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Abstract

We consider the power function of the bivariate analogue of the two-sided t test

and compare the power of this test with that of the ordinary test based on F distribution.

The numerical results are given in Tables L4.
●

1. Introduction and summary

In the previous paper the authors [1] proposed a test criterion based on an

analogy to that proposed by Kudo and Fujisawa [3], where a bivariate normal test with

a two-sided alternative was discussed, and we furnished a table of the percentage points

to facilitate the significance test. In this paper we are concerned with the power

function of this test and also compare the power of this test with that of the ordinary

test based on F distribution. For the sake of convenience we shall state the problem

and也e results given in detail in [1].

Suppose (X, Y) has a bivariate normal distribution with an unknown mean vector

(#i> #2) and an unknown covariance matrix which is factored as a product of an

unknown scalar 0-2 and a known matrix A, namely, A<0 And there is an available

independent estimate S2 of a2 whose distribution is proportional to a x2　tribution,

namely, the distribution of nS2/a2 is the x2 distribution with n degrees of feedom. We

consider the problem of testing the null hypothesis Ho : 01-02-0 against the alternative
●

that the mean vector is either in the first or third quadrant, namely, Hx¥ {6x≧O and

β2≧0) or (β1≦O and β2≦0), where at least one of the inequalities are strict in bo仙

cases.

Let us define

･!-ォ/｣, ti-ylS,ォ,-砕(-1,-0<tz<oo) (1)
and
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F2= 拷-2ptlU+t…

1-p2

- u箸+t…

-拷+u…

h-ph
U->

●                                                      ●

which give the rejection region

(i)　F*≧F岩

(u)　ux^-Fo

Oii)　U9≧F.

(iv)　F*≧F一書

(v)　u2≦-F｡

(vI)　U-,≧F｡

I l二才
and u9 -

if u≧o, U≧o

if u<0, U>0, ¥U¥≧1*2

if t,<0, U>0, IォIl<悔I

if U≦0, h≦O

if tl>0, t2<0, |^|≦悔I

if tl>0, t2<0, ¥txl>¥kI

h-ph

√了二才'

(2)

where Fo is a constant depending on p, n and the significance level α･
●

The constant Fo is determined, keeping the property of symmetry in mind, by the
●                                                                                                          ●

relation

α - 2{Pr(F2≧蝣^｡5 *1≧0, *2≧O)+Pr(-%≧*V *i.<0,ォs>0, I*. I≧ ¥k¥)

+Pr(u2≧F｡>h<O, *t>O, ¥k¥ < ¥h¥)}

cos-1^-〟)

7T 1+/.′(÷ 1 +/.昔,i)

2 -cos-H-zO α〝(÷　dd-2¥ - -g(uァ,u2:p)duxdu2
0                        0  0

where IJα, β) is an incomplete beta function ratio, namely,

Ix(α, β) -

1 rx

f x^-^i-xy-1あ,
B(α,β) J｡

g(ul,u2: p) -

sm剰

u‡-2pulu2 + u…

n7T膏=F nQ -rt B n

(3)

In the previous paper [1] for α-0.05 and 0.01 we presented the values of Fo for p-

-0.95 (0.05) 0.95 and some values of n.
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2. The power function

Let (X, Y) be distributed as a bivariate normal distribution with an unknown

mean vector (Ol9 02) and an unknown covariance matrix a2A.

Therefore the density of (X, Y) is

My)-

where

d2=
e誓-200102+0…

AI-p2)

MW")

-p2)
{(x-eir-2p(x-dl)(y-e2) + (y-d^}¥

2(i-y

(♂-2pxy+y*)j

帆-pixez+yej+ ydj]

(4)

(5)

Suppose there is an available another statistic S2, which is an unbiased estimate of

a2 statistically independent of (X, Y), and the distribution of nS2/u2 is the x2 distribution

with n degrees of freedom. As the statistic (X, Y) and S2 are mutually independent, the

joint density ofX, Y, S is

g{x,y,S) -
2nォi2

-:i-0-r手

･expト･
Making the transformation

tt-xjS,　t2-yjS,

whose Jacobian is

(去¥<サ+2)/2
)sn-1exp上意]

[xdl-p (xO2+ydl) + ye2} j

♂-2pxy+y2

1-V

t3-/吾S

a(x, y,S)

∂(^15 ^2? ^3/

we have the joint density of Jl5 ｣2, L

9(h,h>hi -
/育

nun昔)再苛

(6)

(-∞<k, h<…　0<L<-)　7)

-#2(惹)~1′2 ,

exp若]孟÷[
Vす

Vna(l-pz)

-p(tlet+ttel)+舶1(1)

t%¥-(ォ+"+i)/art%1+

(*A

t卜2flM,+ォ|

サ(!-/,サ

(8)
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The marginal density of tly t2 is obtained by integrating in ｣3,
●　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　●

g{h,h) -

nTcri昔)V仁オーTL　2 ｣y;Oか!
exp一昔]真意[

-./サ(ォ!サ,+W+舶　1+

nnrl÷ /I=オーlL　2

･il.

