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Introduction

In[10]thenotionofcubichyper-resoluまionsofalgebraicvarietieshasbeen

introduced,anditscohomologicaldescentpropertytogetherwithseveralap-●

plicationshasbeenshown.Forexample,themixedHodgestructureonthe

cohomologyofanalgebraicvarietycanbedescribedbyuseofitscubichyper-

resolution.Inthispaperweshallconsidersimultaneouscubichyper-resolutions

oflocallytrivialanalyticfamiliesofcomplexprojectivevarieties,andprovethat●

theyhavealsocohomologicaldescentproperty.Thismightbeconsiderdasa●

relativeanalogueofthesecondauthor'sresultin[10,ExposesI,III].Themotiva-

tionofthisgeneralizationistodescribethevariationsofmixedHodgestructure

arisingfromlocallytrivialfamiliesofcomplexprojectivevarietieswithordinary●●●

singularites(forterminologyseeDefinitionl.10andDefinition2.2below)byuse

ofsimultaneouscubichyper-resolutionsoftheirfibers.Weshalltreattheinfin-

itesimalmixedTorelli'problemforalgebraicsurfaceswithordinarysingularities●

inaforthcomingpaper,usingtheresultofthispaper.●●

Throughoutthispaper,weshallalwaysworkoverthecomplexnumber丘eld.

Ourmethodisbasicallycomplexanalyticandweshallalwaysregardalgebraic

mam玩)ldsandalgebraicvarietiesoverthecomplexnumber丘eldascomplexman-

ifolsandcomplexanalyticvarieties.Hereweusethetermofcomplexanalytic

､Tarietiesinthesenseofreducedcomplexspaces(possiblynotirreducible).
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§1Simultaneouscubichyper-resolutionsoflocallytrivialanalytic

●familiesofcomplexprojectivevarieties

First,werefertosometerminologyandnotationfrom[10].Wedenoteby

Ztheintegerring.Foranon-negativeintegern,let□吉theaugmentedn-cubic●

category,i.e.フthecategorywhoseobjectsOb(□吉andthesetofhomomorphisms

Hom□t(α,P)(α-(α07α1っ･-っ<*n),β-(βPi
O,P1-7Pn)∈Ob(□+))aregiven
as丘dlows:

Ob(□吉)‥-†α-(α.フα1,･-フαn)∈zn+1　≦αi≦1forO≦i≦可フ

Ho-n+(a,/5):-I冨→β(anarrowfromαtoβifa,-<faforO<i

｡therwise.≦n

Forn--1wedefine□‡tobethepunctualcategory{*}っi.e.フthecategory

consistingofasinglepoint.Forn≧0then-cてibiccategoryっdenotedby□nフlS●

definedtobethefullsubcategoryof□吉with.Ob(□-Ob(□吉ト†(0っ,0)}.

NoticethatOb(ロ吉andOb(□n)canbeconsideredasfiniteorderedsetswhose

orderaredefinedbyα≦β⇔α-βforαっβ∈Ob(□E).

1.1Definition.A□吉-object(resp.□n-object)ofacategoryCisacon-

travariantfunctorXj(resp.A¥)from蝪吉(resp.□toC.Itisalsocalledan

augmentedn-cubicobjectofC(resp.ann-cubicobjecまofC).

1.2De負nition.LetX9.Ymbe□吉-objects(resp.□t-objects)ofacategory

C.WedefineamorphismS#:Xm--サF#tobeanaturaltransformationfrom

thefunctorX#totheoneY"#overtheidentityfunctorid□吉一口吉(resp.

id:□n一口n)･

1.3Definition.LetX*beann-cubicobjectofC(n>0),Xanobject

ofC.Anaugmentation.ofX*toXisanaturaltransformationfromthefunctor
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X. to the one X over the trivial functor □Tt一口‡17 where we consider X as a

□±i-ol〕ject of C.

1.4 Remark. Notice that we may think of an n-cubic object of C with

an augmentation to X as an augmented n-cubic object of C. Conversely, an

augmented n-cubic object X+ ‥ (□吉)0 - C of C can be identified with an n-

cubicobject X* ‥-x+｡n : (□n)0 -C ofC with an augmentationto X^　岬

where o denotes the dual category.

In what follows we shall interchangeably use an augmented n-cubic object

of C and an n-cubic object of C with an augmentation.

1.5 Definition. A □吉-complex projective variety (resp.口三一comple諾αna-

lytic variety) is defined to be a □オーobject of the category of complex projective

varieties (Proj/C) (resp. complex anlytic varieties (An/C)). It is also called an

augmented n-cubic complex projecまive variety (resp. augmented n-cubic comple諾

analytic variety).

1.6 Example. Let X be a complex projective variety and {Xr}o<cr<n all

ofirreduciblecomponents ofX. For each α - (αO,･-っαn) ∈ □　we define

xα‥-∩〈射α -!}蝣

Ifa ≦ β in □nっ　　　there is the natural inclusion map Xq ⊆ Xα　Hence the

correspondence α ∈ □n → Xα ∈ (Proj/C) defines an n-cubic complex projective

variety X# : (□n)0 - (Proj/C). We consider X as a口^-.-complex projective

variety. Then there exists naturally an augmentation X# -サX, which can be

considered as an augmented n-cubic complex projective variety (cf. Remark 1.4)

1.7 Definition. For a □オーcomplex projective variety X#フa contravariant
●

functor Y¥ from □v~ to the category of □吉-complex projective varieties is called
■

a 2-resolution of X% if Y* is defined by a cartesian square of morphisms of

□吉-complex protective varieties
∴

1.1

Y,n#　　　>　-M)lォ

_　　　　_:-

Y.itu y ioo#:

which satisもes the丘mowing conditions:
■

i) *oo#-X.,

ii) Yoi# is a smooth □吉-complex projective varietyっi.e.っa contravariant
functor from □吉to the category of smooth complex projective varietiesっ

(′iii) the horizontal arrows are closed immersions of □吉-complex projective

varietiesっ

iv) / is a proper morphism between口吉-complex projective varieties, and

(v) / induces an isomorphism from lqiβ - Yllβ to loo月 - YilOβ for any

β ∈ Ob(□i)･
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Wethinkofthecartesiansquarein(1.1)asamorphismfromthe□Ll

complexprojectivevarietyYi##totheoneYq##andwriteitasY!�"�"-Y<()�"�"蝣●

Fora2-resolutionZ.ofY"i##,wedefinethe□^"+3-complexprojectivevariety●

rdtt''.,Z.)by

zllサ)Z(]
oiサ

rd(Y.,Z.):-

'!()�")Yo.

andcallitthereductionof{Y*フz.¥-

1.8Definition.LetXbeacomplexprojectivevarietyandlet{X¥フXL

･･･フX�"}beasequenceof□^-complexprojectivevarietiesX^(1≦r≦n)such

tha.t

i)Xlisa2-resolutionofX.

(ii)Xl^isa2-resolutionofX[%foreveryrwith1≦r≦n-1l

Then,byinductiononn,wedefine

z.‥-rd(Xl,xl-っX?):-rd(rd(XlフXI-･フx.)っx:i

WiththisnotationフifZαaresmoothforallα∈Ob(□),wecallZ%anaugmenまed

n-cubichyper-resolutionofX.

1.9Example.A2-dimensionalcomplexprojectivevarityissaidtobewith●●

ordinarysingularitiesifitislocallyisomorphictooneofthefollowinggermsof■●

hypersurfacesofthecomplex3-spaceC:

(z) Z - 0 (simple point),　　　　　{ll) yz - 0 (ordinarydoublepoint).

(Hi) xl/Z -0 (ordinarytriplepoint), (iv) xy　-2　-0 (cuspidalpoint)フ

where(xフyつz)isthecoordinateonC.Wefixnotationasfollows:

LetSbeacomplexprojectivesurfacewithordinarysingularities.Wedenote●●

byDsthesingularlocusofSっandcallitthedoublecurveofS.Dsisasingular′'｢■●′■′■'■ヽ■｢■~ヽ●■
こ~勺
curvewithtriplepoints.Wedenoteby∑tsthetriplepointlocusofSフand

by∑CsthecuspidalpointlocusofS.Let/:X-→Sbethenormalization.

NotethatXisnon-singular.WeputDx'--f(Ds)and二ix‥-/-*(∑ts).

Dxisasingularcurvewithnodesand∑txcoincideswiththesetnodesof●

Dx-Wedenotebyns:D昌一DsandnxD*
x-Dxthenormalizations
ofDsandDj,respectively･Wedenotebyg:Dを-D昌theliftingofthe

maphDx:Dx-Ds.Weput∑tを:-n-i,∑*s),∑:-n-it∑cs)and

∑桟:-n?<∑tx).Withthisnatationっwehavea2-cubichyper-resolutionofS

asfollows:
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Xlll�"-∑投
>¥;I

XIOO :-∑is

D*　-:Xon

vx-'∂hl)

where vs and vx are the composites of the normalizations ns : D^ -> Ds and

nx : D妄- Dx and the inclusion maps Ds - S and Dx -→ Xっrespectively,

and the square on the left-hand side is the one induced丘0m the square on the

right-hand side.

