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§ 1. Introduction.

We propose here an axiom system for nonstandard set theory, which can be used
to formalize nonstandard mathematics. A theory with the axiom system, which we
write NST, is an extension of ¢nternal set theory IST which Nelson [2] has given. The
theory NST deals with external sets directly while IST does not. The axiom system of
the theory NST is similar to that of a theory ®#&, which Hrbacek [1] has given. The
differences between the two are in the axiom schema of saturation and the axiom of
standardization (the axiom of transfer in [1]). In §3 it is proved that NST is a
conservative extension of ZFC (Zermelo-Fraenkel set theory with the axiom of choice).

§2. Axioms.

We add new unary predicates S and I to the theory ZFC formalized in a language
having a binary predicate €. Thus we obtain a nonstandard extension NST of ZFC.
Boldface types @, A, --- denote variables of NST. We consider that they range over
external sets. S(a) reads: a is a standard set. Variables ranging over standard sets are
denoted by lightface letters a, 4,--.; intuitively, the standard sets can be identified
with the members of the “universe of discourse” of ZFC. I(a) reads: @ is an internal
set. Variables ranging over internal sets are denoted by Greek letters o, f,---

If 4 is a formula of ZFGC, S¢ (4, respectively) denotes a formula obtained by
replacing all variables of 4 by variables ranging over standard sets (internal sets,
respectively).

The axioms of NST are the following [A. 1]-[A. 12].

[A. 1] 54 is an axiom of NST whenever the sentence ¢ is an axiom of ZFC.
[A. 2] (Va) I(a).
All standard sets are internal.
[A. 3] (Vo) (VB)[bea—I(D)].
The class of the internal sets is transitive.
[A. 4] (Transfer Principle)

Let 4(ky,- -+, k) be a formula of ZFC with free variables k,,- .-, k, and no other

free variables. Then
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(val’ v '7a’n) [I¢(a17 ) an) = 596(“1» R an) ] .

We define

[A.

[A.

[A.

[A.

[A.

[A.

[A.

a 1is finite

=(3m; natural number) (3f) [f: a—m (1:1, onto)].

5] (The Axiom Schema of Saturation)

Let ¥ (a) be a formula of NST with a free variable @ and possibly other free
variables; let 2(a, b) be a formula of NST with free variables @, b and possibly other
free variables; and let ¢ (ky, &, [+ - -, [,) be a formula of ZFC with free variables k;,
kg, 1,+++, 1, and no other free variables. Then

(V) [#(B)—~>(Qa) L(a, B)] ] ()

N (Ya)(VB)(Vy) [L(a, B) NL(a, y)—>B =]

(V€ -+, €0)
(V8) [8 is ﬁnite/\(VoceS)!F( ®)—=>(3B) (Vo €8) 1g(ct, B, €1, -+, &) ]
[ —(3p)(Vax) [# (o o By €100+, €n) ] }

A formula ¥ is said to be a SS-formula if there is a formula £ such that the
sentence (SS) is a theorem of NST. For example, the predicate S is a SS-formula.

5E] (The Aziom Schema of Enlarging)
Let ¢(ky, kg, 1y, -+, 1,) be a formula of ZFC with free variables k,, k,, I;,---, I, and
no other free variables. Then

(lea ) wn)
[(Vd) [d is finite—(3b)(Va €d) S¢(a, b, %5, - -, 2,) ] }
—’(aﬁ)(va) I¢(a: By, s %y)
The axiom schema [A.5E] is weaker than [A.5].
6] (The Axiom of Standardization)

(VA) [ 3S)4A < S—(3a)(V2) [xed = zea] ] .

The standard set ¢ having the same standard elements as A is denoted by *4; *4
is called the standard kernel of A.

7] (The Axiom of Extensionality)

(VA,B)[A=B = (Vx)[xeA=xeB]].
8] (The Axiom of Pasring)

(VA,B)(3AC)(Vx) [xeC=x= AVx = B].
9] (The Axvom of Union) ,

(VA)@B)(Vx)[xeB = (3y)[xcynyecd]].
10] (The Axiom Schema of Comprehension)
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Let & (x) be a formula of NST with a free variable x and possibly other free
variables. Then

(VA)@B)(Vx)[xceB=xc AND(x)].
[A. 111 (The Aziom of Power Set)
| (VA)@3B)(Vx)[xeB=xcA].
[A. 12] (Well Ordering Principle)
(YA)@3B) [B wellorders A].

§ 3. The conservation theorem.

The following theorem shows that NST is a conservative extension of ZFC. A
process of extension is based on an idea in [1], and our proof is more elementary.

Theorem. Let iy be a sentence of ZFC. If S is a theorem of NST, then i is a
theorem of ZFC.

Proof. Only finitely many of axioms from [A. 1], say Si, -+, Sy, and axioms
from [A.2]-[A.12] are used in the proof of S within NST. By reflection principle,
there is a set R such that any subset of an element of R is an element of R and such
that

W =PRAEA- AP,
where /% and others are the relativizations of ¢y and others to R, respectively. Let J be
an infinite set, and let & be an ultrafilter on J. Put V,=RJ X {0} and define a one-to-
one mapping ¢ of R into V, by
@) =(a,0) (aeR), a(j)=a (jeJ).

