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In his recent papers [7], [8] M. Matsumoto has treated the interesting Finsler spaces
with the curvature tensors of some special forms. In the A-isotropic and C*-recurrent
Finsler spaces [7]V and the P2-like Finsler spaces [8]?) among those spaces, the hv-
curvature tensor P? is symmetric in the last two indices:

(1) Pijp=Pij
and the (v)hv-torsion tensor P! is proportional to the (h)hv-torsion tensor C':
(2) Pj;=x-Cjz; (A :a scalar).

These conditions (1), (2) are also satisfied in all 2-dimensional Finsler spaces.?) So, in this
note we shall generally consider the above conditions and show that the conditions (1), (2)
yield Pjjz;=0 or 8S;;;=0 (Theorem A), and so especially, in the A-isotropic Finsler
spaces endowed with the condition (2) it follows R;jz;=P;;,,=0 or S;j;;=0 (Theorem B).

Throughout the present note we shall use the terminologies and notations described
in M. Matsumoto [6]. The used Finsler connection is the one given by E. Cartan [5].

The author wishes to express here his sincere gratitude to Prof. Dr. M. Matsumoto for
the invaluable suggestions and encouragements. '

1°. In the first place, we shall treat the condition (1). With respect to the Finsler
connection given by E. Cartan, the components P, of the hv-curvature tensor P? are
written in the form

(3) Pijti=Cir11i—Cirrj) + (Cirm P}, — CiamP71) 5

where Cj;; and Pjj; (=¢;sP;;) are the components of the (h)hv-torsion tensor C' and the
(v)hv-torsion tensor P! respectively. So, we have

(4) Pijpi—Pijin=(Cirm P} — CitmPi1) — (Cirm P13 —Ci1n P .

On the other hand, the components S;;;; of the v-curvature tensor S% are written in the
form

(5) Siin=—(CirnC}1—CiznC}) -
By the h-differentiation and the contraction by the supporting element ¢, we have
(6) —8iitn10=(CirnP [, —CitnP ) + (PirnC]1— PixmC7) ,
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from which it follows
(7) Pijti—Pijir=—8jr110 -

Thus, we have

ProrositioN 1. The condition (1) is equivalent to

(8) . Sijk“O:O .
And this condition ts satisfied if it holds
9) CirmP[;—CismPi1=0.

Next, let us consider the relations between the (v)hv-tensor P! and the hv-curvature
tensor P2. Since it holds

(10) ijlzyipijkl )

P;;1;=0 implies Pj;;=0. Conversely, we have

ProrosisioN 2. If Pj;,=0 identically on a domain U in the tangent space T, at
point x then Pijp=0 on U.

The proof is immediately obtained from the formula%

oPiy _ oPiu
oy* oy’

Now, if we glance at the formula (6), we shall recognize that (1) and (2) are the
conditions easily melted together. Substituting (2) into (6), we have

(11) Pijn= +Ci1mP—CitmP]y -

(12) —Bija110=20MSji -
Hence, we know that the conditions (1), (2) yield

(13) ASiji1=0.
If Sijz =0 at (z, y)eT,, then S;jz;=0 on a domain U3(z, y) in T,, which implies A=0on U
and so P;;=0 on U. By Proposition 2, P;;;;=0 on U. Thus, we have proved

TrEOREM A. Suppose that the hv-curvature tensor P? be symmetric tn the last two
tndices and the (v)hv-torsion tensor P! be proportional to the (h)hv-torsion tensor C. Then,
the hv-curvature tensor P? or the v-curvature tensor S? vanishes.

2°. We shall here suppose that the Finsler space be h-isotropic. According to L.
Berwald [4], we may easily conclude as follows.

ProrositioN 3. In order that the space be h-isotropic:

(14) Riju=R(9i19i1—909j1) (R : a constantd),
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it s mecessary and sufficient to hold the following two conditions:

(15) Kij=R(9irgni—9agi) (B:a constant)
and
(16) PiymP,—PignP ;1 =0,

where Rijy; and K iy, denote the components of the h-curvature tensors of the connections given
by E. Cartan and by L. Berwald respectively. And, in this case it holds

(17 Rijn=Kijs -
Proor. We know the relation®
(18) Riju=1/2(K ijps— Kjirt) — (PixmP ], — PizmP(1) -
When the condition (15) is satisfied, we have K;jz;+Kji;=0 and so (18) is reduced to
(19) Riju=Kijuu—(PirnP ], — PisnP?) -

Hence (15) and (16) jield (14).
Conversely, let us assume that (14) holds. Since R?, becomes

(20) Ry =R(gary*87 —9a1y*d}) ,
we have
. =R(a(g“"f/ ) g _ 20aitf) 57)
oy oy oy
=R(gid7 —9i%%)
~ and so (15) and (17). Thus, (16) follows from (19).