The important property of a cubic hyper-resolution is cohomological de-

scent. There are two sorts of cohomological descent: one is that of i?-module

sheaves (i?:a commutative ring with identity element 1 especially i?-Z, Q and

C) 10, p.41っTheor占me 6.9]) and the second is that of de Rham complexes ([10,

p.61っTheorとme 1.3 ).

Now we are going to give the definitions of locally trivial analytic fami-
●　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　●

■′

lies of complex projecitive varieties (resp. complex analytic varieties) and their

simultaneous cubic hyper-resolutions.

1.10 Definition. By an analytic family of complex protective varieties
I

(resp. complex analytic varieties), parametrized by a complex space M, we

mean a triple (3Cっ7TっM) satisfying the following conditions:

i) tt: X - M is a鮎t surjective holomorphic map of complex spacesフand

(ii) Xt :- 7T~ (t) is a complex projective variety (resp. complex analytic

variety) for any f ∈

Let X,ttフM) and LT77r'フM) be analytic families of complex projective

varieties (resp. complex analytic varieties) parametrized by the same complex

spaceM.

1.ll Definition. By a morphism (resp. an isomorphism) for (字,7T,M) tO
笹′っ7T′フM) we mean a- holomorphic (resp. biholomorphic) map H: X - Xf such
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thatthediagram

HX"蝣蝣>Xl

弓レ′

idM
A//且,I

commutes,whereida/istheidentitymaponM.

1.12Definition.Ananalyticfamilyofcomplexprotectivevarieties(resp.

corrrplexanalyticvarieties)(X77TフM)issaidtobelocallytr最alifitsatisfiesthe

followingcondition:foreverypointp∈XフthereexistopenneighborhoodsUof■

p'mXフVofn(p)inMwithn(U)-Vフandabiholomorphicmap¢:u-UxVフ

wherewedefineU:-UnX汀(/>)蝣suchthat;

a)thediagram

U x V

一二･ -v

V

commutsっ

(b)毎:-idn.

We denote by JFm(Proj/C)'(resp. jFm¥An/C)) the category of analytic fam-
ilies of complex projective (resp. anatytic) varieties, parametrized by a complex

spaceM.

1.13 Definition. We call a □吉-object (resp. □n-object) ofj^v/fProj/C)っor

of^M(An/C)つan analytic jam軸of augmented in-cubic (resp. n-cubic) complex

projective varieties or complex analytic varieties, parametrized by a complex

space M.

Let 6. : X. - X be an augmented n-cubic complex projective (resp. an-

alytic) variety and M a complex space. Then Xα × M(α ∈ □　X x Mフ

aα :-ba xidM:Xα×M-X x M and tt:-PrM:X x M-Mっthe

projection to M constitute an analytic family of augmented n-cubic complex
●

projective (resp. analytic) varieties , parametrized by a complex space Af, which

we denote by

X.x M
a*¥-t xidM

x x M _竺空塑生きAd

and call theぞroduct family of augmented n-cubic complex projective (re.弓　an-

alytic) varieties, parametrized by a complex space M. Let 3｣; - {a# : X#一対

be an analytic family of augmented n-cubic ､complex projective (resp. analytic)

varieties (for notation see Remark 1.4 above), parametrized by a事complex spa-ce

M. Whenever we wish to express its parameter space M explicitlyっwe write

(1.2)　　　　　　　　　X.ユxユM.



SIMULTANEOUS CUBIC HYPER-RESOLUTIONS OF LOCALLY TRIVIAL ANALYTIC FAMILIES OF COMPLEX PROJECTIVE VARIETIES AND COHOMOLOGICAL DESCENT　7

ForteM,Xαi ‥- 7TOaα -1(*) α ∈ □n),xt :-冗-1(t) andaαt :-a>a¥xc牛‥

X｡･f - Xt constitute an augmented n-cubic complex projective (resp. analytic)

variety, whichwe denote by X*tヱ呈xt and call the fiber at i ∈ M of an analytic

family of augmented n-cubic complex projective (resp. analytic) varieties in

(1.2). For an open subset U ofまっwe form an analytic family

-1(W)
^W-Uu)

uユk(U)

of augmented i一一cubic analytic ･Uarietiesっparametized by a complex sjmce irilA).

With these notionsっwe define a simultaneous cubic hyper-resolution of a locally

trivial analytic family of complex protective varieties, parametrized by a complex
●

tノ

space as kmows:

1.14 Definition. Let n : X - M be a locallyまrivial analytic family of

complex projective varieties, parametrized by a complex space M. A βimulta-

●

neous (n-) cubic hyper-resolution of the family it ‥ X - M is defined to beÅn

analytic family X#ヱ㌧ xエM of augmented n-cubic complex project!ve vari-
●

｣51

eties with a certain non-negative integer nっparametrized by the complex space

M, which satisfies the following conditions:
■

(i) for any pont t ∈ Mっa%t : X�"t - Xf is an augmented n-cubic hyper-

resolution of Xfl

ii)(analytical "local triviality") for any point p ∈ Xフthere exists an open

neighborhoodU ofp in X such that ao (U)

analytically isomorphic to
■

■′

�"¥a-V(U)

uユn(U)is

¥a-¥U)nx�"(p)) ×打(u) - (unx*(p)) ×打(u)聖聖→ <U)

over the identy map id打(a) ‥ 7T(U) - (U)

If the parameter space M of a locally trivial analytic family n : X - M

of complex projective varieties is smooth, -we have the following theorems.
I        I  I                      t     I  I          f                         . ll                   1                 . ll          n   ll ll          f

1.15 Theore-. Leま7T :芝- M be a locally trivial analytic family of

complex protective varieties, parameまrized by a comple諾manifold M, and a* ‥

X. - X the canonical cubic hyper-resolution of芝　Here 〟canonical" means in

the sense ofBierstone-Millman ([2]). Then芝.ヱ㌧ xユ　is a扇multaneous

cubic hyper-resolution ofn :芝- M.

Proof. The construction of the canonical hyper-resolution of X is obtainedっusing

the canonical process of desingularisa烏on in the proof of the existence of the
■

resolution of a diagram of complex projective varieties (or compact complex

analytic varieties) (cf. [10っTheoreme 2.6]). Thenっbecause of the hypothesis of

locally trivialit Of7T :芝- MフthefibreX*t - Xf for each t ∈ M is also

t･he canonical hyper-resolution. Hence X#三上} XユM is a simultaneous cubic

hyper-resolution of the family 7r : X一一M in the sense of Definition 1.14.
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Q-E.D.

1.16 Theorem. Let芝.ユxエM be a simultaneous n-cubic hyper-
resol･u,土ion of locally trivial analytic family it : X - M of complex proiecまive

varieties, parametrized by a complex manifold M. Then the □n-ohject 7Tm : X* -

M{7rm :- 7r o a#) of smooth jam壷s of complex manifolds, parametrized by M
iS C∞ trivial aまany point ofM; that is, for any point to　∈ M. there exist

an open neighborhood N of to in M and a diffeomorphism申. ‥ (OW -

x.t｡ × N of□門一-objects ofcomple諾manifolds over the identy map idjv : N - N･

Furthermore,芝.ユxエ　ISまopologically trivial at any point ofM.

Proof. Let A7i be a coordinate neighborhood of to in M with a holomorphie local

coordinate system (ij　- 7tm)っand TV a relatively compact open subset of Ni

with N ⊂ 7V"i- Let ti - xよ+√-lxm+i(l ≦ i ≦ m) betheexpressionoft{ inreal

local coordinate functions xi, yi. To prove the theorem it su氏ces to show that

for every ∂/∂xi (1 5: z 5: 2m) and every α ∈ □　there exists its liftingsげto

打言¥N)フi.e.っa. C- vector field on打al(N) with the property

(叫樟)-打濡)っ
subject to the requirement

●

(1.3)　　　　　　　　dEαβ(<) - Kβ(ォ?)

in E言β0£α for every pair　α,- of elements of Ob(□　with α ≦ β in the

category Dn, where Eαβ : Xβ - Xα denotes a holomorphic map corresponding

to an arrow α - β in □　and O王｡ the sheaf of germs of holomorphic vector

fields on Xα. In factフif such liftings {v?}α∈口　exist, integrating v¥フwe have

a C∞-trivialization of the family irα : Xα - TV along the xz-axis in N for allこち

α ∈ □n such that those trivializations commute with the maps Eαβ : Xβ - Xα

for every pair (α,/?) ofelementsofOb(□　with αーβ in the category □　due

to the requiement (1.3). Arguing inductively on the dimension of M, we finally

get the trivialization asserted in the proposition (cf. for more precise argument

we refer to Theorem 3.3 in [8]). Now we are going to prove the existence of the

liftings vf to it言¥N) of ∂/∂Xi subject to the requirement (1.3).