拷-2ip t{t｡ -^- ^2

n(1ニp望)

V盲

yna(l-o*)

ih?l

‡~(M+v+2)′2F(

expニー壬主÷二言:

l誓-ZpLU+tl

nil-?)

-(tt+v+2)/2 n+v+2

n+v+Z

hvi-PKhfa+hpi) +hfa

1-β2

(10)

where　9^-^, 02/a-u2　and A2-(a‡-2pulu2+ul)l(l-p2)

Let P (/iv [i望) be a power function of the bivariate analogue of the two-sided t test.

The probability of rejecting the null hypothesis, when the population mean vector is
●                                                                           ●

(/^i> ^2)5 1S found to be

P(fh, f*サ) - 1-(Pl+P2+P3+JP4+-P5+-P6)

Pj -.PrfF^Fo,ォx≧O, u≧o) ,
I

P, - Pr(F*<F｡, tl≦0, h≦0) ,

P, -.iV(Ml>-jFO,-.ォ!蝣<-0, *2>0, i^i≧¥h¥) ,

P4-Pr(%<F｡, tj.>0, h<0, ¥tx¥>悔f),
l

P5-Pr(u2<F｡> *x<0,ォ,>0, ¥h¥≦悔l)

wher e

wm割

P6-Pr(u2>-Fo, ^X), *2<0, ¥tl¥>悔I).

In order to evaluate the sum of Px and P2 we make the transformation

%=
h-ph

tn to

in (10) and we血ave

Pl+P2 - Pr(uf+tl<F芸,巧二才ux+pt笥≧0, h≧0)

+pr(u¥+t…<F-芸,作二才ul+pt2≦0, U≦0)

-ij　{9i(ul> t2)+9tトォ!>-ォ2)}.-**i鶴
01

where

ll

12)

(13)
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A: uf+緩<n,在二才ux-¥-ou≧O, u≧o

9i(wi> h} -

nnn昔)
exo　-

∞
∑
側

]
<
M

l
●

〟 芳(fil-pfa)

9

(14

･藷V了尋i"2I]'1*笠+/2&2v-(叫叶2'′*r(^アIy(16)

Thiscanbefurthercalculatedbythepropertyofthegammafunction,

r n+v+l)-

and we 血礼ve

^1+^2 -

･(号¥r(v+i)　号)r(W÷)T(i)

B1.-0

用Dl堤(
2
-r- exp

nV右

1*>¥-PH

�"1二戸

B(号v+l *lv+i,i) '

･(÷+V+1

)+豊2v 1+笠+訂(n+2v+2)/2(Lu^dt2
2"　　r(v+i)

(2,)! ^号,v+1¥b(v+i,i)

用Dl倍(器等)+努2v 1+笠+蝣　岬du-idt2
17

Using the same transformation (12) and the property (16), the sum of P3 and P4

Can be also evaluated to be

P3+P, -Pr(ul>- 0?再二才%+(l+/>)｣2≦0, *2>0)

+pr(%<F｡, vl一才Ml+(l+p)ォ2>0, t2<0)

-JJ {9t(-ih, -t2)+gi('ul, t2)} duxdt2
D望

2

-二三expニー

用D2倍(
Uy-pU2

再=ず

2"　　r[v+i)
(2*)IB[昔p+l)B(v+i,i)

)+豊zv1+笠+-*!¥-<

n)叫2v+2)/2duidt%.

18)
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where

D2: ux<F｡5在二才ul+(l+p)t2>0, ｣2<0.

And similarly we 血礼ve

p5+P6 - Pr(u2<F｡,ォ!<0,作二戸U2+(l+p)tl≧0)

+pr(u2>-F｡, tl>0, V¥諦W2+(l+!-) *l<0)

- JJ {.9t(th>h)+9i(-u*>-h)} duz dt!
D9

嘉exrサニー÷二v-蕊
2　　　｢　A2 ｢竺　　2V

相手
D*

pI-Pl*2

r[v+i)

b(¥, v+i)b(v+i, i)

(19

)+豊2i> 1 +菩+訂(ォ+2v+2)/2 du2dt-L
(20

where

Dz: u2<F｡, tt<0,再二才U2+(l+p)tl≧0.　　　　　　(21)

Therefore the power function is obtained by inserting (17), (18) and (20) m (10)

and substituting the appropriate lOOα% significance point for F｡

The power is computed for two configurations of the /^'s. The first is /wl-//2-/^

for which. A2-2u?/(!+/>). In the second case we took /btl-/u and /^2-0 for which

*-,a包/( i-A

In the first ease we can find that by transforming to polar coordinates ux¥ V有-

rcosfl, L/ V有-rsin6 and integrating with respect to r and 0, we obtain

pl+P*-蓋expト音]孟孟
r[v+i)n

B(号v+l)B(v+i,i)

･ ∫:　　　ノ㌃r2v+l (I +r2)-(サ/2+v+l) fo

1

フ言exP 二一三- re
(鷲)Vr[v+i)

｢(蕊)ソ

22



where
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-exr.ニー

Iv-JJ%l

｡2

1-0

VI一声

r(v+i)

B(昔,V+lW:v+i, i)

･+t2¥ (1+^1+^1)^1^25

ll

23

D'
2:u.≦F-0/V有,再二才%+(l+io)<2>0,｣2<0.

