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Abstract

A double stage estimation scheme is considered for lowering the mean square
●

error for the estimator ofa parameter A of a poisson distribution in a region around
●                                                                                    ●

a prior interval information入∈ 【a, 61. The minimum discrimination information

(MDI) approach is employed to conduct the scheme. This a･pproach provides a･

simple way of specifying the prior interval information about A, and also allows
●

to consider a shrinkage type estimator. By means of the approach, a double stage

MDI estimator and a double stage MDI shrinkage estimator are suggested, and their/

mean square errors are derived and compared.

Key words: Double sample scheme, prior interval information, shrinkage type esti-
●

mator, minimum discrimination information approach, mean square error e爪ciency.

1　Introduction

Given two succcessively drawn random samples from the poisson distribution with

a parameter A, let us suppose X¥j,j - 1,2,...,ni be the first sample, and X2j,j -

1,2,...,ri2 be the second sample. Then the usual maximum likelihood estimator of X

is the pooled sample mean Xp - ∑2　∑j=iXij/N, where N - n¥ +ri2- If we further

assume that the prior knowledge about A is available in the form of an initial estimate.
●

Then it has loilg been knowli that the pooled sample mean is inadmissible under the

quadra･tic loss (cf. Bickle [21). Moreover, i-i such experiments where sa一mples can be

drawn in successor!, the estimation by a double stage sampling scheme can reduce the

number of observations (cf. Katti [5]). For reasons, we apply the MDI procedure for the

Department of Mathematics, Faculty of Science, Kagoshima University, Kagoshima, 890, Japan.



Koichi Inada

double stage sampling scheme to coming at a class of estimates which not. only yeilds
●

e侃cient estimators ( comparing to Xp ) but also reduces the number of observations. The

object of this paper is to propose and study yet another class of estimators which shrinks

towards the preliminary′ conjectured interval.●

2DoublestageMDIshrinkageestimator

LetXij(j-1,2,...,ni)andX2j(j-1,2,...,n2)denotethefirstandsecondrandom

samplesindependentlyandconsecutivelydrawnfromthepoissondistributionwitha●

parameterAandsupposewehaveapriorintervalinformationthatAliesinaknown●

interval,say入∈【a,61.Ourdoublesampleestimationschemefortheparameter入of

thepoissondistributionwiththeintervalpriorinformationistreatedasaconstrained●●

optimizationoftheKullback-Leiblerdiscriminationinformationfunction.

Estimate入that､

(2.1)minimizes/(/:g)subjecttoA∈【a,6

where/(/:g)istheKullback-liebler[7]discriminationinformation

(2.2)/(/-9)-｣

x=｡掴"1n崇岩

00

wheref(x¥X)andareferenceddistributiong伺A)respectivlydenoteapoissonp.d.f'swith

ノヽ′ヽparameterAandAwhereAisanestimatorofA.Motivationofchoosingthedisparity●

measure(2.2)canbefoundinShoreandJohnson[8].Theyhaveaxiomaticallyshown

thataprincipleofminimumdiscriminationinformationisuniquelycorrectmethodfor

inductiveinferencewhennewinformationisgivenintheformofexpectedvalue.When●

ノヽwetakeAastheunconstrainedmaximumlikelihoodestimatorXv,theaboveconstrained

minimizationbearsanalogytotheexternalconstraintsproblem(ECP)inthe"minimum

discriminationinformation(MDI)"procedure(cf.GokhaleandKullback[3]),sothatwe

maycallanestimatorofAobtainedfromthisprocedureasMDIestimator.