The condition (16) is also well combined with (2) and is equivalent to (9) under the
condition (2). By Proposition 1, we may conclude that in the A-isotropic Finsler spaces
the condition (1) is satisfied if we impose the condition (2). Therefore, the A-isotropic
Finsler space endowed with the condition (2) belongs to our spaces and it holds P;j;;=0
or S,’j“=0.

On the other hand, M.H. Akbar-Zadeh [1] has proved that in the A-isotropic Finsler
space R;jz;=0 or S;j;;=0. Thus, we have

TrEOREM B. Suppose that the Finsler space be h-isotropic. If the (v)hv-torsion tensor
P1 be proportional to the (h)hv-tortion tensor C, then the h-curvature tensor R? and the hv-
curvature tensor P? vanish or the v-curvature tensor S? vanishes.

3°. We shall finally give some remarks about the condition (1) in the A-isotropic
Finsler spaces. In these spaces, it is proved by M.H. Akbar-Zadeh[1] that the condition
(1) is satisfied, but it seems that it needs the condition Rjjz;#+0. So, we have proved the
condition (1) under the condition (2) in order to include the case of R;j;;=O0.

On the other hand, M. Matsumoto has recently pointed out that in the case of Rj;;=0
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it holds as a similar condition to (1) that
(21) Pijru=Pijiiz -

It is easily shown that in the A-isotropic non-Riemannian Finsler spaces the condition
(21) implies R;j;;=0 conversely. For convenience sake, we shall explain the above
situation in the following proposition.

ProrosiTion 4. For the h-isotropic mon-Riemannian™ Finsler spaces, the following
conditions are mutually equivalent:

(i) Rijn=0,

(m) C ,-ij =0,
(iil)  Pijrii=Piju »
(IV) P,’ikkm:OB) .

Proor. The implication (i)—(ii) is evident.
Here, we shall be concerned with the relation?)

(22) Kijui=Riju—CijuRy
+(PirmP],—PismP 1) + (Pijrii—Pijuiz) -
Since the conditions (16), (17) hold in the A-isotropic Finsler spaces, (22) is reduced to
(23) Pijnii—Pijin=CijmByy .
Hence, (iii) is equivalent to (ii).
(iv) follows from (iii) by the contraction by the supporting element.

Finally, if we substitute (20) into (23) and contract by the supporting element, we
have

(24) Pijrio=—RLCijy ,

where L is the fundamental function. Thus, (i) follows form (iv) if we assume the space
to be non-Riemannian.

L. Berwald [2] has introduced the stretch-curvature tensor T, and showed that this
tensor vanishes if and only if the length of a vector remains unchanged under the
parallel displacement (in the sence of L. Berwald) along an infinitesimal parallelogram!®.
In our notations the components 7';;;; are expressed as

1
(25) 9 Tijp=Pijpu—Piju™ .
Thus, Proposition 4 gives us

Tarorem C. In the h-isotropic non-Riemannian Finsler spaces, the h-curvature tensor
R? vanishes if and only if the stretch-curvature tensor vanishes.
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Notes

A Finsler space is called h-isotropic if there exists such a constant R that E;;z;=E(9:19;:-9:19;%)-
Also, a Finsler space is called C*-recurrent if there exists such a covariant vector A; that Cjz1;=
AiCjp1, where the solidus denotes the k-covariant differentiation.

A Finsler space is called P2-like if there exists such a covariant vector A; that P;;z;=1,Cj
-ACip-

In] 2-dimensional Finsler spaces we have P;jz;=0C1;-Cipr);j and also Pjpy=(J|o/J)Cjp at
such a point that J=0, where J denotes the main scalar [9] and the contraction by the support-
ing element yf(not 1%) is indicated by a zero. If J=0 at some point, then C;#=0 at that point.
In the condition (2) we suppose that Az [-co, 0], and A= oo means Cjz;=0.

See (26) in [3].

It is known by M.H. Akbar-Zadeh [1] that the assumption R to be a scalar implies that R is a
constant, provided »>2.

See (11.6) in [4].

The assumption that the spaces be non-Riemannian is required only for the implication (iv)—
().

Due to M.H. Akbar-Zadeh [1] this condition may be replaced by the condition C;|4|,=0.

See (11.8) in [4].

See (53) in [2], where T';;z; are written as S;jz;.

See (25) in [3].
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