We take open coverings V - {Va}入∈Ao and.V'- m}入∈Ao of打-1(N) in X

that satisfy the following conditions:

for every A ∈ Aoっ

(i)拓is a compact subset of V^:

ii) there exists an embedding (p入: Vi - Cn入フand

(iiiK-Hn)ユviエtt(vc) is analytically trivial.
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We are allowed to put the condition (iii) due to the analytical "local triviality7'

of the family ｣詛ユxユM (cf. Definition 1.14 (ii))-　By this condition

thereexist liftings i;?- of∂/∂諾　to aa (V^) forevery a ∈ □　andevery A ∈ Auフ

subject to the requirement (1.3). We take a C∞ partition of unity {p入)入∈An On

X'‥- ∪入∈L V^ subordinateto the covering V - {V入)入∈A｡フi.e.フP入つs are v∞

functions77 on X'‥- ∪入∈　V^ satisfying the kblowing conditions:

(i O≦p^≦1forA∈Aoっ

ii) SupppxcVa forAGAo,

(iii) ∑入∈A｡P入≡ 1 on｣'.

Notice that X is a singular space. We use here the term "C∞ functions" in the

●

sense of that they are locally pulLbacks of C∞ functions on Cn入via embeddings

卯: Vi - Cn入　The existence of C∞-partition of unity {p入)入∈A｡ as above

is guaranteed by the fact that the proof of the existence of C∞-partition of

unity subordinate to a countably indexed open covering of a C∞-manifold is

●

also applicable in our case (cf.[8, Chapter I, Theorem 4.6]). We define

v- :- ∑ a芸(px)v-i
AGAo

for α ∈ □　Thenwe can easily checkthat

(dqα)ォ)-打濡and

(dEcβ)(ォ?) - Kβげ)

for every pair (αフp) of elements of Obi□n) with α ≦ β in the category口和･

Finallyっwe shall show that the C∞ triviality of the famify?r# : X# - M

implies the topological triviality of the family 3C# -*-* XエM. For a fiber X.f
■

(i ∈ M) of the family 7r# : X. - Mフwe define an equivalence relation on the

topological space JJα∈□n Xα (disjoint sum) by

p-q iftp∈Xαt,q∈Xβt suchthat

α≦β　　and　β(q)-p

or　α>β　andeβα(p)-qっ

wheree.′β:Xβi-Xat(resp.eβα:Xαi-Xβt)istheholomorphicmap

correspondingtoanarrow

v/TTIT"/α→β(resp.βーα)in□Thenthenaturalmapfrom(Yァα∈□Xat/-)(thequotienttopologicalspaceofα∈□nXαiby

theequivalencerelation-definedabove)toXtgivesrisetoahomeomorphism

betweenthesespacesフbecauseXmtisacubichyper-resolutionofXt.Therefore

acliffeomorphismbetweendifferentfibersXmtandX*t*(tフi'∈M)givesriseto
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a homeomorphism between different fibers X9t - Xt and X.t′ - Xt> of the

familyX#土} xユM･
Q.E-D.

§2 Examples

In this section we show that we can obtain a simultaneous cubic hyper-

resolution of a locally trivial family of complex projective varieties with ordinary
■

singularities of dimension ≦ 3 as well as of a locally trivial family of complex

projective varieties with normal crossing of any dimension by taking norma･liza-
■　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　■

｣TJ

tions of their丘bers successively. Thoughっusing the local equations of ordinary
■

singularities obtained in [15], we can prove that the same statement holds for

locally trivial families of complex projective varieties with ordinary singularities
●

of dimension 4 and 5, we omit its proof (for the case of dimension 4 see [19,

Example 4.2.10 ).

By definition a 1-dimensional complex protective varietiy with ordinary sin-
°

gularities is no more than a curve with nodes (possibly reducible). The de丘nition

of 2-dimensional complex protective varieties with ordinary singularities has been
■

●

given in Example 1.7.

2.1 De負nition. A 3-dimensional complex projective variety is said to be
●                                                       ●

with ordinary singularities if it is locally isomorphic to one of the germs of
●

hypersurfaces of the complex 4-space C as follows:

F
:

2

 

･

r

く

　

t

.
(
.

.
ナ
U

＼
　
-
　
ノ
.
′
し ) W - 0 (simple point)フ　　　　　(zz) Zw - 0 (ordinrydoublepoint)フ

(Hi) l/ZW - 0 (ordinary triple point)っ　(iv) xyzW - 0 (ordina｣ry quadruple pointJ,

v) xy　-Z　-o (cuspidalpoint^っ　(m) w{xy　-Z2) -o (stationarypoint),

where (x,yつ2,w) is the coordinate on C ｡

2.2 Definition. By a locally trivial analytic family of complex projective
●

varieties with ordinary singularitiesフparametrized by a complex space M, we

mean a locally trivial analytic family it : X -→ M of complex projective varieties

●

all of whose fibers Xt :- 7r (t) are complex projective varieties with ordinary

singularities.

Now we are going to show that we can obtain a simultaneous cubic hyper-
●

resolution of a locally trivial analytic family of complex projective varieties with
●

ordinary singularities of dimension ≦ 3 by taking normalizations of their fibers

successively. Our arguments in the subsequence are rather "set-theoretical" (not

scheme-theoretic) and all complex analytic varieties and subvarieties are assumed

to be reduced. First, we introduce a general notion and mention a fundamental

fact on it, which will be needed later. Let I be a finite ordered set. Remember
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tha･tOb(□吉)andOb(□canbeconsideredasfiniteorderedsets.Wethink

of/asacategory.LetX*:Io-(An/C)bean/-objectofcomplexanalytic

varieties,thatis7acontravariantfunctorfromthecategory/tothecategory

(An作)ofcomplexanalyticvarieties.Weshortlycallan/-objectofcomplex

analyticvarietiesanI-comple諾analyticvariety.
｣q

2.3Definition.Amorphismof/-complexanalyticvarieties/#:Xm->Y9

isdefinedtobeanormalizaまionofIViffi:X2:-Yjisthenormalizationfor

everyiJI.

Foran/-complexanalyticvarietyX*フwedenotebye?;j:X;-X;the

correspondingholomorphicmaptoilj∈Iwithi≦jっandbyN(Xi)thenon-

normallocusofXiforeachi∈I.

2.4Lemma.Withthesamenotationasabove,foranI-complexanalytic

var軸X9weassumethate--(N(Xi))isanalyticallyrareinXj7i.e.,forany

....-i..opensubsetUofXjtherestrictionmapOxj(U)-oxj(u＼e-/(N(Xt)))IS

injective,foreveryi,j∈/withi≦j.Thenthereexistsanormalizationv+

X:-XmofX%anditisuniqueuptoisomorphismsinthecategoryofI-complex

analyticvarietiesovertheiden最ymapidx.:X.-X.･

Proof.Foranyi∈Iwetakethenormalizationvj‥X2r-Xi.Bytheassump-

tion,everyew:X*-アX{fori,jGIwithi<jcanbeuniquelyliftedto●

e一�"X?-X¥([67p.1217Proposition2.28).Then{X告e¥Aconstitutesan

/-complexanalyticvarietyduetotheuniquenessoftheliftingse^-,andbyde五一●
V
nition,thisisanormalizationofX#.TheuniquenessofX%uptoisomorphisms●

overtheidentitymapidx.*X*-X*resultsfromtheuniquenessofeachX¥■

uptoisomorphismsovertheidentitymapidx:-Xi-Xiforeveryi∈I.

Q.E.D.

2,5Definition.Foramorphismof/-complexanalyticvarietiesf%:Xm

Y.っthediscriminantoff#isdefinedtobethesmallestっclosed/-complexanalytic

subva･rietyD*ofY%suchthatfminducesanisomorphismfi:Xi-/�"(D/�"-

Y{-Dtiforevery∈I･

2.6Remark.Let/#‥X･→Y%beaproper誓orphismof/-complex

analyticvarietiesっi.e.っfi:Xi-Yiisproperforevery之∈/.Thenonehas

Uiーi!m{Tj-Yi)(i∈Z)っ

whereTjdenotesthediscriminantoffj:Xj->Yj(cf.[10,p.9,Proposition

2.3.

Thenotionofacubichyper-resolutionofa.complexanalyticvarietybeing

obtainedbysucces諭enormalizationsisdennedasfollows:

LetXbeacomplexanalyticvariety.First,wedefinea□^-complexanalytic

varietyX*tobe

Ll
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2.2),

xh�"�"-d芸1エxu-‥yI
A｡1

pll上1

AIO:-Dl/1｢→X-:Yl7

m

where v¥ : X〝 - X is the normalization of XっDv^　the discriminant of v¥っ

D芸:- v-1(A,x)フandfi¥ '�"- V¥¥di : D芸1 - Dv^ therestrictionofv¥ to D芸1･

Inductivelyフfor an integer r ≧ 2 we define □IT-complex analytic varietj^ X^ toLj

be

2.2,

All#:-D芸,土(xr-1v yr

Mr          Vt

蝣yr :-dvtr→Xrr-¥一�"Yrフ

Ir

whereX[#*isthe□~-2-complexanalyticvariety,jij‥-vr-MD*_1‥Xr-1‥-

D芸r_1-Al｡*‥-0,^111(2.2),-1,V*:(X-Xr-listhenormalization

ofXT?DvristhediscriminantofvTフD芸-,,-1
"r-(A,Jっandjir:-vr¥jj*is

therestrictionofvrtoD*^.

