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1. Introduction.

Let m be a natural number which we fix throughout this note, and let k be ap-

adic number field and p the characteristic of the residue class field of Jc. We define a

chain of fields Ko-Jc, ifl? K2>　-, which has the property such that K{ is the maximal

abelian extension of Ki-x with, exponent p桝for each i≧1.

I.R.畠afarevic [6] has given the detailed structure of such fields, when k does not

contain the p-ih roots of unity and m-l. For this case, E. Maus [5] has given the

upper ramification numbers and J. Idt [3] has given the explicit values of the ramifica-

tion numbers.

In this note, we compute the ramification numbers and the orders of the ramifica-

tion groups of Kijh for general m.

The author is grateful to Professor K. Shiratani for his kind encouragements and

advices.

2. Preliminaries.

Throughout this note, Jc denotes a p-adic number field, k* the multiplicative group

of k, p the characteristic of the residue class field of Jc, and ak the order of the group of p

power roots of unity in h. Let Ko-k and let K; be the maximal abelian extension of

Kトx with exponent p桝for each positive integer i. Let cs,fs, and ns denote the

absolute ramification index, the absolute ､residue class degree, and the absolute degree

of Ks, respectively. Then we have a following

Lemma 1. Suppose that the notations are the same as in the above.

(1) Ifuk-l, then

- tts-1?"'<tWl) , fs -;p淋fs-x and cs -= ts-iP*れS-l.

(2) Ifin≧p桝

ns - ns-iP桝(v-i+2Ms - <p桝fs-x and ts - es-1p叩.-1+1蝣).
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This follows easily from the local class field theory and the structure of the

multiplicative group of p-adic number fields.

Let re be a prime element in k and let e be the absolute ramification index of k. Let

Uk be the group of units of Jc. We define the usual filtration by U｡-Uk, Uj-{x∈k*;

orcU(#-1≧i] for i>0, where ordi is the normalized additive valuation of A;. let入

denote the function defined by

入(n)-min{pn,n+z},n∈Z,n>0.

For each positive integer i, let Ri⊆Ui denote a complete set of representatives for

the factor group Ui/Ui+v It is shown by Hasse [2] that these representative sets can

be chosen in such a manner that

R{-W wheneveri-X(j)

except in case au>1 and i-岩j一�"It is shown also that, even in the exceptional

case, Rp- (wherej-古) is a subgroup mod re of Ri with index p.
Lemma 2. Let t be a natural number ≦e

Then

m+ v-¥ jwith

緩0-odp桝　forO<t≦古+e

緩kmodp--l for三十+h<t≦-
v-¥　一一　一一-p-1

Ui n k*タ桝⊆U;<+l'

+rt+l)e, Z-l.-.m-l.

Proof. Suppose that there is an elementりt in Utnk*ク　but not in U…. Then

we haveで8-aク桝where a is a principal unit. Assume a-av∈Uv-Uv+1. Then we may

assume a,,∈Rv. If O<v<
p桝~1(p-1)

then a君meU少,-v♪ V+i from the above result of

Hasse. Therefore we have t-p桝y<黄+e, which is a contradiction.
If)

c c

<〝<
p桝｣(ォーl)ーYーp桝-l-i(n-fp-1)

e

p-1ーr

Therefore we have

?i lj- ,m-1,thenp桝J-lu<⊥ and

p-1

丁<p桝J〝　Thus, by the above result of Hasse, we have

aP　∈ Uタm-lv+lt-U少桝-'v+/e+i�"

e
~　　ー- ~~-I

v-¥
+k<t-p桝J〝+k<

e

p-1
+(t+l)e ,

which is a contradiction.

Ifォ*-'-i(ォーl)|e, 2-0,1, -,約-1, then we see喜+(Z+l)e ≡k mod p桝-J Thus
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the consideration for the case v==

is complete;

p桝~ (p-1)
1-1,�".�",mis not necessary. Theproof

3. The upper ramはcation numbers and the ramification numbers of

KJKs-

For a finite Galois extension LJk with- Galois group G, let T(Llk) denote the set

of the upper ramification numbers, i.e. the set of jumps in the upper numbering of the
●

ramification groups of LJk, and let vi-Vi{Ljk) denote the ramification number, i.e. the

jump in the usual numbering of the ramification groups of Llk. For real x≧0, the

symbol {x} will denote the least integer ≧x. The next theorem was given by Maus [4],

[5]. We set for brevity v0-O and p -fc+[責]-[ p御(JP-1) ] for 1-1,-�"�",m-1.
Theorem 3 (E. Maus). Let L be the maximal abelian extension of k with exponent

p彬and let e be the absolute ramification index of k.

