,

L) is with rectilinear geodesiOs, there exists a coordinate neighbourhood around x｡, in
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whiOh tIie geodesic passing through x｡ and tangent to yo/L(x｡, y｡) is given by

∬Hs)-R(s)y去+x孟　(R(O) -O, R'(O)-L(xo,yo)-i).

Then, we have d2x'lds2-{-(-R〝/R')(dxflds)-O. HenOe, putting p(x｡, yo)--R〝(0)/2｣'(0)3,

we have G'(x｡9 yo)=-v(xo> V<$1-　Since xo, yQ can be arbitrarily Ohosen, 忠 follows (2.3).

Conversely, if M is ¢overed by Ooordinate neighbourhoods in which t holds (2.3),

the equations (2.1) of a geodesi¢ become

dw ds*+2p(x,fa ds) (dx{ ds) - 0,

which are, assuming dxt/ds>O without loss of generality, reduOed to dlog(dxilds)[ds-

-2p, from which, we have (2.2) by putting R(s)-S e甲{-2Spds)ds.

On the other hand, since p m (2.3) becomes p-lffi, it is evident that (2.3) is
equivalent to (2.4).

EspeOially, let(M, L) be a locally Minkowski space. Since M is covered by

coordinate neighbourhoods in which 6rf-0, we have

Proposition 2.2. A locally Minkowshi space is with rectilinear geodesies.

§3. Randers chan畠es of Finsler metrics.

If we see a Randers metric α+β (α-Ki/V)1/2, β-biyl) as a modification of a

Riemaxmian metric α by β we can generally Oonsider tIie following change of Finsler

metrics by β-&#*:

(3.1)　　　　　　　　　　　　-L-L+β.

This change L-L was first studied by M. Matsumoto [141. We shall call this the

Banders change by 6, and consider the properties that remain under this change.

Since ∂2W∂yj-∂2LI∂tftyi, that is, L-xhij-L-xlfii^ we have first

Proposition 3.1. The tensor L^hij is invariant by any Banders change.
●

Next we shall get theもransformation formula of G% by a Randers Ohange. For

the purpose we shall express the equations of a geodesic for the metric L-L-¥-(S in

terms of the arc-length 5 for the metric L. The Euler-Lagrange equations

(3.2)　　　　　　　　　d(∂L/∂f)lds - ∂E/∂05* - 0

become

(3.3)　　　　　　d(∂L/dy^ds-∂Lji)xi +%uj-i{ddjds) - 0 ,

where we put 26【in - ∂bi/∂xj-∂bj/dx*.

Interrupted here the discussion we note

Theorem 3.1. A Banders change L->L-L-¥-β by β-bjyt is protective, that is, any

geodesic remains to he a geodesic by the change,ゲand onlyゲbi is gradient: 6[i]】-0･
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Returningto(3.3)andcal¢ulatingfromL^g^y'yi)1/(3.3)iswritten

(3.4)d2xijds2+2Gi{x,ゐ/ds)+2gi%H(ゐ'Ids)-0.

Ifwechangetheparametersin(3.4)totIiearc-length.豆fortIiemetricjL,wehave

(3.5)d2x{lds2+2G{(x,dx/ds)+2g%ljkl(dxklds)(dsjds)

+(ゐ7<fc)(hjlk(dxi/ds)(dxhlds)-2g!>ibhhjki(dxklds)(<fe/(fc))-0,

where6y,Aistheh-covariantderivativeofbjwithrespeOttotheCartanconnectionof

theFinslerspacewithL.InfaOも,froms-SL(x,dxjds)dswehaverfs/cfe=-l+6Adorf/ds),

and

fe2-(∂hi∂xk)(dxijds)(dxklds)+bAd2xilds2),

thelatterofwhiOhbe¢omesfrom(3.4)

(3.6)d^sjds2-bjik(dxilds)(dxkjd,s)-2g>サJbitb[jkidxklds).

SinOewehavedxllds-(dxijdsMdslds),and

(3.7)cZV/efe2-Idwd云*)(d5d8)*+(daclld云)(<Ps/<feサ),

wecanderive(3.5)bysubstitutinginto(3.7)from(3.4),蝣(3.6).

Theequation(3.5)showsthat

望GHx,ゐ/ds)-2Oi(x,dxld云)+WhMゐh/d云)(ds/ds)

+(dx^ds){bjuidxi/ds)(ゐ''ldl)-^bhbim{ゐ蝣Ids)(dslds)).

Sinceforarbitraryx¥yjlwe屯anchoosethegeodesiOsatisfyingdxl¥d豆-ylm訂,.y),dsjd豆-

L(x,y)/L(x,y)atx,wehave

(3.8)Gi-Gi+Lg'ib【jkiyk+L㌃x(6ii*yV/2-LgVbhhmyk)V.