2.7Definition.Intheaboveprocedureweassumethatthenormalization

(xr#Yisalwaysnon-singularforeveryr≧1っwhereweunderstandX^-X.

Then,afterfinitestepsっsayn一七hstepっthereduction

Z.:-rd(XIxl---,X:)

ofthesequence{X],X%,-っx:}oiローcomplexanalyticvarietiesXI(1≦r_<

n)givesanaugmentedn-cubichyper-resolutionofX.Ifthisisthecaseっwesay

thatacubichyper-resolutionofXisobtainedbysuccessivenormalizations.

2,8Definition.WesayacomplexanalyticvarityZiswithnormalcross-

ingif,ateachpointofZフitislocallyisomorphictothegermofasubvariety■

{(^oっ-っZn)∈Cn+1¥zo-zr-o}attheoriginofCn+forsomer(0≦r≦n).

2.9Proposition.Foracomplexanalyticvarietywithnormalcrossingits

cubichyper-resolutionisobtainedbysuccessivenormalizations.

Sincetheproblemislocal,itsu氏cestoshowthat,forthesubvarietyZin

Cn+1definedbyzo-zr-0(0≦r≦n)itscubichyper-resolutionisohtained

bysuccessivenormalizations.Furthermore,wemayassumethatr-n,because

thesubvariety{(zqっ･･･っZn)∈Cn+¥zq---zr-0}isisomorphictotheproduct

{0蝣(),�"�"�"フZr)∈e-+1u--o}×C"-r.Infactっweshallprovethefollowing

bydoubleinductiononi了k.
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Claim. For the analytic subvariety

z-{('裾izn)∈cm+1Fo�"�"�"Zn-0},

we de声ne

J(zQ-Zi｡-Zik-*)=-{0　∈Cn+1|;よ｡---zik-0}(0≦ォ｡<-<Ik≦7-)

and

Z£n)�"- UO<i｡<-<*fc<n^(zQ-**-?Q"-**v-* ) (0 ≦ k ≦ n. (asubvariety ｡f Cn+1)

Then a cubic hyper-resolution ofZ£n) (0 ≦町0 ≦ k ≦ n) is obtained by succes-
sive normalizaまions.

Proof of the claim.

(I) In the case ofn - k - 0‥ Z占is non-singular (a singlepoint)フs｡there

is nothing to be proved.

(II) Inthe caseofn ≧ 1‥ we assume that the claim is true for Z^　with

o ≦ m ≦ n- 1 and 0 ≦P ≦ m･ Z£n) isnon-singular(asinglepoint)っs｡thereis

nothing to be proved. Next we shall show that if the claim is true for Zy with

o ≦ k <P ≦ n, thenit is also true for Z圭. We considerthe 2-resolution

D芸1土(Z£n))〟

pll　上l

Dul十Z£n)
M

in (2.2)! for Z]r). Then

(zin):V - U｡<i｡<-<ik<n ^(Z｡--Zi｡--zi -Zn) (disjoint sum)

Dvl -- 7(n)っand

D芸- Uo≦i｡<--<ik≦nU痢｡,-,uzi.'｡---zici---Zi, -*~i ^n7*
0<i<n

Here we consider

2.3　　　ui^io,-,ik4(zo-･-Zio'-Zik'-Zi'-'Zn)

0<i<n

as a subvarietyofZ(zQ.　三*k~-z訂By the inductionhypothesisフa cubichyper-

resolution of Dvl - Z)^_1 is obtained by successive norma.lizati｡nsフwhich we

●

■/

denote-by v¥* : Dv¥* - Dv (an augmentedロニ_^_1-object of complex analytic
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varieties). Since the complex analytic variety in (2.3) is isomorphic to Z告k功
forevery (z'O,*�"�",ik) with 0 ≦ l() < '- < Ik ≦ n, by the inductionhypothesisフ

a cubic hyper-resolution of D≡is also obtained by successive normalizationsっ
■

■ノ

whichwedenoteby za* : D;1. - D芸(an augmentedロニ_kイobject of complex

analytic varieties). Obviouslyっthere naturally exists a homomorphism /ii# :

DL - Dvl. of □n-kイobjects of complex analytic subvarieties such that the

following diagram commutes:
■

辛

D芸1.ヱ生a;

･･1･1　巨l
Dvlサ-Dul7

〃1●

0f which we think as a □n_良+1-object of complex analytic varieties. This is

nothing but the cubic hyper-resoluion of the □0--complex analytic variety fi¥

D芸1 - Dvl by successive normalizations. Thereforeフ

v¥*也(Z£n))〟

MI              V¥

･v¥% ｢- Z£n)っ
l¥Olノ1●

is the cubic hyper-resolution of Z£　by successive normalizations. This com-

pletes the proof of the claim.

Since Z - Z^ , the proposition follows from this claim.

Q.E.D.

2.10 Proposition. A cubic hyper-resolution of a complex analytic variety

with ordinary朗ngular摘es of dimension ≦ 3 is obまained by succes諭e normal-
izations.

Proof. The proof is straightforward caluculation in terms of local coordinates.

We shall show only in the case of dimension 3. First we fix notation as follows:
｣勺

T : a threefold with ordinary singularitiesフ

■

●

∫　the singular locus ofTっ
●

△ : the singular locus of Sフ

●

∑q : the set of ordinary quadruple points of T,

∑s : the set of stationary points of T.
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Notice that A is non-singular out･side ∑q and that, at･ each point of ∑5,A is
■

isomorphic to the union of four coordinate axes of C at the origin. It su氏ces
■       ■

to prove the proposition for each hypersuface in C in (2.1). The proofs for the

hypersurfaces (ii), (iii), (iv) in (2.1) are included in Proposition 2.9.

2.4)

V)In the case of xy- - zL - o(cuspidal point)‥

Let us take the 2-resolution of T bjr normalization in (2.2)i:

):1エr

･*1　巨l
Dul r→T･

m

ThenTv竺Candthenormalizationv¥:Tv-T⊂isgivenby(rっSっi)-

(r2757r57*)-(*,yつ～7っw)フwhere(r,sワt)isthecoordinateonCand(x.y.z^w)

isthatonC.HenceDv-S:y-z-OandD芸1‥3-0っwhicharenon-

singular.Thereforethe2-resolutionofTbynormalizationin(2.4)givesacubic

hyper-resolutionofT.

(vi)Inthecaseofw(xy-zL)-o(stationarypoint):

TandShavethefollowingirreducibledecompositions:●●

2T-To+TcっTo:W-07Tcxy--0っ

s-sd+s〔つSd:y-z-07Sc‥w-xy-z-0･

NoticethatSd-thesingularlocusofTcっS｡-TonTcandA-SdnS｡-SdnTo■

y-z-w-0.ThereducedidealofSis(xy-zlっwy^wz).The2-resolution

ofTbynormalizationin(2.2)iisexplicitlydescribedask)llows:

yIAli:-D芸�"�"-S｡*cIJ(Sl*c+^)エrpvTTrpv.vi｡iiic-蝣ATl
｡1

Ml*>1

蝣-s-sd+s〔｢→T-To+Tc‥YlっylDv¥

*1

uMTS‥Tou竺C3-To⊂っ',*)-(rっs,t,O)-(xっy,z,w),

vl¥T¥ノ‥TeuとC3-TL･⊂C4;fr'っs'J)-J27a',rV,*')-(守,y,つW)･

-Oc:-{rs2-<2-0}⊂107

Si*c=-{*'-0}⊂nnvっSd*:-{s'-0⊂ァc.

The2-resolutionofa□q-complexanalyticvariety/^‥K-Dvbynormal-
⊥′′
iza-tionin(2.2)2
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～
入1

J 2 0 M 2 1

-〟-1

v 2

1 1 0

' V i ¥

ノr 0

^ H )1 *2 1

1 0

U 2 0 ､ 方 2

′r J 0 0 1

入1
〃●1

D^20 -�"^100

Y2　-　vl　�"-　D

isexplicitlydescribedas丘)llows:

(I)Y2‥-sd]ls<と-(s{*rms*
｡clc‥Y2A｡11
･201上21

Y2.-S-Sd+S｡-So*｡IK3T｡+3d)-:-^-｡｡i!

