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BOUNDARY VALUE PROBLEMS

By

Manabu Sakai*

(Received August 2, 1976)

Abstract

In the present paper we consider the two-sided approximations by the use of

cubic spline function. A selection of numerical results is presented in the Tables
1-5.

1. Introduction

We shall consider here the two-sided approximations of the solution of the follow-
●

ing nonlinear two-point boundary value problem:

y〝-A*>y)>　　　o≦a;≦1

a<#(0)-%'(0) - cO ,

ォiォ/(1)+wl) - cl )

with boundary conditions

(1)

where f(x, y) is three-continuously differentiable with respect to x and y in the closed

bounded domain D of ccy-space intercepted by two-lines x-0 and x-l.

We assume that the problem (1ト(3) has an isolated solution y(x) satisfying the

mternality condition

U-{(x,y)¥¥y-Mx)¥ ≦8, x∈[0,1])⊂D forsomeS>0.

By the use of S-spline Q^x), we shall consider the cubic spline function

vh{x) -∑oLiQtfalh-i) (nh- l)

such that

y芸-Pkf(x,yh),　0≦tr≦1,

ォ02/a(Oト&<>y*(0) - co.

oiy*(l)+6iVi(l) - cl.

Here the operator Pk(Jc-l,2) is defined as follows:

Department of Mathematics, Kagoshima University.
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(i)(PiflW-∑f(xi)Li(x)

withthepiecewiselinearfunctionL^x)suchthat

Li{xj)-Li{jh)-8.tij

(ii)(*蝣/)(*)-∑βiLi(x)

suchthatthecoe用LCientβ,-(サ-O,i,--,n)isdeterminedby

(2β｡+β1)/6-(2/(諾｡)+∫(∬1))/6,

(β汁1+4β<+fr-1)/6-/(サ,�"),(i-l,2,...,n-1)

(2βn+βn-1)/6-(2/K)+/fe-1))/6.

FortheoperatorPvequation(5)becomes

(yt+i-tyi+yi-i)/h2

-(M十i>yn-i)+w∬uVi)+f{xかvt/i-1))/6,(サ-1,2,...,サーl).

Ifristrictedon[xo9x^9yh(%)isthepolynomialofdegree3.Therefore^(#｡),2//*(#i),

y'
h¥xo)>yl(x｡)>an(lyl(xi)cann-tbelinearlyindependent,i.e.,thereisauniquelinear

relation

(yl-yo)/h-y占-h(2y岩+yl)/6,

fromwhichfollows

(yi-yo)/h-y占- h(2f(x｡>y｡) + f{xx, yl))/6.

-iffn-yn-1)/h+y左- H%f{%n,yn) +f(%n-l,yn-1))/6.

Similarity we have

(9)

10

For the operator P2> equation (5) becomes

(yi+i-tyi+vi-1)/A8-/(ォ.-,y,-), (サ- i,2, - ,n-1),

with (9) and (10).

In the present paper, we shall prove the following asymptotic expansion
●

ek(x)-#(x)-yk(x)-(-1)kh^(x)l12+0(･) (h-0) Ik-1,2),

where yk(%) is the solution of (5ト(7), andか(x) is the solution of the variation equation

of(1ト(3):

F〝　-fy(x,y)^+D^(x,y(x)),　0≦a;≦1,

with boundary conditions

ao*(0)-&o*'(0) - 0 ,

M"(i)+M"'(i) - o.

2. Asymtotic Expansion of Error Function ek(x) (Jc-l,2)

In [2],[3] we have shown the following theorem.

Theorem. In a sufficiently small neighbourhood of the isolated solution y(x), there
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exists the approximate solution y^) (&-1,2) of (5ト(7) such that

ID>(y(xトyl(x))| -O(Aサ) (h-0) (i-0,1,2)

and

¥D}(y(xトy2(x))¥ -O(h*) (h-0)　0- 0,1,2).

Before we proceed with analysis, we shall require
●                                                          ●

Lemma. If g(x) is twice continuously mfferentiable, then we have

‖(I-Pk)9日≦ ch*¥¥g"¥¥　Ik - 1,2) ,

where c is a constant independent of h and for any continuous function P(t) we denote its

maximum norm by ‖pH.

Combining Theorem and this IJemma, we have
●

e芸-fy(x,y)ek+(I-Pk)f(x,y)+O(V),

aoek(O)-boe'
k(O)-0,

alek{l)+ble'
kll)-O.