Let 4, and e, denote binary relations in V, such that

((p,0) s (g,0)) €to = {g€J: p(3) =q(4)} €F (p,qeR))
and

((Z’:O) ’ (%0)) €€ = {jGJ ]0(.7) 69(])} €7 (]aneRJ) ’
respectively. We extend V, inductively by

Varr = VoU(P(V,) X (1}) (for each nonnegative integer n)
and

where P(V,) is the power set of V,. Then we have

VocVicVeyc:..cV,c.--cV
and

Van( OL_J;P(V,,)X{l}) ~0.
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Furthermore, we proceed by induction. Suppose that ¢o,--«, %y, €y, -+, €, have been
defined so that they satisfy the following conditions (1) and (2).
(1) Let » be an integer such that 0O<n<m. Then

wWCVaXVy,  e,cV,XV,;
(VYay, a5, b€V ,) [(ay, as) €9, A\(ay,b) €e,—>(asg, b) €e,] 5
(Va,beV,)[(a,b) €1, = (YeeV,)[(c,a) €e, = (c,b) €e,] ] .
(2) Let n be an integer such that 1<n<m. Then
i (VasX Vi) =imts e (VaeaX Vo) = s 5
for  aeV,; and b= (21)(zeP(V,-1)),
(a,b)ce, = (AceV,—y) [(a,¢) €ty—1ACEZ] ;
for a,beV,,
(a,b)ee, = (AceV,—y) [(a,c) ety A(c, D) €e,] .
Define e,,,; as the union of (V,.XVy)Ne, and
{(ay(2,1)): a €V N2eP(Va)AQ@ceV ) [(a,c) etmNCer]} .
Moreover, we define
I = {(@,0) €Vopps X Vipgr 0 (YeeV,) [(c,a)ee,, 1 = (c,b) ce,, 1]}
and
emi1 = (@ 0) €V pi1XViss: AceVy) [(@,¢) €tmii A(c, D) €e,, 4111

It follows that %9, +, T, Tmt1s €os **» €ms Emsq Satisfy the conditions obtained from (1)
and (2) by replacing m by m-+1. We have thus defined by induction binary relations
v, and e, for every nonnegative integer n. Let

8

. 00
1y, 6= U €.
0 n=0

Then we have J
VXV, inN(V,XV,)=1,(n=0) ;
ecVxV, enN(V,XV,) =e,(n=0);

Q::
n

o=

and
(8) for a,,a,beV,
(@1, @s) €T A (. D) €e—>(ay, b) e ;
(4) for a,beV,
(a,b) €1 = (YceV)[(c,a) ce = (c,b) ee] ;

(6) for aeV and beV—-Vy(b=(z,1), z¢ EJ_OOP(V,,)) )

(a,b)ee= (AceV)[(a,c) et Ncer] ;
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(6) for aeV and beV,(n=1),
(a,b)ee = (FceV,—y) [(@,c) e A(c, D) €e] .
Let U be the quotient set of V with respect to the equivalence relation ¢. We write 7
for the natural mapping of V onto U. Let X=n[¢{[R]] and Y=9[V,]. Then XcYc
U. By (3) and (4), there is a binary relation E in U such that
(n(@), n(b)) ek = (a,b)ce (a,beV).
We claim that U with the interpretations
(z,y)eE  for xey,
reX for S(x),
rxeY for I(x)

satisfies the axioms Si,- -+, Sify, and [A.2]-[A.12]. For a formula & of NST, let 7 (@) be
a formula of ZFC obtained from & by the preceding interpretations.

From 4R, .-, R we have 7 (Sify), ---, 7 (Sify,).
It is obvious that U satisfies [A.2].
If 4 is a formula of ZFC and p,,---, p, € R/, then ¥o§’s theorem asserts that

7('4) (((£1,0)), - - -, 9((Pn; 0)))
= {jEJ : ¢R(p1(])> o ’.’pn(j))} €F .

In particular, if z,, ---, z, € X, then

T(I¢) (151, t -,51},,) = 7(s¢) (wb ) CI),,) .
This shows that U satisfies [A. 4].

Let F be a |R|-good ultrafilter, where |R| is the cardihal number of R. If ¢
is a formula of ZFC and @ is a subset of Y such that |Q|<|R|, then

(Vyp ° '7?/;16 Y)
[(Vd)[d is finite Adc@Q—>@beY) (Va ed) 7(4) (@, b, Y1, -+ Yn) ]]

—>(3b € Y) (Va GQ) T(I¢) ((Z, ba Y10 °» yn)

(see, for example, Saito [3, pp. 74-76]). This implies that U satisfies [A. 5].

Since any subset of an element of R is an element of R, it follows that U satisfies
[A.6].

The remaining axioms follow from (3), (4), (5) and (6). This establishes the
claim.

Now the proof of Si from Sify,- -+, Sify, and [A.2]-[A.12] gives a proof of 7 (Si))
from 7 (Sy), -++, 7 (5;) and the interpretations of [A.2]-[A.12]. The sentence =
follows from 7 (S¢), and so we have . This gives a proof of s within ZFC.
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