〃1

(SLfとsサ-s*
u-c¥s,竺55-C3:

V20¥Sd:Sd→Sd⊂S:identitymap,
Ji

U叫StJ‥Scu→S〔⊂S:normalizationmapっ

U叫�"(C*¥v
(S*c)サ蝣(<V)-So*〔⊂Y2‥normalizationmapフ

U21¥S*C:S*〔-s*
lc⊂Y2:identitymapっ

･21|S*‥Sd*-S芸⊂XqQl:identitymap;

'-TV±TH⊂CI

UU

^l|S｡¥OcニSc:identityma-pっ

Tcu-TL･⊂C4

UU

vl¥S*-lc-Srっ(r'っ-qr70)-J27r's'70)-(>,y,フW):

normalizationmapっ

:-*ii =-D*
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II

T'
.ノ-TL･⊂CJ
UU

Ms:‥S昌一Sd,(r',0っi')-J2っ0っ0,t')-(､xフy,ヱっw):

doublecovering●

和(sitr:(SScTニS":naturalisomorphismフ

h¥s*'蝣s*eニ5^:naturalisomorphismフ′ヽ′

町→Sd'-thesamedoublecoveringas/j,i¥s*�"S^→Sd;～′｢ヽlLL.′｢ヽl

SdSサ(So*c)〝lc

UUUUU
-^11｡:=△u△*i(△*u(△*u△J-�"Alll

･201巨

Y2 :=A
入1

ATTA*　　y2 .

nnn

S-S｡+sd｡St+55
;lc

Here△*aretheinverseima･gesof△bythenormalizationmapsu20¥s*:S"-Scフ

^2i|(so*cy:(S'
{*^ーSo*〔竺Sc,vi¥s*c�"S*〔→Scフrespectively,whicharenon-
singular.Thisshowsthatacubichyper-resolutionisobtainedbysuccessive

normalizations丘>rastationarypoint.

Q.E.D.

By Proposition 2.9 and Proposition 2.10 we obtain the丘blowing theorem.
■

2,ll Theorem. Taking s-uccessive normalizations fi,bervnse, we obtain a

simultaneous cubic hyper-resoluまion of a locally trivial fam軸of the following

kinds of complex analytic varieties

(i) complex analytic varieties with ordinary singularities of dime空on ≦ 3,
(ii) complex analytic varieties with normal crossing of any dimen朗On･

Proof. Let tt : X - M be a locally trivial family of above kinds of complex

analytic varietiesっparametrized by a complex space M. Taking relative normal-V

ization v¥ ‥ X〃 →貨ofX over M (cf. [16, Theorem 3.6])っwe一｡btain the "relative

2-resolution" of the family tt : X → Ad, Wl we denote as follows:
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2.5)

乳‥-D芸1/Mエy+v　亀

^1         V¥

裂:-｣vL/Af r→X-‥覇｡つ
n

where Evx!M denotes the Hrelative discriminant" of the map v¥ ‥ X〝 - X over

M and ｣>芸1/M ‥- i/r^s)〃1/m)-　All maps in the diagram (2.5) are over M.

Notice that S^/m a^d ｣; ,M are locally trivial families of complex analytic■ノ

varieties over Mフsince?r : X - M is locally trivial. Nextっwe take the "relative

normalizations" of the families E),,l/M and 2);i/M'respectivelyっwi we denote
as follows:

(2.6)

ih

(軌i/m)〟 辛- (D芸/M,

･201　　巨21

2)i/i/M- ) /M,
〝1

where lll stands for the "fiberwise" lifting of the map ii,¥. Here the "nberwise"
一-●

lifting means thatフfor every t ∈ M, ult ‥ (D /M,*/〟 - (Dv¥/Mt)v is the lifting

of the map fi¥t 'D;1/M,i - Dul/M t between fibers of the families (S;1/MY and

D芸1/M over M. This is possible due to the fact that (tDvl/mY an(i (^芸IMr

are the "relative normalizations of Evi/M and E);1/M'respectively. In fact.

Pl ‥- ‡毎jteM is a holomorphic ma･p from (S); IMr to (軌i/mYi since the

family ji¥ ‥ D;1/M → ^vxjM -f holomorphic maps over M is locally trivial.

Therefore we conclude that the diagram (2.6) gives a "relative normalization7'

of the □J-object X¥, :- {fii ‥ D;1/M -ョvi/m} -f locally trivial families of

complex analytic varieties over M in (2.5). Using this "relative normalization^フ

we obtain the "rela･tive 2-resolution" of the □t-object墨�":- {/*! ‥ D;1/M -

｣Vi/m}っwhich we denote a･s follows‥

乳･‥　　　　ヱm.Y-‥T2

･2･1　巨2･

:-｣>V2*/Mr→Tl -: y2　っ
r2　�"xicu�"

*2

where i/2# ‥ (｣.)〟 -墨# is the relative normalization ofX壬in (2.6), 3〃:.jM

is the "relative discriminant" of the map v<i# ‥ (X-uy〝一重.っ3*V2t/A,I ‥-

･2. (S>*a./M,, and /i2# is the restriction of v<i% to ｣); ,M. The procedure of

taking this 'relative normalization" can be continued similarly like the absolute
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caseandobtainasequenceX^-X,宍X2
1~vサ?-フXI,一蝣蝣of□^-objectsXIoflo-
callytrivialanalyticfamiliesofcomplexanalyticvarieties,parametrizedbyM,
ヽ-～⊥I/I▲一･■suchthatXIisthe2-resolutionof3｣Tby"relativenormalization'フforevery

IL/
r≧0.Then,afterfinitesteps,sa事yn-thstepっthereduction

Xt:-rd(宍っxt了-7号)フ

whichcanbedefinedinthesamemannerasintheabsolutecase,givesa4rela-●

tive"cubichyper-resolutionofX,i.e.フifwewrite二打as

(2.7､)X.ユxユM,

whereX#istheH□n"-partofXj¥thenthefibera*t:X.i-Xtisacubic

hyper-resolutionofXtforeveryt∈M.Theanalytical"localtriviality"ofthe

familyin(2.7)isobvious,beca?setheoriginalfamilytt‥X-Misso.Thatisっ

byde五ntitonフthefamilyin(2.7)isasimultaneouscubichyper-resolutionofthe

familytt:X→Ad.
t′-

Q-E.D.

§3 Cohomological descent

The relative version of "cohomological descent" holds for a simultaneous
●

cubic hyper-resolution of a locally trivial analytic family of complex projective
●

varieties. In order to state this fa事ct we refer to some notation and terminology

from Let S# : X* -> X be an n-cubic topological space with an aug-

mentation to a topological space Xっi.e.っXm is a contravariant functor from the
●

n-cubic category □n to the category of topological space (Top) and申is a nat-
ural transformation from the functor X* to the one X over the trivial functor

□n,一口±17 where X is considered as a □±1-object of the category (Top) (cf.

De丘nition 1.1っDe丘nition 1.3 and Remark 1.4).

3.1 Definition. For a commutative ring R with identity elemeny 1, an R-
●

[二ら

module preshef F* on an?2-cubic topological space X, :口n - (Top) is defined

to be a contravariant functor from the total category tot(X#) to the category

of R-modulesっwhere we identify a topological space with the category of open
●

subsets of it. We say an it-module presheaf F* on an?7-cubic topological space
●

X# is an R-module sheaf if the presheaves Fα on Xαフdefined by F*フare sheaves

for all α ∈ □　For月-module (pre)sheaves F* and G# onX97 a morphismfrom

F# to G* is defined to be a natural transformation from F* to GV

We denote by M(X,っR) and M(XっR) the categories of i?-modtile sheaves

on X# and X, respectively, where R is a commutative ring with identity elementLg

1- For an i?-module sheafT on X we define its inverse image ◎:f ∈ JM X.っRJ)

in a natural way. The functor ◎: : M(X,R) -ルイ(X.っR) has a right adjoint

◎.* : MiX.っR) - M(XっR･)･ Since the functor ◎: is exact, it defines a functor

(3.1､)　　　　　　◎: ‥ D+(XっR･) - D+(X.,R)っ
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where D^~{X, R) and D+(X#7 R) denote the derived categories of lower bounded

complexes of i?-module sheaves on A'and X#, respectively. The functor in (3.1)

ha･s a right adjoint

R◎.* ‥ D+(X.フR) - D+(XフR).

Let F* be a lower bounded complex of i?-module sheaves on an n-cubic

topological space X#. We take the factorization
■

(3.2)　　　　　　X.聖xx□陀聖x

of◎　x. -XっwhereX x □ isthe n-cubieobject of(Top) definedby ¥X x

□n)(α) :- X for α ∈ □n, ◎i# is the natural transformation defined by ◎1α :-

◎α for α ∈ □nっand ◎2# the one denned by◎2α :- idx forα　∈ nn-　By

definition ◎1#*F* - {◎1q*j α)α∈Ob(□n)っto which we associate a simple complex

s(◎i**F*) of i?-module sheaves on X. To explain this we give the definition of

an n-ple complex of an abelian category. Let A be an abelian category. We

denote by C+(A) the category of lower bounded complexes of A. Let n be an

integer≧ 1. We denote by e?; the i-ih vector of the canonical basis of Zn7 i.e.,
●

ii-(0,---,1,- 70)(1isatthe -thplace)forl≦i≦n･

3.2 Definition, With the notation above, an n-ple complex of A consisits
of the丘blowing entities:

■

i)a Z"-gradedobject ¥Kα)α∈　ofA- and

(ii) a family {^}i<i≦　of differentials of K* such that gL is ofdefree e; and

they commute each other.