(1) Ifuk-19 then T(Ljk)- [tv;v-0,1,�"�"-,me-1}, where

-fe+1
tv-v+
p桝-Ll

forvt≦〝<矩191-0,1,�",m-1･

(2) If/*h≧p桝　thenT(Lk)-{tv;v-O,l, - me+m-1}

where

〟-l-k+1

V" Ll
forvi+l≦v<vl+1+l, 1-0,1, .TO-

for〟-ラl+レ1,1-1,2, ,m

Proof.Letoj:k*-G-Qal(Ljk)bethereciprocitylawmapofthelocalclassfield

theorycorrespondingtotheextensionLjk.Then,itisknownthata)(Un)-Gnforall

n≧0(cf.Serre[7],Theorem2,p.235).Therefore,foreachintegern≧0,wehave

G*G*+1些UJUn+1(Unnk*f桝),

becauseLlkisthemaximalabelianextensionofexponentp御･

(1)First,iftsatisfiesthehypothesesinLemma2,then,GllGt+1⊆皇U,JU汁1⊆宣言where

kistheresidueclassfieldof/c.Thereforesuchtisanupperramificationnumberof

LitNext,lett-0modpmandO<t≦苦weputt-pmv.Ifで′∈Uhthen7]tis

uniquelywrittenas●

^-(1+αy)仇+1(αmodb,恥+1∈U汁1)

wherett,pisaprimeelementandtheprimeidealink(cf.Hasse[2],p.206).We

mayassumel+a*7r∈Rt.FromtheresultofHassein2,thereisasuitableelement

ヤinUvsuchthat璃彬-(l+at7zt)r)'
t+1whererjf
t+1issomeelementinU汁Hence
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Ul⊆U汁x(Ut nk*ク桝). Therefore G'-Gt+1.

v^^^^^^H^^^^^^^^^^^^HV

Finally, let t-k modp桝-/ and寺-1 +k<t≦手丁+(f+l)e,2-l,�"�"�",m-l. We

put t-k+p桝-/v. similarly, for anyり/ - (l+ォ^)仇+1∈ Uh there exists a suitable

ワッ( Uv such thatでtv桝-(1+αォ**)りt+v Therefore TJt+1(TJt n k*タm)- Ut, so Q*-&+¥

This completes the proof of (1).

(2) Since ak≧pm,p臥l(p-1)|e. Put vi-

71 .　∈u　　1-1. -,m. Then
p二了+le　　百二I+Ze

p桝-/(p-1)

forI-1,�"�"�",m. Let

りe -[l+ac ttP-1-毎4/c+l ∫-od-｣=T+le+l∈Vt
From the result of Hasse in 2, there exist some vv,∈CV, and a suitable tj*∈u ft such

that

りI
v*V-1

(
1+a　　*FI+Iォ

Fl+'声+lt¥,

'-^+/ォ+l'

クー1

Therefore Ue U責(U-j- (1Jc*tm) isacyclicgroupoforderp. Theproof
is complete.

In the proof of Theorem 3, we obtain the orders of the ramification groups of Ljk.

These give the ramification numbers together with the Hasse's function ^jr/&, i.e. the
X

function defined by ^Lik(%) - ∫ (G-: Gl)dt for real x≧ 0 ･
0

Let e -p桝-1{v-1)qサーi+*蝣ォーサ, 0≦ rm-i < V" -1(p-1), and let rm-t - (p-1)紅i+r仇-l,

O^fw-,<3>-1,for1-1, ,m

Cokollary. Suppose L k is the same as in Theorem 3 and f is the absolute residue

class degree of k. Let uk-l and let v^ 0≦i≦mt-l, be the ramification number of Llk.

(i) ifo≦j<vv then

Vj=
ll-p桝1)(l-plm,j(P彬-1)f)

(l-pt)n -pHPm-m

wherej- (pm-1)‰ i+r,m,p　≦W<2>"Ll ･

(2) Ifpl≦j<pzn>　≦l≦m-1,then

1-*,!<;-'/+!)

vj -隼l+pfpJ(8桝-1･ ｣

where qM-lfj - ｣
J-Vl+Qm-1

pm-Ll

l-サl

andァ仇_I -

+pvtn,j (P桝-1)f

+2>f<少in-l ¥-弘一t)

1 qp桝-I(p-1)¥t

0 otherwise.

1- *>f('ffi,/+l)

l-ォf

-pfサ桝-hj(p桝-l-1)

トpW>耕一l-1)
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Proof.Lett-1-0andtjbetheupperramificationnumberofL]k.Thenwehave

●vj-九m-｣

i=｡若(-1)

wheregi-(Gvi:l).ThereforethecorollaryfollowseasilyfromTheorem3.

Remark.Forthecasesuchthat^≧pガweobtainthesimilarresults.Infact.

ifv,+l≦3<viト!+/thenwehave●

7Jl戸)+1
vj-芸pi'iti-レ1)+∑pi+Ui-Dtti-レ1)+

i-vl+l

J
+∑pt+W-1)(ti-レ1)･

i-*l+l

4･Therami丘cationnumbersofgs笹

Inthisandthenextsections,supposethatthenotationsarethesameasm2.

Furthermore,letv(-¥v{pbetheramificationnumberofKsjk,KsjKs-1?respectively.

