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1. Introduction

We note here that the maximum principle of Pontryagin gives the necessary and
●                                                               ●             ●

su鮎ient condition in the following linear stochastic systems ;
●

(1.1)　　　dx(t) - A(t)a{x(s), s≦t)dt+h(t, u(t))dt+B(t)dg(t)　T≧ i ≧ 0

where T is丘xed, α is a continuous linear functinal and %(t) is Brownian motion.

In the systems of ordinary differential equations, many authers considered such

optimization problems. For examples, L.S. Pontryagin, et al [1], M.N. 0guzstoreli [2],

D.H. Chang and E.B. Lee [3], etc.. Concerning with the stochastic optimal control problem

of a functional type, W.H. Fleming and M. Nishio [4] proved the existence of an optimal

control. On the stochastic maximum principle, it is known by J.H. Kushner [5], [6],

[7] that it is necessary for optimal in the non-linear Markovian optimization. This

principle Can be extended to more general non-linear systems. This argument is outlined

by W.H. Fleming [8]. The proceeding papers are for a necessary condition, but we also

concider a su侃cient condition. This result of ours neither include the other, nor be included.

On the existence of this optimal control problem, it could be proved, by the same method

of [4], an 6-optimal control exists.

2. Definitions and Formulation

Let T>0, to主o be fixed constants. Given a stochastic process x(t)-(xl(t),�"�"-, xAt)),

i ∈トt｡, n野(#(�")) denotes the least Borel field generated by [x(t), t ∈トォO, T]}.' For Borel

fields 3315野2, the leat Borel field which contains S^ and 932 *s denoted by野lV懇2.

We define the processes 7tsx(t), <rsx(t), t ∈トt｡, 0] for a given stochastic process x(t), t∈
[-lo, T] in the following.

(2.1)　　　　　　　　7tsx{t)-x(s+t) for t∈[-t｡, 0], se[0, T]

(2.2)　　　　　　　　<rsx(i)-x(s-t) for te[-10, 0], se[-to,T-1｡]

(i2, 95, P; 93/) denotes that (Q,怒, P) is a probability space and 35/, t ∈ [0, T] is a increasing

Borel field. ｣(ォ),-ォ∈ [0, T] is Brownian motion defined on lt.

(AI) Let x (t), t ∈ [0, t｡] be a stochastic process with continuous paths. Also assume

that

Exilt)<-　for eacht∈[0,-t｡]

and independent to above Browman motion %(t).
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Wewilldefineanadmissiblecontroller.Astochasticprocessu(t)-u(t,a>),t∈[O,n

a∈Qisanadmissiblecontroller,if

(All)(i)itismeasurableinthepair(t,o>),

(ii)asafunctionofの∈4S3iVQ5(礼(-^-measurableforeachfixedtin[0,T],

(iii)andifu(t,co)∈KwhereKisthecontrolregionprovideditisacompact

subsetinEuclideanspace.

(AIII)LetA(t),B{t)becontinuosmatrixfunctionsdefinedon[0,T],

･2.3)α(/)-∫-t｡f(s)r(ds)

whereFisaprobabilitymeasureon[-10,0].Thefunctionh(t,u)definedon([0,

T],K)iscontinuousineachtandu,respectively.

Wewilldeterminearesponsex(t)foranadmissiblecontrolleru(t).Theresponseis

dennedbythesolutionofthefollowingstochasticdifferentialequation;●

(2.4)dx(t)-A(t)α(7ttx)dt+Mt,u(t))dt+BIM-lt)t>O

withx(t)-x-(t),≠o≦t≦0.

Tobemoreprecise,x(t)iscalledasolutionof(2.4)foranadmissiblecontrolleru(t),if

(i)x(t)is58*∨懇(臥(-^-measurablewithcontinuouspathsforalmostallゥ,

(ii)x(t)-x-(t)-to≦t≦0,

(iii)andifx(t)satisfies,withprobability1,

どど～
(2.5)x{t)-x{0)+∫A(s)α(〟;x)ds+∫h(s,u(s))ds+∫B(sW(s)

000

where｣>0,d%(s)isastochasticintegralofBrownianmotion.