Assume that, without loss of generality, the initial estimate for A is in the form of a

preliminary conjectured interval, [Ao - S, Ao+S], where Ao > 0 and 5 > 0. Observing that

if we use first sample Xy's, the Kullback-Liebler discrimination information (2.2) with a

class of estimator Ai - k¥X¥ + (1 - fci)AO; *1 - ∑]UXrj/Nx is

(2.3) h(f:g)-慕/y(sij|A)ln慧豊--′信(入一帖
′ヽ

This is a convex function of入with global minimum at Ai. Introducing the external

constraint入∈ 【人0-5, Ao+叶to (2.3), we see that, in the interval Xx ∈ [Xo-S/ku Ao+<SAil.
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A] achives the gloval minimum of/](/ : g). Thus we i】lay take A'i ∈ ll｡-♂/kl,入｡+<V吊

as the preliminary test region for the interval prior knowledge about A. If we use this
●                                                                    ●

region m conlunction with the second samples X2j s, our double stage estii-lation scheme
●                           ■

consists of following steps. By means of tl】e MDI procedure (cf Inada a･nd Tanaka [4日

based on the first sample, construct the test regioi膏. ∈ [入0 - ♂/fci,Ao + ∂/k]] in the

estimation space of A when Ai belongs to the region. Otherwise, we take the second

sample a.nd use the MDI procedure based on the both samples, i.e.,
●

2 m

mi‡-imize Ip(f : g) - minimize∑∑/i?(.T,7|A)ln
l=1 7=1

/.,(*蝣
1JVLIJI^l)

(JijixijIIp)

subjectt0人∈[A｡-5,A｡+<J],whereA -k2Xp4-(トk2)A and O<k｡≦1.

The above double stage estimation scheme leads to a class of double stage MDI

shrinkage estimator of A:

(2.4) TDMDl(kuk2) -

feiA'j + (1 -*,)Ao

k2Xp+ (1 - k2)Ao

An+ォ5

Ao-<5

if X,牀72,

if Xi ∈7?4, Xp∈RJ2

if Xx∈R¥, Xp>入o+S/k2

if A',∈Ru O<Xp<Ao-S/k2

where Xp is the unconstrained pooled maximum likelihood estimator of A, and B4 -
●

lAo-S/ki入+5/ki], 0<ki≦1(i-1,2).

T,DMDJ(fci,fc2) can be viewed as a form of shrinkage estimators of入which shrinks

towards the constrained interval,人∈ [人0-6,人o+5l. It is shown that ifk] - hi - 1, the

double stage MDI shrinkage estimator in (2.4) reduces to the double stage MDI estimator.

And it is also shown that if 7i2 - 0, the double stage MDI shrinkage estimator reduces

to Tn(k) in [41. The mean square error for TDMDj{k¥)k2) which is a function of the true

value A and the region /?4 and R2 is
●

MSE{TDMDj{kuk2) ¥X, Ru R2)

-　EUhXi+il-k.)入｡一入mi ∈R¥]Pr{Xx ∈Rl)

+　E[(k2Xp+(l k2)入0-A)2|X∈Ru Xp∈R2]Pr(X, ∈舟　xn∈R2)

+ (入｡+5-X)2pr(Xl ∈Ru Xp>Ao+S/k2)

+ (人0-6-人yPr(X,∈Ru Q<Xp<入｡-S/k2)

(2.5)

¥ni(Xo+5/ki)]

∑
x-[ni(入0-♂/*l) +1

'1r¥

-x+(1-&i)Ao-APr(X-x)

MAi-<*/*,)] [N(¥o+5/k2)]

+　　∑　　　∑
1-0　　0- N(入0-♂/*2) +1

^y+(l-*2)A0-A) Pr(X-x, Y-y)
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∞　　　　　N(入o+♂/k2)】

+　　∑　　　　∑
x-[m(A+8/kl)]+l y-[N{入0-∂/k2)】+1

【ni(入0-*/*] )

+ (A+s-xy　∑
x=Q

O〇

+ (Ao+`卜l)2　　∑

^y+(i-*2>Ao A Pr(A--:c,7-y)
00

∑　　Pr(X-x, Y-y)
y-[N(¥o+5/k2)]+l

(X)