Theformula(3.8)hasbeenalreadyobtainedbyM.Matsumoto[14]."Wehavetriedto

derivethisfromtIieequationsofgeodesiOs･

Payinga批entiontoProposition3.1weliavefrom(3.8)＼

Propos畳tion3.2.ByaBanderschange(3.1)thequan物hijG*istransformedas

(3.9)㌃u&-L-%｣i+buffli.
Hj

Thus,fromProposition2.1wehave

Theorem3.2｡ABanderschangeL-L-L-βbyβ-biy{holdsthepropertythatthe

Finslerspacebewithrectilineargeodesies,ifbiisgradient.

Theorem3.3.AFinslerspace(M,L)becomesaFinslerspace(M,Z+β)with

rectilineargeodesiesbyaRanderschangebyβ-%¢ifandonlyifthemanifoldMis

coveredbycoordinateneighbourhoodsinwhichitholds

(3.10)htjQJ+Lbunyi-0.
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§4.Randersspaceswithrectilinear皇eodesics.､

Now,weareinpositiontotreataRandersspace(M,α+β),whereαサ(aォ3W">

β-biy¥PuttingL-αinTheorem3.3,theconditionthattheRandersspacebe

withrectilineargeodesiesisthatMiscoveredbycoordinateneighbourhoodsinwhich

itholds

(4.1)hu&+αbujiyi-0.

Inthiscase,wehavei^-af-y-(∂<*/･)(∂α/hyi),andGi-{}
rs}yrys12,where{J,}isthe
ChristoffelsymbolfortheEiemannianmetrictensoraf-y.Hence,hijGiin(4.1)is

expressedas

(4.2)hift*-{0-ijdki-ォォォォ)&}yWtftffiα2･

Sinceαisanirrationalfunctionofy¥(4.1)isequivalentto

(4.3)?HjG>-0,biifl-0.

Thuswehave

Theorem4.1.ARanderspace(M,α+β)(α-(ォサ#Vy)1/2,β-&,?/*)iswithrecti-

lineargeodesiesゲandonlyゲthecorrespondingRiemannianspace(M,α)iswith

rectilineargeodesiesandbiisgradient.Then,anygeodesicof(M,α)remainstobea

geodesicof(M,α+β).

ThelatterassertionoftheabovetheoremfollowsfromTheorem3.1.Also,

Theorem3.1makesTheorem3.2trivial,becausewehavenoinformationabout

theconverseofTheorem3.2.Itisshown,however,fromTheorem4.1thatthe

converseholdsifweconfineaRanderschangewithinRandersmetrics.

Theorem4.2.ARanderschangeL-L-L+βbyβ-bi/yichangesaRanders

metricLtoaRandersmetricL.And,itholdsthepropertythattheRandersspacebe

withrectilineargeodesies.ゲandonlyゲbiisgradient.Then,thischangeisprojective.

Ontheotherhand,fromProposition2.1theconditionhijGi-Qisequivalentto●

●Qサ-ォす.thatis.inaKiemanniancase

(4.4)ま.}2/Y/2-mt,

whereqissome(1^-homogeneousfunction.Differentiatingthebothsidesof(4.4)by

yiandyksuccessively,wehave●

●(4.5)0*>-(∂w∂yk)f+(∂q/∂yj)∂蝣:+(∂g/a/)ァ/.

Thecontractionof(4.5)withrespecttoiandjyields∂g/∂yJ-{rj)l(n-¥-1)9fromwhich

itfollowsa2qlty3dyk-0.Hence,{Mhastheform

●(4.6)0*}-(Gy}/(サ+l))8J+({,',}/(サ+!))Bj,
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thatis,theBiemannianspace(M,α)isprojectively且at.Itiswellknownthata

Riemannianspaceisprojectivelyflatifandonlyifitisofconstantcurvature.So,

Theorem4.1isrestatedas

Theorem4.3,ABandersspace(M,α+β)(α-K-yW/2,β-biyz)iswithrec-

tilineargeodesiesげandonly卯hecorrespondingRiemannianspace(M,α)isofconstant

curvatureandhiisgradient.Then,thegeodesiesin(M,α+β)coincidewiththegeodesies

in(M,α).

FmslerspaceswithrectilineargeodesiescontainBiemannianspacesofconstant

curvatIireandlocally班inkowskispaces,andarethoughttobetheFinslerspacescor-

respondingtoRiemannianspacesofconstantcurvature.Ofcourse,wehavean

exampleofanon-MinkowskiBandersspacewithrectilineargeodesies.S.Kikuclii

[12]hasshownthataEandersspace(M,α+β)(β-biyt)islocallyMinkowskiifand

onlyifthecorrespondingBiemannianspace(M,α)isflatandhiisparallelwith

respecttotheEiemannianconnection.So,inordertogetanexampleofanon-Minko-

wskiBandersspacewithreOtilineargeodesiesitsu凪cestomodifytheeuclidean

metricαbyanon-constantgradientvectorb{.

Example.LetRnbethew-dimensionaleuclideanspace.TheBandersspace(Rn-

{0},L)withthefollowingfundamentalfunctionLiswithrectilineargeodesiesandnot

locallyMinkowski:

(4.7)L-(biM)1/蝣+bif,

where6^-96/ax{for6-(8,〆xi)Al/2･
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