Proposition2.1Iftheaboveassumptions(AI)-(AIII)aresatisfied,thenthepathwise

uniquenessholdsfor(2A),thatis,foranytwosolutions(x(t),ij(t),u(t)),(x'(t),%'(t),u'(t))defined

onthesameprobabilityspace(Q,33,P;敬),B(t)-B′(t)andu(t)-u'(t)implyx(t)-x'(t).

Proof)Bytheusualiterationmethod,wecanshowtheproposition.Weomitthe

detailhere.

NowwehavearrivedtodefinethecostcriteriaC(u)ofanadmissiblecontrolleru(t).

Letx(t)beacorrespondingresponce,and

r
(2.6)C(u)-C(u(�"))-Eg(x(T))+E¥{f-(t,x(t))+h-(t,u{t))}dt

0

whereEisamathematicalexpectation.Weassumethesefunctionsin(2.6)asfollows.

(AIV)(i)g(x)isacontinuouslydifferentiableconvexfunctiononx∈Rl,

(ii)f-{t,x),agradientf-
x(t,x)oif-(t,x),h-(t,u)definedonte[0,T],x∈Rl,u∈R解,
arecontinuousin(t,x),(t,u)respectively.

(AIV′)Withtheassumption(AIV),f-{t,x)isconvexinxforeachfixedt.

(AIV′′)Withtheassumption(AIV),JacobiansfSx{t,x),gxx(x)areboundedfunctions

in(t,x),xrespectively.
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Letustrytocalculatetheminimizingcontrolproblemwhereaninitialstochastic●●

processx-(t),-t｡≦t≦OandBrownianmotion懸,m,t∈[0,T]arefixed.Wecallan

admissiblecontrolleru*(t)isoptimalif,foranyadmissiblecontrolleru(t),itholdsthat

(2.7)C{u*)≦C(u).

Example(i)Ifaprobabilitymeasurerin(2.3)isconcentratedat0,thesystemof

(2.4)reducestothefollowing,socalled,Markovianoptimization(cf.[4]),

(2.8)dx{t)-A(t)x(t)dt+h(t,u{t))dt+B{t)d%(t)t>O.

(ii)Ifr(-0)-l,0≦e≦toithesystemisthemodelswithtimedelays,

(2.9)dx(t)-A(t)x{トー0)dt+h(t,u(t))dt+B(t)d%(t)t>0.

(iii)Ifr(ds)-y(s)ds,i.e.absolutelycontinuouswithrespecttoLebesguemeasure,the

system(2.4)canberewrittenas

0
(2.10)dx{t)-A(t)∫x(t+s)y{s)ds¥dt+h(t,u(t))dt+B{t)d^(t)t>0.

-t｡J

3.AConditionforanOptimalController

Foragivenstochasticprocessx(t)onトt｡,T],wedefinethecorespondingadjoint

stochasticprocessy(t)whichsatisfies,withprobability1,

ii
(3.1)V(t)-V(s)-jfx(r,x(r))di｣α{<rT(yAx))dT

ss

foreachs<Ltin[0,T]andaterminalcondition

3.2)で(T)--gx(x(T))

where%-%{t)in(3.1)isanindicatorfunctionof[0,T],NotethataT(りAx)canbeextended

toT∈[0,T]becausez(ォ)-0ift盲[O,n

Lemma3.1Letx(t)beagivenstochasticprocessandv(t)beitsadjointstochasticprocess

definedby(3.1).Ifastochasticprocessz(t),t∈卜t｡,T]satisfies

/*
(3.3)z(t)-¥A(s)a(7tsz)ds+∫uz(s)ds.fort>0,

00

whereuzisaknownstochasticprocess,itholds

TT
(3.4)V(T)z(T)-tf紬(s))z{s)ds+∫yfyuzfyds

O

TT
･Jtn(s)A(s)a(7tsz)ds一巨{<rs(yAx))z(s)ds.