We denote by n-C~^(A) the category of n-ple complexes of an abelian cate-

goryA.

3.3 Definition. For K ∈ n-C^(A) its associated j血pie complex s{K　∈

C+(A) is defined to be as follows:

s(KY:- ∑ KPl'‥Pnっp∈Zand
2Zvi-V

the differential d of占(K) is defined by

n

d- ∑(-Vfidj on KPl"-pn,
3-1

where sj - ｣,�"<,�"*>;�"

Let A be a (□吉*-object of lower bounded complexes of i?-module sheaves

on a topological spaceフSa･y i.e.フa functor A : (□i)0 - C+(Y,R)フwhere

C*(Y, R) is the category of lower bounded complexes of i?-module sheaves on
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Y. We denote A(a) ∈ C+(Y,R) by A凸' for each a ∈ Ob(□+). We associate to

such A an object K(A) of (n+2)-C+(Y,i?), i.e., an (n + 2)-ple lower bounded
complex of M(Y: R) as follows:

K(A)Q'o---anq
i

Aaq if a∈Ob(□吉)

0 ifa∈Zn+1-Ob(□吉);

the (i + l)-th differential is the one induced by the morphism α - a + e?; m □吉

for 0 ≦ i ≦隼and (n+2)-th differential is the one of the complex Aα¥ For the

sake of simplicity we denote s(K(A)) by s(A).

We think of◎i.*F* - {a!α*Fα)α∈ob(□托as a田方)--object oflowerbound-

ed complexes ofi?-module sheaves on X by defining F^0*'-7-) - {0} for (0,�"�"�", 0)

∈ □オフand form s(◎u*F*). Then we have

R◎2.*l◎!�"*n竺･5(◎!�"*F*) l

in D^(X, i?), where [1] stands for the shift of the degree of complexes to the left

by 1, i.e., s(◎i..F*)[l]* - s(◎i.*-F#)p+1- Then we have

3.3温◎*F*竺5(◎�"*^1

inD+(XっR).Thisdescriptionof温◎･F*isnecessaryforourargumentsinthe

following.FormoredetailswerefertoフExposeI].

ThefollowingistherelativeversionofthecohomologicaldescentforR-■■.111.tfn.lIIIIIp

modulesheaves.

3.4Theorem.LetX#ユxユMbeasimultaneousn-cubic(n≧1)

-resolutionofalocallytrivialanalyticfamilyofcomplexprojec七%vevan-

eまies,parametrizedbyacomple諾spaceM.Then,foranR-modulesheafAonX.

theadjuncまtonmap

A->alA

isanisomorphisminD~^~(3iフR).

Proof.Inordertoprovethetheorem,itsu氏cestoshowthatforanypointx∈X,

thehomomorphism

3.4**x-(温a>m*cL:A)t

isaquasi-isomorphismofcomplexesofJ?-modules.Weputチ:-n(x)っX*:-

･r-^t),X.t:-n.(t)and

bmt:-->*¥x.t:^�"t-Xt

Sinceb.f:X,
一�"t-Xtisaacubichyper-resolutionbytheassumption,itfollows
丘omitscohomologicaldescentpropertythatthehomomorphism●

(3.5)(A¥xth-'�"<*<蝣:蝣A¥xt)*
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is a qtiasi-isomorphism. Thereforeっsince Ax - (A¥xt)x, it su鮎es to show that
the canonical map

3.6)　　　　　　　iaォ*a:A)x -　?<�"*buAxt)x,

is a quasi-isomorphism in order to prove that the homomorphism in (3.5) is a

quasi-isomorphism. We use the following lemma which is a consequence of the

proper base changeformulaof Goclement ([77 II.4.ll )プand of [10, Expose 1,5･13 :

3.5 Lemma. Let T# be a cubic paracompact topological space, S a para-

compact space, and /# : T+ - S a proper augmentation. For all complexe of

sheaves F* onT# and alls ∈ S, the fibre ats of the complex of sheaves Rh*F" is

qua前somorphic to the hypercohomology叫T FlT. ) ofthe錘T.a :- f-¥s).

Then one obtains the following quasi-isomorphismsっ

(温&+*Q>:A)x等H(a71(x)っa:�"4Kl(*))

*>*t*Ki<A¥xt)xフ竺H(6-1i x)鶴(A両<:?(*))

and the obvious identity am l{x) - bmt (xっfrom which one deduces that (3.6) is

a quasi-isomorphism as required.
●

Q.E.D.

We are now going to define the cohomological relative de Rham complex
●

DRx/M ∈ D+(XっC) for an analyitc family n ‥ X - M of complex analyitc

varieties, parametrized by a complex space M. For this end we take a system

of relative local embeddingsU :- {(U^Ui)フPiフ(yフyi,ni)} oin : X - M which

consists of the丘blowing entities:
●

i (W }っ{Ui} are open coverings of X with Ui being a relatively compact

open subset of IA[ for every乞フ

ォ　X - D> × (W　フwhere D?; are polycylinders in complex number spaces

iii) ^:ユft(Ui) are smooth families of complex manifoldsフparametrized

by 7r(Ui) such that

(a) yi are relatively compact open subsets of V-, and

(b) the following diagrams commute:

y,　　　　　y

弓　　lpr仰
Mm-M]フ

IV　勘蝣M - y[ are closed embeddings over k(U-) such that <fi(Ui) - 3^,:-
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Foreach (p+l)-tuple (i) - {zo < i¥ <�"�"�"< ip} we consideranopen set

K>) -K n - ･ nZ宥and a relative closed embedding

uo-^(o

:-(D?<oX*))×n(U> ){Dtl X可ォ))×<%)) -

×叫^,)(^ ×打(wサ

over 7r(W'-)っwhere xt(w;りdenotes the fiber product over k{UIり); and define

lid

nlt冊(w('｡)lw(o :- ^Sly^/A〟(サ)'電('｡ny(v*<"('｡>く

k

where ft', /jr(M,

‥ y(o

→　打
(〟(

n is the relative de Rham complex of the smooth family Pr7r(^/. )■ノ

サ)
) of comlex manifolds and Tw is the ideal sheaf of V(L¥ in

〈

thestructuresheafOytmofy^yWecallJl*f,,u,¥¥Ui^thecompletionof

^>>i(w¥alongW/-vThenweconsideracomplexofsheavesofC-vector

spacesonX

〈‥-j*(tty/viu'

{i))¥U(i))¥U(iつ

where j is the inclusion of til
●　　　　●

0 outside ｣/(2), we consider C ヽ
J

O_ *w

intoXandUu¥-IA,
^o∩-nUj.Hereっputting
asacomplexofsheavesofC-vectorspaceson

X. NowforanyO ≦j ≦pフIet (il) - {io,-っi?V''iip} (omit ij). Thenwe

have a･ natural inclusion U,^ - u
り

ー

l

＼

J

.
inclusiony.
(ォ)-y'}overn(U'
{i)

岬which ma-ps Z布into I布′>; and a natural

- <K>))フwhich maps 3^(?:) into 3^(i') over

n(M(i))-サtt(W(j/)).Hencethereisanaturalmap

ぢi己IEiコ打(〟(i'1Mi'
("W-^(',)M"(',))K(サ蝣)'

andamorphismofcomplexesonX

Sj,(i)'
-C(i')-u(*)

Noticethatっbytheconstructionっfortwointegers0≦i<k≦pフthecorrespond-
.A
inglour8mapsarecompatiblewitheachother.Hencewecandefineadouble●

complexC(〟)by

c(uy-TTc(v

回-p

where回isdefinedtobepfori-(zq,-1lv),and

V
p-1-n∑i-iysj,(i)‥C(U),p-1-c(uy

恒-pJ-O
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t;iiヨ

We denote by Q,ら/M{U) the associated single complex ofC{U). If V - {(V^,V3 7

･転(Zj,Zj:7Tj)} is a refinement of a system of relative local embeddings IA.
then there is a natural map of double complexes lo : cm - C(V) andフas in

■;良                             IU

the absolute case, we can see that the map J7妄/M(W) → 0妄/M(V) of simple

complexes associated to <p is a quasi-isomorphism (cf. [11っp.29])- Therefore we

conclude that fi主/M(U) de丘nes an element of D^~(XフC)フwhich is independent

of the choice of乙/.

3.6 Definition. We call such an element of D+(XフC) determined by the
〈

n妄iM¥U) the cohomological relative de Rham complex of the familytt : X - M

and denote by DR^サM.