∑　　Pr(X-x, Y-y)
x-【nl(入o+♂/*i)]+l y-【N(入o+∂/k2)】+1

【ni(入0-S/k】 )HN(入0-*/*2

+ (人0-S-¥?　∑
x=0

00

+ (入0-s-xy　　∑

∑　PrlX-.x,Y-y)
〟-0

N[(¥0-5/k2)]

∑　pr(X-x,Y-y)
x=[ni{入o+a/*i)]+iy=-

wherethedistributionsofA^-∑mX^jandY-
j=l^1.7∑f=.∑T
jLrXjjarepoissonswithparam-etern,¥入,NArespectively,and回denotesthegreatestinteger≦x.WhennA入0-Sh)

andN(X0-5/k2)areintegers,[n¥(Ao/8/k¥)]and【N(AoS/k2)】in(2.5)shouldbechanged

toni(A-6/k¥)-1andjV(A0-6/k2)-1,respectively.

Theexpectedsa汀iplesizeisgivenbj′●

(2.6)E(r申,fii,/?2)-("i+n2)-n2Pr{Xi∈Ri)<N,

wherePr(X]∈Ri)-∑サ�"=[鞘Pr(S*-5*),[Rl]denotesasetofintegerpointsin

l7-′i(A-<&/*,),m(A+S/k¥)]andthedistributionof5*-∑"L^X¥jisapoissonwitha

parameterni¥.Thestrictinequality(2.6)showsthatwecanachievereductioninsample

sizebyusingthedoublesta･geMDIestimator.Table1,Table2andTa･ble3showthe●

probabilityofavoidingthesecondsample,Pr(X¥)∈/?i,andtheexpectedpercentageof

theoverallsamplesaved,Pr(X]∈R¥)n2/("i+n2)×100forapreliminaryconjectured

interval0.0,0.4]withk¥-1,k¥-0.5andk¥-0.1respectively.Inaccordancewiththe

(le丘nitionofjRi,itmaybeeasilyseenthatthesmallervalueofk¥inTomdi{^¥j^2)gives

thelargerprobabilityofavoidingthesecondsample,therebyreducingtheoverallsample●

size.ThisfactisshowninTableI,Table2andTable3.However,sinceourprimary

concernofusingTDMDi{ki,k2)isloweringtheMSEovertheregionofpreliminaryconjee-

turedinterval,thechoiceofk¥forreductioninsamplesizeshouldbemadeinconjunction●

withtheefficiencyofthedoublestageestimator.

ThemeansquareerrorofXp,basedonafixedsampleofsizeE(n¥¥,Ri,R2),is

A/E{n¥¥,Rx,R2).WethereforedefinetheefficiencyofTDMDi{k]^k2)relativetoXpby

(2.7)　Eff(TDMDI(ku k2)) -
MSE{TDMD,{kuk2 |A,Rl,R2))E(n¥¥,R^ RA

The behavior of the efficiency Eff(ToMDi{ki,k2)) are plotted against values of A

under a prior ir】terval information A ∈　0.0,0.4】 for 7i] - 5, n<i - 15 in Fig.l, for
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ri¥ - 10, n2 - 10 in Fig.2 and for n¥ - 15, 77′2 - 5 in Fig.3. Since Eff(TDMDI{kuk2))

for other combii】atioi】s of the para･meters ( fcj, fc<2,A?n¥i n2 ) revealed the same pattern as

Figures 1 - 3, they are not shown in the Bgure.