Thereforethepowerfunction,whichisdenotedbyP(ul-/bt2-u),isfoundasfollows:

1

p{/h-/*t-〟) - 1一石exp [-

三expニー

-1-exp

(2t*)'　r [ v+i)

(2v)¥　昔,v+l)B[v+i,÷)
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51-f�"*

M昔, 5)

B(!�"サ

B-号,6)

B(号,w与,i)

+　-

1+

2B(号, 3)ぞ(‡, i)

〝8

B(号-r(i'÷)

J　+

985(昔サw昔,i)

1-p

F芸>　r o '
, β-

･2B:-ァー蝣*)*(÷, i)

Iv-JJD'

t%l

l-p

再二戸 ) + k) "(l+t*!+ォ|)<fai&a

n

/ (〟-0,1,2,-)

and

l

D'
2¥ux≦FJVn再二戸%+(l+i-)*2>0>h<0.

Inthesecondcasethepowerfunction,whichisdenotedbyP(f>t1-u,/^2-0),can

beobtainedasfollows:

1

蝣P(A*i-AォサAォサ-0) =- 1- -盲市exPト
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B(昔,v+l)B(v+i, i)

B(÷,一五)

ββ′(i, i)

I^HI
2 チ 2

13

alO.

3840(1 -02)5

-2expト
2 1-pォ)

B(昔, 5)

M昔,6)

U"

-｡-二二

(i +/>V2

B(号0*片,i)･

2(i-y)5(昔n逐一-, i)

(1 +β6)〝6

48'(i-prB(昔<M与, ÷)

(i +/>V4
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(i +iサV8

384(トYb(昔,5 *
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( nv>10

mo(i-pZ)*B{

jiiiiiiiiiiiil

●●●+
�
"
w

T
⊥

I β′-/>2: H-JJDku¥v{l+u¥+tl)-(nl*+v+1)duxdt2

(〟-0,1,2,-)

(25)

and

D'
2:u.≦go/蕗,再二才ul+(l+p)t2>0,｣2<0.

3.Tablesandcomparisonofpowers

Wetabulatethepowersofthistestandtheirratiostothoseoftheordinarytest

whoseregionofrejectionatthelOOα%significancelevelis

F-{x,y)(三-1;)/S2≧FM(26)

whereS2isanestimateofthecommonvariancedistributedinax2distributionwithn

degreesoffreedomandstatisticallyindependentofthesamplemeanvector.The

distributionofFisanoncentralFwith2andndegreesoffreedom,andnoncentrahty

Table1.Thepowersofabivariateanalogueofthetwo-sidedttest

〝l-/^2　　　　　　　　　　　　　　　　　　　　　J-l
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para-eterdu,v/u2)¥三f)(f*l>1*2)′andtheprobabilityofrejectingthenullhypothesis,

whenthepopulationmeanvectoris(^1?//2),isgivenasfollows:

pr{F≧F,*サ(<*)}-exP[言.-1
(/*!>/**)(f*l,/*b)']

巴i÷(/*!>I**)(三frV^rf*,(昔, v+l)
×∑

>=0

v¥B{昔v+l)
(27)

1+
2*Uα)

n

where

The results are given in Table 1 and Table 2 at u^uz and u,x串0, /bt2-0 respectively

●

for the 5% significance level and similarly given in Table 3 and Table 4 at ^-^2 and

FLl串0, /u2-0 respectively for the 1% significance level.

Persual of tables reveals that the power tends to decrease in比e case where 〝1-〝2

and to increase in the case where 〝1幸0, ^2-0 as p increases. It is more powerful than

the ordinary test based on F distribution in the range p≦0.7 when /a1-//2 an(i i*1 the

range p≧0.3 when ax幸0, ^-0.

The authors are deeply indebted to Professor A. Kudo of Kyushu University for

his helpful advices and encouragment.
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Table 2. The powers of a bivariate analogue of the two-sided t test

FLlキ0, ^2-0
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Table 3. ′ The powers of a bivariate analogue of the two-sided t test
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and their ratios to those of the ordinary test based on F distribution

17
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Table 4. The powers of a bivariate analogue of the two-sided t test

plキ0, ^2-0

iiiZSD

P ､-､-竺

Power

10　　　　15　　　　20 10　　　　15　　　　20
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