Let X.ユxユM be a simultaneous n-cubic hyper-resolution of a locally
trivial analytic family of comlex projective varieties, parametrized by a complex

●

｣q

space M. For each α ∈ □　we denote by it左,M the relative de Rham complex

of a smooth family it o aα ‥ XαーM of complex manifolds. Then Q,ら./M ‥-
｣~う

iO妄*/M}a∈□ is obviously a complex of sheaves of C-vector spaces on a □n-

complex manifold X#. The rest of this section will be devoted to proving the

following theorems and a corollary.
■

3.7 Theorem. (Cohomological descent of relative de Rham complexes)

Under the same se班ng as above, there naturally exists an isomorphism

DR妄iM ~ Ra#*O左./M

in D+(X,C)-

3.8 Theorem. [Relative formal analytic Poincare lemma) Under the same

Se班ng as above, ^x/m(^) yields a resolution of the sheaf7t'(0m) for a system

of relative local embeddings U - {{U[っui)フPiフw,yiフTTi)} ofTT : X - M, where

^ ¥0m) denotes the topological inverse of the structure sheaf of M by the map
7r:X→Ad.

3.9 Corollary. There exist isomorphisms

iT(｣,冗(0m))竺Hl　芝,s(ai#*fi左,/M)[1]))

竺TJl/'JTb-p/芝. ^./m)W) (1 ≦i ≦2dimc｣).

(for the notation a,¥+ see (3.2))

To prove these theorems the following two theorems are essential.
●
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3.10 Theorem. (Mayer-Vietories sequence for relative de Rham complexes)

Let 7T : 21 - M be aflaまfamily of analytic varieties, parametrized by a complex

space M. Suppose that ix : g - M %β relatively embedded in a, smooth

打′ ‥ X →且打函mplex manifoldsヂarameまrized by the same complex space M,

and further supァose that 2) is a union of two closed subvarieties 2)i and 2}2 of
-j an exact sequence of relative de Rham complexes

亡⊆i己!

0 - n妄/M閲一戦/M|2)i (BftjE/M|2)2 - 0妄/M閲1昭〕E2 - 0っ
ぢヨ

where ftを/M閲is the completion of the relative de Rham complex ft妄fM along
2) and so on.

3.ll Theorem. Let f : X'- X be a poper morphism, of analytic vari-

eties. LetY be a closed analytic subvariety ofX; and letYf :- / (Y). Assume

that f maps X -Yf isomorphically onto X-Y. Suppose we are given coherent

sheaves T onX andT on X9, and an injective map T→ f*f′. whose restric-

tion to X - Y is an isomorphism. Then the single complex associated to the

□+-object of lower bounded complexes of sheaves ofC-vector spacej on X

コ

[Tof).r -　f*F
-~一　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　一一

Eiil

uJ7　　　　　　　　T

毎αcyclic in D~^(XっC); where i is the closed immersion Y - X and〈denotes

the completion along Y', or Y , respectively.

The proof of Theorem 3.10 for the absolute caseフi.e.っM is a single pointっ

●                                               ■

can be found in　フp.89っProposition^1.4)]. Since Q%/M axe locally free sheaves

コEJ

over Orっand since all of f^/M|乳*Lx/M閲(i - 1,2) and Q*x/M憧)1 ∩2)2 are
completions with respect to some ideal sheaves of Oxっthe same arguments as

m the absolute case also go well for the relative case. Hence we obtain Theorem

3.10. Theorem 3.ll is an analytic -alogue of Proposition(4.3) in [11]. The

key point of the proof of Proposition(4.3) in [11] is "fundamental theorem of a

proper morphism" ([9, 4.1.5]), which tells us that, with the same notation as in

Theorem 3.117 though all things should be replaced by algebraic onesフ

Rlf*T'竺(RIuT'T (i ≧0)7

. 〈  〈

where (Rlf^'Tis the讐mpletion of i?.'/*jF'along Yフand Rlf*Tf the z-th higherEi己コ

direct ima.ge sheaf of J71 by the morphism of formal scheames /度′ → xっ

induced by /フfrom the completion度′ of X′ along Yf to that of X along Y.

Fortunately, we have an analytic analogue of the "fundamental theorem of a
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proper morphism" d-le to C-鮎nica and O. S摘nasila ([1っp.225っVIフCor.4.5).

Using this theorem, we can carry out the same arguments as in the proof of

Proposition(4.3) in [11]. Hence we oi〕tain Theorem 3.ll.

To prove Theorem 3.7 we shall use the following theoremフwhich is an ana,-

■

lytic analogue of Theorem(4.4) in [11, p.44].

3.12 Theorem. Letir': T - M and tt : X- M be twoflatfamilies of

analytic varieまiesy parametrized by the same complex space M. Let f : X - X

be a proper morphism of analytic varieties over M, 2) a closed subvariety of

X,り:- f-'m, and h :- J- :2)'一句the restriction off to2)'･ We

assume the following:

(i)f maps X1-2) isomorphically onto X一乳

(ii) there exist

(a) smooth families of complex manifolds ttl : 3 - M and n : 3 -
M, parametrized by the complex space M, ノ

(b) closed immersions Xf -3　andX十3 overM, and

(c) apropermorphismg:3 -3 0verM

such that9¥x′ -/ andg maps y-g (2)) isomorphically ontoS-%).

Then the single complex associated to the followingロトobject of lower bounded
comple諾es of sheaves ofC-vector spaces on X

u               EiコU

R(T hiQ-′IMM -

†　　　　†
〈                      ●                                〈

甜3/M閲　-　^3/M¥x

is acyclic in D+(XフC); where ′:句- X is the inclusion map.

Since the proof of Theorem 3.12 is almost identical with that in the algebraic

case ([11, p.44, ChapterII, Theorem(4.4)), we omit it, just mentioning that we

essentially use Theorem 3.10 and Theorem 3.ll to prove it.

3.13 Proposition. Let n : 2) - M be aflatfamily of analytic varieties,
parametrized by a complex space M, which is relatively embedded in a smoothノ

family it : X - M of comple諾manifolds, parametrized by the same comple諾

space M. Suppose 2) is a union offinite closed subvarieties%)ll　フ軌(n ≧ 2)･

Let i′ : g. - 2) be the n-cubic objecまof analytic varieties, augmented to乱

effected by theβnite closed cover {町r)1≦r≦n Ofg (c/. Example 1.6). Then we

have a quasi-isomorphism

U                              EiiiZl

tox/M閲- I誹X/M閲･･
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･where.
ヨ:!

f?妄/丑潤. :- {fi妄/Mョα)α｡□′l

is a complex of sheaves ofC-vector spaces on 2)# obtained by the completion of

O妄/M along可α for everya ∈口n･

Proof. We use induction on n. The case n-2 is nothing but Theorem 3.10. In

the case n ≧ 37 the argument is almost identical with that of Proposition 1.4 in

[10, p.61] for the absolute and algebraic case. Hence we omit it.

Q.E.D.

3.14 Proposition. LeまX be a complex projective variety embedded玩a

smooth comple諾projecfive variety Y¥ and let a* : X. - X be an iわcubic hyper-ノ

resolution ofX in the category of complex projecfive varieties. We denote by X&

and Yh the corresponding comple諾analytic varieties, and by a^# : Xhm - Xh

the corresponding n-cubic hyper*-reosolution of Xh in the category of complex

analytic varieまits. Letp be a point ofXh-　We take an open neighborhood V oj

inYh anddel言ne U‥-VnX}z andUα :-a-1(U)for eachα∈□n. We consider

an n-cubic object of the product families of comple諾analytic varieties

a.×idM:U.×114→Ux Ad

where M is a complex space andicLm is the iden招y map on M. Then we have

a quasi-isomorphism

〈

(3-7)　　　SllvxM/M¥u x M- [a. ×idjy/)*^ ×M/M-

Proof. By the same argument used in the proof for the absolute case of Theorem

3.1 (cf. [10, p.417 Theor昌me 6.91)ワwe can reduce the proof to the case ofn-2.

Hence it su昂ces to prove (3.7) for the following口上object of complex analytic
varieties:

U^i X M C/ni X M

l laolXid*

Uw xM Una x M

ll

UxM⊂Vx　っ

which is a cartesian squareフwhere Uqi is a smooth analytic variety, O,q¥蝣Uqi -

?7oo apropermorphism (hence sois aoi xicljv/ :?7oi xM -+ ^"oo xM), 6rii -> L^oi

and Uw　- Uqq are closed immersions, such that aoi X idM : (UIO X M) ＼

u.ll × M) - (UiOO X M) ＼ (Uu x M) is an isomorphism. Furthermore, using
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Proposition 3.13, we ca･n reduce the proof to that for the case where Uqi and

Uqq are irreducible (for the details of this procedure we refer to the proof of

Theoreme 1.5 in [10, p.621). Now we shall check the proof for this case.