Sincey(x)isisolated,thereexiststheGreenfunctionH(x9t)suchthat

wi th

ek(x) - JH(x,t)(I-Pk)g(t)dt+O(V) ,

g(t) -f(tM)).

By Taylor series expansion, we have

{I-PMt) - g〝(xt)(t-xf)(t-取付1)/2+0(te) on [xi,xi+1]

from which follows

JH{xMI-PMW - ¥/2 E JB(x,t)g〝(xi)(t-Xi)(t-xi+1)dt+ 0(M)

ll

12

13

- 1/2 ≡ H(x,7]i)g〝(サi) ¥ (t一勘)(-+1)dt+0m

- -h* 12 ∑H{x,t]i)g〝(Xil+0m

- -hVU JH(x,t)g"(t)dt+0m.

On the other hand, we have

ejp) - JH(x,t)(I-PMW

- ≡ ∫ {H{x,xi)Li{t) +H(x,xi+1)Li+1(t)} {g(t) -βMt) -βサ+l-Li+M) dt+O(h*)

with (Ptf)(t) - ∑β蝣Mt).

Therefore we have
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1=1  IJ�"　　βサ+l+4β柵1)/6i

･ H(x,x｡) Jg{t)L｡(t)dt-ォ｡+βi)/6)

･ H{x,xn) Jg{t)Ln{t)dt-hmn+pn-x)/6巨o(A3)

- EHixjXi) JgwLiWb-hgipi)

H(x9xO) Jg(t)L｡(t)dt-h(2g(x｡) +g(xl))l6¥

(14)

+ H(x,xn) ¥¥g{t)Ln{t)dt-h{2g{xn) +g(xn-1))/ +0(A3)

- h* 12 ∑ H(x,xi)g〝(*<ト･jU {Hix,xo)g〝(x｡) +H(x,xn)g〝(xn)) + O(h*)

- h*l12- ¥ H(x,t)g〝(t)dt+O(･).

Thus we have

ek(x)トl)hh*ll中{x,t)g〝(t)dt+O(h*) (k- 1,2)

Next we consider the following two-point boundary value problem
●

y〝-/(*,M′),　0≦a;≦l

with, boundary conditions

甲(y(O),y'(O),ya),y′(l))-0　(1- 1,2).

For this problem (16) and (17), we consider the cubic spline function

vh{x) - ∑aiQ^x h-i)

such that

y;-Pkf(x,yh,yi),　0≦a;≦l
with

P:(y*(O),y;(O),y*(l),yi(l))-O　(Z-1,2)

15

(16)

(17)

In a similar way as in the case when f(x, y, y′)≡f(x, y, 0), we can prove the

asymptotic expansion

ek(x) -トiyh*ir(x)l12+O(h3) (h→0) (ft- 1,2)

where <S>{x) is the solution of the following equation

サ〝 -fy(%>y>y′)^ +fy'{x,y,y′)+′ +D*f(x,y(x),y′(*))

subject to boundary conditions



with

PIi{y{%y′(0),#(i),#′(i)MO + -

+ PtMO),y'(O),v(l),p'(l))^'(l) -0　(1- 1,2)

<Plk{xl, #2> #3> #4) -

3. Numerical Examples

Example 1. As our first example, we consider the following linear problem:
●

y〝-lOOy,　0≦x≦1,

jrfO -y(l)-1.

Its exact solution is y(x)-cosh (10x-5)/cosh 5.

Table 1. (A-l/20)

ex{x)　　　　　e2(x)　　　　　夕(x)　　　(vx +y包)/2

35

Example 2. (Stetter [4]). We now take as our next example the boundary value

problem as follows:

y〝-6Vy-x-1,　≦a;≦l

subject to the boundary conditions

!T(0トv2(0) - 7/16 ,

y'(l)-54/w(l) - 0.

Sample values obtained for h-l120, 1/40, 1/100 are shown in the Tables 2.1 and 2.2.

