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1.Introduction

Suppose(X,Y)hasabivariatenormaldistributionwithaknownvariancematrix,

whichweassumewithoutlossofgenerality,tohaveaunitvarianceandacorrelation

coe鮎ientp,andaunknownmeanvector(Oi,02)-Weconsidertheproblemsof

testingthenullhypothesisHo:01-Oor62-0againstthealternativej510:0ァ幸Oand●

e2幸0(§2),andoftestingthenullhypothesisHx¥61=-0or02-Oor^+^2-0against

thealternativeiL:0-,幸Oand69幸OandO!+02幸0(§3).Thepurposeofthispaperisto

givethelikelihoodratiotestofthesetestinghypothesisproblems.●

Supposewehavesamplesfromthreenormaldistributionswithdifferentmeans

pl,〝2,^3an(iaknowncommonvariance.Thentheproblemoftestingthenull

hypothesisHoagainstthealternativeKoincludestheproblemoftestingthenull●●

hypothesisthatmeansareequalonlyinoneadjacentpair,namely,H'
｡:^-^2or
●●

/bt2-u3againstthealternativeK'o:fix幸a2andu2幸a2,andtheproblemoftestingthe●

nullhypothesisHァagainstthealternativeKxincludestheproblemoftestingthenull●

hypothesisthatmeansareequalonlyinonepair,namely,H[:^-^2or^2-/^3or^3-/^1●●

●againstthealternativeK[:ax幸ju2and/l12串/*3and^3幸fly

2.AbivariatenormaltestI

Let(XltYJ,-,(X舛Yn)bearandomsamplefromabivariatenormaldistribution

withtheunknownmeanvector0-(61,92)andtheknownvariancematrixwhichhasa

unitvarianceandacorrelationcoe鮎ient/>,and(X,Y)beasamplemeanvector.In

thissectionweconsidertheproblemoftestingthenullhypothesisHO:01-Oor92-0

againstthealternativej510:Qx幸Oand99幸0･●

Atfirstweshallderivethemaximumlikelihoodestimates(MLE)♂of0underH｡

andHo¥JKorespectively.Todothisletusconsiderthefollowingtransformationin

thetwodimensionalEuclideanspaceR2similartotheoneusedin[1]:

SH

｣-x,　り-(1-09)-1/ (px-y)

サ-｣サ　y-p卜(l-/>2)/2叩.
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(i,り),therandomvectorcorrespondingto(X,Y)}isdistributedasabivariatenormal

amean

≠-(h,≠2-iOv(1-p2)-1/(pOi-Oサ)}(3)

andacommonvariance1andacovariance0.HoandKoaretransformedtoH'
｡:^-0
or≠^(lV)-1/2¢!andKf
Q:^幸Oand≠2幸!-(l-/>2)-1/2J>1respectively.Thefollowing
factorizationofthelikelihoodisconvenienttoderivetheMLE.

帆,βi-(
2n Vt二才

紬再二戸

)"erp [言Q(x,y)] exp [- ÷ (x-etf]

･expト
n

2(1-V W-p紅(09-^i))2] W

expトiQ(x,y) ¥exp¥一号(9-βJ.

･expト
n

2(1- β2) (霊-oy-(6x一項It三二

where

n

G(a>サy) - 2 1(ar一房r-2p(x{-ョ){yi-y)+{yi-yf)/(l-/>2)�"

Thus we have the MLE </> of J> under Hi as follows.

If I引≧ J再=和一pf上il-再二才(再二才ぎ+鍾) and　<j>2-p(膏二才ぎ+pv)

(5)

and

if I引くJ再二才や-p引　Sx-0 and　<j>2-や　　　　　　　　　　(6)

Transforming back to the original variables, the MLE ♂ of 6 under H｡ and its

●                                                            ●    ●

maximum likelihood, Max L{0^09), are given as follows.
#o

A

If l*1≧¥Y¥, ∂1-度-pY, 02-0　and

Ma,xL(6v02)-(

H｡>

and

)ne耳pl-iQ(x,y)lexp上意r] (7)

if　|Z|<|Y|, ∂1-0, ∂2-Y-pX and

M,axL(01, e2) - (
27r /手二戸 )"exp[-‡Q(x,y)lexpト÷s2']�"(8)

The MLE ♂ of 0 under H｡¥jK｡ and its maximum likelihood, MaxL(Oly92), can be
HqUKo

easily obtained as follows.

♂-X,02-YandMaxL(Ov62)-I

H｡UK｡ expトiQ(*,y)]- (9)
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●●●●●Thereforethelikelihoodratiotestcanbederivedandtherigionofrejectionisgiven

bythefollowingsimpleform:●

ifI

ifI芸i^iri,(10)

whereBoischosensothattheprobabilityof(10)whenthenullhypothesisistrueisequal

tothesignificancelevelα･●

Aftersimplecalculations,itcanbefoundthatBosatisfiesthefollowingrelation.●

α-2Q(B｡)(ll)

where

∞11Q(-)-J面exp[-す中･

ThereforethedesiredBocanbefoundeasilyfromthetableofaunivariatenormal

distribution[2].

3.AbivariatenormaltestII

InthissectionweconsidertheproblemoftestingthenullhypothesisHx:6ァ-0

or02-0or01+02-0againstthealternativeKx:01幸OandO9幸Oand0-,+82幸0･●

Makinguseofthesametransformation(1)or(2)andapplyingthemethodsimilartothe

oneusedintheprevioussection,theMLE♂of6underHlanditsmaximumlikelihood.

MaxL(dl962)9aregivenasfollows.

｣打1

If-(1+/豆耐)-1*≦Y≦XorX≦Y≦-(l+v豆両市)-**,

A_-■l0.-X-pY,02-Oand

MaxZ(01?02)-(

Hi¥

if X<Y, -(1+ (1+〟)

and

expトiQ(as,y)lexp上意f], (12)

)X≦Y or Y<X, Y≦-(1+/柿)X,
I                              ′ヽ

S,-<), 0サ-Y-pX and

MaxL(Ol5 62) -
2n Vt二戸

)"exp[言Q(s>y)]ゥxp[一号が] (13)

if　-(1+/豆両石)-1X<Y<-(l+V

β1-

2(1+〟) )X or

-(1+/申7万)x<Y<-(l+V
X-Y　　仝　　Y-X　　　　__

0,- ~　　　and　班axL(01}02)-
2　' -`　　2　`　　　Hi　､-▲'

･ expトi Q(a?,y)l expト

2(1+/>) )-**,

^ 27tV旨
n

β)
(*+r)ォl. (M)
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∂ of 0 under HxuKx and its maximum likelihood, Ma>x L(dl,d2), are the
HiUKi

same one也at we obtained in (9) in比e previous section.

Therefore the likelihood ratio test can be derived and the rigion of rejection is
●　　　　●　　　　　　　　　　　　　　　　　　　　　　　　　　　　●

●                                                   ●

given by the following form:

V訂Min(m, irn≧Bx if X and Y are of the same sign,

Vff(X+Y)≦ -V和音万Bl, /nqX≧Bl
or

V㌃(x+Y) ≧V牢i了万Blt V㌃Y≦ -Bl

/㌃(x+Y)≦-′抑Blt V㌃Y≧Bl
ini

V訂(X+Y) ≧V軒i了万Blt Yn X≦ -Bl

if X≧0, Y≦0,

if X≦O, Y≧o

(15)

where Bx is chosen so that the probability of (15) when the null hypothesis is true is

equal to the significance level α.

●

After some calculations, it can be found that Bx satisfies the following relation.
●

α -msj.　　　　　　　　　　　　　蝣16
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