Table 1. Probability of avoiding a second sample and the percentage of the overall

sample saved for a preliminary conjectured interval 0.0, 0.4] with k¥ - 1.

fcl = 1 7?i = 15, 712 = 0 n , = 10, n 2 = 10 U ¥ = 5, 712 = 15

A P rob . P ercen ta′ge P rob . P ercen tage P r0b ● P ercentage

0●1 .999 24.97 .996 49 .81 .985 73 t

0●2 .966 24 .1G .94 7 47 .36 .9 19 68.97

0●3 .831 20.77 .815 40 .76 .808 60.66

0.4 .606 15.15 .628 3 1.44 .67G 50.75

0●5 .378 9 .45 .44 0 22 .02 .543 40.78

0●6 .206 5 .16 .28 5 14 .25 .423 31.73

0●7 .10 1 2.54 .172 8 .64 .320 24.(

0 ●8 .045 1.14 .099 4 .98 ー ●台38 17.85

0 ●9 .019 ●48 .054 2 .74 .173 13.01

▲1.0 .007 .19 ◆29 1.46 .124 9.34

Table 2. Probability of avoiding a second sample and the percentage of the overall

sample saved for a preliminary conjectured interval 0.0, 0.4] with k¥ - 0.5.

たi = 0.5 n ¥ = 15, r¥2 = 5 n i = 10, n 2 = 10 n l ± 5, n 2 - 15

A P rob . P ercentage P rob . P ercenta一ge P r0b ● P ercentage

0●1 .999 24 .99 .999 49 .99 .998 74.86

0●2 .998 24 .97 .995 49 .77 .98 1 73.57

0●3 .982 24 .5ナ .966 48.32 .934 70 .(

0 ●4 .9 16 22 .9 .889 44.46 .857 64 .28

0 ●5 .776 ).4 1 ●762 38.10 .757 56 .8 1

0 ●6 .587 14 .68 .606 30.3 1 .647 48 .54

0 ●7 .397 9 .92 .449 22.48 .536 40 .24

0 ●8 .242 6.05 .313 15.66 .4 33 32 .5 1

0 ●9 .135 3.38 .206 10.33 .3 42 25∵67

1●0 .069 1.74 .130 6.50 .265 19.87
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Table 3. Probability of avoiding a second sample and the percentage of the overall

sample saved for a preliminary conjectured interval [0.0, 0.4] with k] - 0.1.

た = 0.1 n ¥ - 15, 712 = & n , = 10, n 2 = 10 ドrii = O, n 2 = lb

A P r0b ● P ercentaJge P rob . P ercen taJge P r0ー〕● P ercen tage

0●1 1.000 25.00 1.00 50 .00 1. 0 75 .00

0.2 1.(00 25 .00 1.0 ー() 50 .00 1.0 )0 75.00

0●3 1.000 25.00 1.00 0 50 .00 1.000 75 .00

0●4 .999 25 .00 1.000 50 .00 .999 74.99

0 ●5 .999 24 .99 1.000 50.00 .999 74.99

O .G .999 24 .J .999 49.99 .999 74.99

0 .7 .997 24 .93 .999 49.99 .999 74.97

0 ●8 .988 24 .71 .999 49.99 .999 74.93

0●9 .964 24 .12 .999 49.97 .997 74.8 1

1●0 .917 22.92 .998 49.92 .994 74 .59

a preliminary conjectured interval [ 0.0, 0.4 ]

0.2　　　　　0.4　　　　　0.6　　　　　0.8　　　　1.0

Fig. 1. Efficiencies oftheDMDI estimator for ni = 5 and n2 = 15.
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a preliminary conjectured interval [ 0.0, 0.4 ]

0.2　　　　　0.4　　　　　0.6　　　　　0.8　　　　1.0

Fig. 2. Efficiencies of the DMDI estimator for ni =10 and n2 = 10.

a preliminary conjectured interval [ 0.0, 0.4 ]

0.2　　　　　0.4　　　　　0.6　　　　　0.8　　　　1.0

Fig. 3. Efficiencies of the DMDI estimator for ni =15 and n2 = 5.
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In general, it could be seen from the study of the efBciency that (i) the 】e】igth of

the effective interval of入increases as k¥ ai】d k<> increase for 77,1 ≧ 712 ai】d fci - h0 - 1

achieves the loi】gest effective interva･l of A (ii) the double stage MDI estimator achieves

its minimum efficiency in tl】e preliminary conlectured interval as fci ancl ko take small
●                                                                           ●

values.
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