00

Inparticular,z(s)-O,s∈トt｡,0]implies

3.5

T                  T

∫ y(s)A(s)a(its(z))ds-j α(crs(vAx))z(s)ds.
0　　　　　　　　　　　　　　　　　　0
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Hence, (3.4) %s reduced to

(3.6)
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TT
･?(2>(T)-∫f-

x(s,x(s))z(s)ds+∫vfyu^ds.

0

proof) If we substitute z(s) instead of t in (3.3) into ∫

T

f%(s,x(s))z(s)ds, interchanging the
0

order of an integration for Lebesgue measure implies the relation (3.4). If z(s)-O for s∈

[-to, O], (3.5) holds in case of the measure T is discete. Because the discrete measure on a

complete metric space is dense in the sence of the weak topology, (3.5) holds if F is a

probability measure.

Theorem 3.1 Let x*(t) be the coresponding response to an admissible controller u*(t)

and y*(t) be its adjoint process. If (AIV′), andゲu*(t) satisfies the following maximum

principle, with probability 1,
●

(3.7)　　　　　　-h¥t,U*{t)) +E{r}*{t)敬)*(ォ,ォ詛(ォ))

-maxトh-(t,u)+E(il*(t)lョt)h{t,u)} for a.s. t ,

then u*(t) is the optimal controller, where E(一戦) is a conditional expectation.

Under the assumption (AIV〝), an optimal controller is necessary to satisfy the above

maximum principle.

●

Proof) Let y(t) be a response to an admissible controller u(t). Notingで*(T)-

-g,@*(T)), if we set z(t)-x*(t)-y(t), uz(t)-W,u*(t)トh(t,u(t)), we can obtain from lemma
3.1that

(3.8 -gx(x*(T))(x*(Tト

∫

T

f£ {s,x*(s))(x*(s) -y(s))ds

0

T

･J y*(s)(Jl(s,U*(s)ド(s,u(s)))ds.

Combining (3.8) and the definition of the cost criteria C(u*), C(u) in (2.6), since u*(s), u(s),

are ^-measurable,

3.9) C(u*)- C(u)

-m*(T)トg(y(T))-gx(x*(T))(x*(Tトy{T))
T

･J ¥ f-(s, x*(s)トf-(s, y(s)トf-(s, x*(s))(x*(s)-y(s))} ds
O

T

･† (h-(s,u*(s)ト*サ(ォ,M(*))-^*(ォ)/S8f)(A(ォ,tォ*(ォ)トh(s,u(s))}ds ]�"
0

Since g, f are convex functions and u*(s) satisfies the maximum principle, we can

prove cleary it is su鮎ient because of (3.9).
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For the proof of the necessity, we owe much to the implicit function's lemma of

Filippov type. Suppose that u*(t) fails to satisfy the maximum principle for some ((, o>)-

set which measure is positive. De血Ie a new controller u(t) by

(3.10)　　　　　　　　-h%u{t)) +E{ri*{t)l執)h{t,u{t))

-maxトh-(t,u)+E(v*(t)敬)h(t,u)] T≧t≧O
u^K

where u(t) can be chosen admissible as the help of the implicit function's lemma. We

perturb the controller u*(t). On a small set where the maximum principle fails, we select

u(t) in place ofu*(t). By such a perturbation, we have defined u｣(t) where an ｣>O denotes

the measure of the above small set. The response xE(t) to ue(t) approximates x*(t) in L2

and, since fjjx, gxx are bounded, using the relation (3.9), we can prove

(3.ll)　　　　　　　　　　　　C{u*)-C{ui)>O

for a su鮎iently small ｣>0. This contradicts the optimality of u*(t). Q.E.D.
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