Table 2.1 (eJx))

x　　　1　　7*- 1/20　　　　　　　A- l/40　　　　　　　A- 1/100

q

一

･

4

-

6

　

8

●
　
　
　
　
　
●
　
　
　
　
　
●
　
　
　
　
　
●

o
 
o
 
o
 
o
 
o

ヽ

ノ

)

･
^
-
^
"
^
^
^
<
^
*

一

一

l

一

一

一

(

　

　

ー

　

　

(

′

t

′

t

(

t
*
　
C
O
 
O
i
 
i
O
 
I
O
 
O
3

C
O
 
H
 
O
 
O
O
 
W
 
O

C
O
 
O
*
　
C
O
 
t
H
 
c
O
 
O
J

●
　
　
　
　
　
●
　
　
　
　
　
●
　
　
　
　
　
●
　
　
　
　
　
●
　
　
　
　
　
●

1

 

1

 

Q

一

(

N

　

(

M

 

H

)

)

)

ヽ

ノ

)

)

I
O
 
I
O
 
I
O
 
I
O
　
)
O
 
I
O

一

一

一

一

一

一

(
′C

O

 

O

O

 

l

>

　

H

 

O

S

　

サ

O

H
W
　
　
　
　
　
　
仙
川
蝣
-
r
V
*
r
:

●

●

●

●

●

●

C
O
"
*
　
サ
O
 
I
O
　
サ
0
-
c
H

ヽ

ノ

ヽ

J

d
O
 
C
O
　
<
D
 
O
 
C
O
 
c
O

一

一

一

一

l

一

′

ー

ー

C
O
 
f
c
*
-
ゥ
一
9
　
6
9

●

●

●

●

●

●

k
O
 
I
-
　
0
5
　
0
5
　
0
>
　
t
-

Table 2.2 (e皇(*))

A- l/20　　1　　h- 1/40　　　　　　A= 1/100

c

q

　

^

h

　

ォ

o

 

o

o

●

●

●

●

O
 
O
 
O
　
ゥ
　
O
 
t
-
H

)

)

)

)

)

)

^
　
^
^
^
T
t
f
^

t

 

i

 

l

 

l

一

l

′

t

(

(

′

t

　

　

ー

　

　

　

　

　

ー

け

>

　

O

　

ォ

O

　

ォ

O

 

c

O

 

M

s

o

f

c

-

ォ

ゥ

<

M

O

m

●

●

●

●

●

●

i
-
H
 
r
H
　
<
M
　
<
M
　
(
M
 
r
H

I

 

I

 

I

 

I

 

I

 

I

C
O
 
t
H
 
I
O
　
<
O

)

)

)

)

)

)

l
O
 
I
O
 
t
o
 
t
O
 
I
O
 
I
Q

I

 

I

 

I

 

I

 

I

 

I

′

　

　

　

　

　

　

　

　

　

′

t

(

(

C
O
 
O
 
O
5
　
H
 
I
O
 
I
O

1
 
d
D
 
I
Q
 
O
 
f
c
-
　
d
n
V

)

)

)

)

I

)

一
O
　
ォ
O
 
s
O
 
C
O
 
S
O
　
ォ
D

一

一

｣

一

一

一

′

t

′

t

′

Q
一
サ
O
　
?
H
 
G
O
一
生
　
7

●

●

●

●

●

●

I
O
 
N
 
O
S
 
O
S
 
O
i
 
b
-



36 :M. Sakai

Example 3. Let us consider the following nonlinear problem:

y〝-1.5y*　　　≦a;≦1,

with y(0)-4 and y(l)-l.

This problem has two isolated solutions such that
一

ォ(0.5) - 16/9 and y(0.5) ≒ -10.53.

Table 3.1 (ex{x) forや(0.5)-16/9)

A- l/20　　　　　　　7&- l/4O h- 1/100
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Table 3.2 (ez(x) forや(0.5)-16/9)
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Table 3.3 (yx(x) forや(0.5)≒-10.53)

h-1/20　　　　　　　ft- 1/40　　　　　　　h- 1/100



Table 3.4 (y2(x) forや(0.5)≒-10.53)
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Example 4. We consider the following van der Pol's equation:

y〝-(l-y%72-y/4,　0≦a3≦1,

with y(0)-0 and y(l)-2.

Table 4.1 (y^x))
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Table 4.2 (ォ,(ォ))
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Example 5 (Ciarlet [1] ). As our丘nal example, consider

y〝-y3-(cosx+1)3-cosx,　0≦a;≦l

with y {0)-0 and y'(l)--y*(l) sin lj{cos l+l)3

The unique solution is y(x)-cosx+1.

The numerical results are listed in Tables 5.1 and 5.2.
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Table 5.1 (yx(x))

h-l/20　　　　　&-l/40　　　^-1/100 i exact solution
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Table 5.2 (yJx))

h-l/20　　　　　A-1/40　　　h- 1/100 exact solution
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