LetPi,t-i-VK,iKt-lbetheinversefunctionof丸-l-^Ks/Ks-r-

Theorem4.Foreach],vデ)--zq)(S)

Proof.Weprovethetheorembyinductionons.LetGal(iiLs/&)-6r(s)and

Gtsi{KtIKi-j)-N{s).Thenwehave,forallj,Nlp-Gis)f)N{s)and

<9'.s>iV(s)/iV(s>-(G{S)]N(S))Ps-i(i)望>^flS-1)(*9>l.,-1(j)

fromtheHerbrand'stheorem(cf.Serre[7],Ch.IV,ァ,3).Hence

//-サ(s)./-i(s)¥/^(s-1)/^is-1).1V¥/AT(:(or-:cry+i)-(trsps.s-xO)�""*>M-iO+l))(-"y^J-

Now,supposeNls)-N"^.ThenN(s)p^-i(i)-]y(s)<ps,s-iU+l)

K<ps,S-1(j+l)≦吉+es-l9thenwehave,fro-Theore-3,

{<ps,s-1(j)}-{<ps,s-1(j+l)}

301

p仇fy-1<甲,s-1(j)<<Ps,s-i(j+i)≦pmhj+l,

wherehjisasuitableinteger.If{甲,s-lO')}-{甲S,S-xtf+l)},then<?｣--(;)-<?競.;-i(i)}

-GtbssIs_li(i+1),SOGS･S'-Gi･sll･

BytheinductionhypothesisandTheorem3wehave

9)(S-1)v｡一軒-1)-すs-l,s-ftとS-1))-サi-l,s-2(l)-1J

wheret{-~l)istheupperramificationnumberofKg-JK^-Hencev{?-1]≡1modp

for%≧1.Therefore,ifp桝hi-1<<ps,s-1{j)<<ps,s-1(j+l)≦pmhj+l,then<ps,s-i(j)isnot
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theramificationnumberofKs-Jk.Thusweobtain

a(s-1
ps,s-ま

Foralli≧0,bythetheoremofDedekind-Hensel-Ore,wehave

i<s-1)< P**-1
<

gY-サ(p-1) ~ v-¥

where軒1)--
-(鯨-1);1)(cf.Mans[5],1.4).Ontheotherhand,wehavefrom

Theorem30<^>ss-i(i+l)一甲,-10')<2.Therefore,if<ps,s-i(j+1)>雀等thenwe

obtain

/-y(S-1)-isy{S-1ニ(i+i):SOQT-0¥
j+x

Thiscompletestheproofofourassertion.

BythecorollarytoTheorem3andTheorem4wecancomputeanexplicitvalueof

For5-1,wemayreplacefinthecorollarytoTheorem3withfO.Lets≧2and

uk-l.Putt｡-(p-1)q｡+r｡,0≦rQ<p-l.Then,inCorollarytoTheorem3wehave

q*r-i-r｡(pm-l-1+p桝J-2+-+p+1)

forallIandwemayreplacef,ewithfs-i-^s-3fo^s-i?respectively.Similarly,inthe

casesuchthata%≧p彬wemayreplacef,einRemarktoTheorem3withfl-l-^s-1flO>

es-1?respectively.

Remakk.Inthecasewherem=lourresultcoincideswiththeresultofJ.Idt

3.

5.Theordersoftheramification皇roupsofKsk.

ThenexttheoremisageneralizationoftheresultofJ.Idt[3]andfromthistheorem

wecancomputeinductivelytheordersoftheramificationgroupsofKsk.

putgf-璃=1.

Theorem5.Assumethat^-1,f｡≧mands≧2.

(1)If3≠V*-1

p'(^-i)-l)/orallサ-0,l,-,mes-2-1,then

9T19i/U-pu-1-

(2)If3-等-(viis-1)-1)forso-ei>then

gywu-igr~1潮v)ph-i.

Proof.Foreachj9wehave

n(s)y
(JT(S)ニ(ォV+i))(哩:瑚1)･
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還蔓me^s-iK^H^5-1'forsome*�"Tlienwe^av

ecausevj.s-1)-v{/-1)byTheore-4.0ntheother

ref(.s)istheupperramificationnumber｡fJ?s/謹,wehavev{

p-

Thereforewe

obtainvf-1)-tf.Since^.s-1)≦黄wehave

r                    ｢l     ∫ _    1 ヽ        r

)<p andv¥s~1)-3+

weputj-(pm-I)qj+rj,withO≦rj<pm-l.Thenwehavev{
4*-1)-p解qj+Tj+1.From

thetheoremofHasse-Arfwehave

w+ll)≡iK5-1'mod^-1'/^.1s(s-1)/n(s-1)

where^-1J-TO*--1'':*)>N^^GaliK^K,
v,-j).Hence,fromTheorem3andTheorem
4weseev(.s-1)l-1modpU-2.Thereforewehavep^+rjEzOmod^-2.Because

rj<pm-1^fU-i-¥,weobtain^-0.Thereforewehavej-JL-jar-(viS-1)-1)-Tllis

completestheproofofourassertion.

Remark.InTheorem5,therestrictionsuchthat^-1andfO≧misnotessential.

similarresultsholdformoregeneralcase.
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