We write XフX'っr,yつZ and / instea･d of J7007UolフUIOっullフV and aniっ

respectively. Since X,X are open subsets of complex projective varietiesフbv

●

/                                                                                                                                                      I/

the result of Hironaka (Elimination of points of indeterminancy of a rational

mapping, [12]), there exists a commutative diagram

m

X'    X

･3-8)　　　＼レヽ
X'　　蝣X-Z

such that (ij/1, /3竺e the composits of blowing-ups along non-singular centersっ
n) XっXf are non-singularっand (iii) f2っ/4 are proper morphisms. Blowing up Z

along the same centers as thoseムf /i :万一Xl we have the following diagram

3.9

Y X　-. Z

_:　　P T_ i

Y X

where乎‥- fl (Y)red. Forming direct product of each term in the diagram

(3.9) with M, we come to the same setting as in Theorem 3.12. Hence, by
that theorem, we conclude that the simple complex associated to the following

｣二

□丁�"object of lower bounded complex of sheaves of C-vector spaces on X x M

Eidぢヨ

温(hi Xidjvf)*^妄×M¥y x M - R(/i XidM)*^妄XM¥x x M
--　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　1-I

■:i己

(LXi<1m)*｣之'zxMけ`rxM　-　　　0'zxMIXx M,

where hi :-f¥ oi, is acyclic in D~^(X x M,C). If we define s(X x M/Y x M),

s(X x M/Y x M) to be the single complexes associated to the morphisms of

complexes
GヨU

n'zxMIXxM-(L′×idM)MzxMIYxM and

:!

n妄×MIX xM-(fxidM)Mを×M¥YxM,
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respectivelyっthen the above statetement is equivalent to that the morphism
■

(fl XidMy:s(XxM/YxM)--q(雷×M/YxM)indu竺ibyh xid>Misa

quasi- isomorphism. Here we should notice thatフsince Xl, Xl are 'non-singular,
●

s(x'× M/Y'× M) and s(薪× Ad/戸× M) are defined as the single complexes

assciated to the morphisms of complexes

t:iヨ

｣l*x,×M/M - (<�"'× iclM)*^完′×M/M¥Y> × M and

〈

oをXM/M - (才× idM)*^気×M/M¥Y'× M,

讐pectivelyフwhereP ‥- /r(乎)red - h~1(Y']red and　　- Xt7 i :中一

Xf are natural inclusions. We consider the following diagram derived from (3.8)

(′3.10)

.5(薪× M/戸× M～聖聖上*(雷× M/乎× M)

s(x'×M Y'×M)Ts{X'×M Y'×M)

By the same reasoning as for (/i X id fr?)*-, we conclude that (/3 × idu) :

(f4 × id,M)* are quasi-isomprphisms on XっX'フrespectively. Hence by the

commutativity of the diagram in (3.10), we conclude that (/*2 x zg?m)* is a quasi-

isomorphism on Xl and so is (/ x zg?m)*-　This completes the proof of the

proposition.

Q.E.D.

We are now in a position to prove Theorem 3.7 and Theorem 3.8.

Proof of Theorem 3.7: By the assumption, we can take a system 14 -

i(u∴uβ,恥(y;っyi, tt?;)} of relative local embeddings of X which satisfies the

following conditions:
■

(3.ll

For each i there exists apoint p?; ∈ Ui and an embedding et : Xnrp. - Ypi

of Xn(p.) (the fiber of X over 7r(p?;)) into a smooth complex projective variety

lp. such that

i a-lM)
'�"!% (",') '¥u'.

u -⊥圭tt(W-) is isomorphic to

(a~¥U[) nXir(pt)) × <K

a●×id.("蝣} Prvr(Z/')

{U[ nXn(pi)) × 7T(wn - <Ui)
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(forthenotationseeDe丘nition1-12)

(")X-D¥×7r(U'
i)andy,-Dtx(Ui)フwhereD;っDjareopenneighbor-

hoodsofthepointe,;(p?;)inYpiwithDt⊂D;フand

ni)ipM)-(e^X^))nD;)×7r(W;)-and芋,i(uよ)-(et(XApi))nDi)×

{Ui¥

ThenbyProposition3.14thenaturalmap
｣乃

6i;ヨ喘uAU'

i)→温a.¥a-¥U[)*S!�"-!{U冊(w.O温a.SI…./叫明

isaquasi-isomorphismonULhence

コ!i.n左i/niUDHUi→jJRa.*n左./M¥W.
[)¥Ui

isaquasi-isomorphismonXforeveryi,wherej:u:-Xistheinclusionmap.

Fromthisitfollowsthatforany(i)-{z'o<i¥<**�"<ip}

lizC(i):-j*(^乙r'ow'o)怖)ーD{i):-j*(Ra.*n妄･/M¥W)怖)

isaquasi-isomorphism.SimilarlyasforC(W),wedefineadoublecomplexD(U).

using{D(i)}フwhichisnothingbut温a.&左./M.Thereforeweconcludethatthe

naturalmap

〈f7妄IM(W)-*n左./M

isaquasi-isomorphism.Sinceanys}^stemofrelativelocalembeddingsofX

hasitsrefinementsatisfyingtheconditions(i),(ii),(iii)in(3.ll)weobtainthe

theorem.

ProofofTheorem3.8:Sincethepoblemislocalフwemaya事ssumethat

tt:｣-Misaproductfamilyっnamelytt:-PrM:X-XxM-MフwhereX

■●isacomplexprojectivevariety,Macomplexspace,andtt:-Vimtheprojection

toM.FurthermorewemayassumethatXisembeddedinasmoothcomplex

projectivevarietyZ.Wedefinej:-ZxMandtt¥:-PrM:^5-ZxM->M

theprojectiontoM.Underthissettingweshallprovethat●

〈(3.12)k'0m-^3/MK

isaquasi-isomorphismonX.Inthefollowingweshallconfusecomplexalgebraic■

objectsandtheirassociatedanalyticobjectsフandwritethembythesameletters.
｣勺
Toprove(3.12)weproceedbyinductionondimc-X"-IfdimCX-0っthere

isnothingtobeproved-Weassumethat(3.12)holdsforanyXwith0≦

dimCX<n-BytheHironakaresolutiontheorem([12])thereisthefollowing

commutativediagam:
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(3.13)

Xt L→ZT

�"　　　'

→X LJ Z

with the property g¥x′-Y, ‥ x'- r - X -Y is an isomorphismフwhere Xl

is a smooth complex projective variety, / : X　-> X a proper morphism, Y

a proper closed subvariety of XフY'‥- / - (Y)redi and t,if closed immersions-

Taking direct product of each term in (3.13) with叫we obt･ain the commutative
diagram

(3-14)

X'Lう3'

IG　巨

XL→うっ

whereX:-XxMっX':-X'XMっF--fxidMi e^c‥ ThenフbyTheorem3.12

it follows
ヨ

R(ioH)*n妄′/且澗′ - RG*ft妄′/M

†　　　　†
Ei丘ヨEi己I

RL.fi3/M憧)　- "5/iwr¥X

is acyclic in D+(XっC)･ Thereforeっfor any relatively compact open subset芝　of

Xフwe the following long exact sequence of cohomology

●

〈                    .                                〈

- H¥XGっv3/Mm - Hl(xo,Rmi/Mm 守 H¥XoっRG*0妄′/M)

(3-15)
ヨU

- Hl(XuフR(ioH)*n妄′/M¥V) - Hi+1(xoっ"Wl*) -
■   ●   ●

On the other hand, applying Theorem 3.4 for A - tt'Om^ we derive from (3.14)
that

(IoH),7T¥も′OM - G*nhOM

†　　　†

I*7T闇OM　-　v'0m

is acyclicin D^~(XフC)フwhere tt′ :- PrM : Xl -Xrf xM - M, the projection to

M. Therefore we have the following long exact sequence of cohomology
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-H^Xq.tt'0m)-Hl{x{),I^'
^0m)守h¥xoフG^'-Qi
M､)

(3.16､)

一計(差O,(/off).可も′OM)-Ht+1(xoフ打0m)--

Therenaturallyexisthomomorphisms丘0m(3.16)to(3.15).Amongtheseh0-

momorphismsフ

ぢヨH¥Xo,h塙OM)-H¥XoiRI.ST3/M¥y),

CidHl(xoJIoH)>打w,OM)一画(芝OっR(IoH)M妄f/MIS)')/･

areisomorphismsonXqbytheinduetionhypothesisっand■

H¥Xo,G,打′oM)-Hl(xoフRG*ttを/m)

isalsoっbecause7r':Xl-Misasmoothfamily([3,p.15,2.23.2]).Hencewe

conclude
〈Hl(xo,7r'0m]-H¥3Cq^^;m¥X)

GヨisanisomorphismonXq,whichmeanstt'0m-flyM|lisaquasi-isomorphism

onXqasrequired.ThiscompletestheproofofTheorem3.8.●

Corollary3.9followsfromTheorem3.7andTheorem3.8.
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