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Abstract

Let s be a cubic spline, with equally spaced knots on [0, 1] interpolating to a given

function y at the knots. The parameters which determine s are used to give more
●

accurate approximations to y and its derivatives than those obtained from s, with very

little additional effort to compute, at any point t e [0, ll. Extensions to quintic spline

are possible. A selection of numerical results is presented in Tables 1-6.

1.Introduction

Letsbeacubicsplineon[0,1],wi払equallyspacedknots^(i-0,1,�"�"�",%)and

usethenotationsmi-s'(ti)Mi-s〝(ti).Itiswellknownthatify∈C4[0,1]ands

satis丘es仇eappropriateendconditions比en

ma可s(')(t)-y(r¥t)¥-O(W-r)r-0,l,2.

Itisalsoknownthatify∈04[0,1],foravarietyofendconditions,

mi-y'
i+O(hi)*-0,l,-,A

(Mtn+lOMi+Mi-J/12-^+O(A4)�"-!,2,-,n-1([l]).

Themamresultsofthispaperarecontainedinthefollowingtheorems.●

Theorem1(cf.[2]).Letsbeaninterpolator*/cubicsplinefunctionwhichagrees

withthefunctiony∈(78[0,1]attheequallyspacedknotsandsatisfiestheendconditions:

M｡+入1Ml-cァandMn+入2Mn-1-c2(A,一幸2+′3).

Thenwehavetheasymptoticexpansionsintheintervalboundedawayfromtheendpoints

*-0,1:

Mi-tf.-Qfi/12)yJ*>+(A*/36%Jォ+0(A8)

mi-y'i-(hillSO)y^+0(h6).

Also.

(1)(-Mi+2+MMi+1+294:Mi+UMi--M,-2)/360-^+O(/*6)

(2)(*サ<+,-4mf-+i+186m,--4m,--!+ササ<-ォ)/180-ォ/:+O(A6).

Corollary.Lets5bethepiecewisequinticpolynomialinducedbyssuchthat
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h(ti) - y(ti)

ssC^) -= (m,+2-4m,+1 + 186m,--4mi-1 +m;-2)/180

slik) - (-Mi+2 + S4:Mi+1+ 294:Mi+ MMi-1-M{-2)/360.

Then for any t bounded away from the end points

ォif)ォ)-y<')(ォ) - 0(&ォー')　r- 0, 1, 2.

In an exactly analogous manner as in Theorem 1, we have

(3)

(4)

Theoeem 2. Let y ∈C9[0, 1] and the hypotheses of Theorem 1 hold. Then we have

(一m,-+3+ 9.5m/+2-29mm + &71mi-29mi-1 + 9.5m^-2-w>ト3)/630

- yj +0(*8)

トMi+a-9Mi^ + 75Mi+1-75Mi-1+ 9Mi-i-Mi-z)H12Oh)

- yS8)+0(Aサ).

Using(1),(3)and(4),we血臥ve

Corollary.Lets7bethepieceioisepolynomialofdegree7inducedbyssuch

sM)-y(ti)

Si(tj)-(-m,+3+9.5m,+2-29m,+1+671m,-29m^-1+9.5mi-2-mト3)630

s'
7(ti)-(-M^i+BiM^1+2Q4Mi+UMi^-Mi-t)/360

s?¥ti)-(M4-+3-9Ms-+2+75Mm-75M,--1+9M,--2-Mi-3)/(120ft).

Thenforanytboundedawayfromtheendpoints

s^(t)-y(f)(t)-0{hs-r)r-0,l,2.

2. Proof of Theorem 1

Before we proceed with analysis, we shall require the following lemmas 1-3. Let

A be the matrix of order n-¥-l :

A=
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Lemma 1 (cf. [2]). If入^4=2+ /3, A is nonsingularfor sufficiently large n.

proof. Let us ｡onsider the homogeneous system Ag-0. Setting 0--2- V3 and

pi(t)-l-¥-Xi t9 we have

ii-ae'+be-　　　*-0,l, -,n
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where

蝣pi(e)

JnnmPi

p*{三1/0)-ro-

｡.

Sincep4(1/0)幸0,wehavethedesiredresult.

Lemma2.//入i幸2+v3,wehave

I-111∞≦Cforsufficientlylargen,

whereGisagenericconstantindependentofn.

Proof.Foranyvector|,weconsider-4|-りLetthesequence{a,-}begiven

bya0-0,%-!,蝣af-+1-4af-+at--1-0.Thenifaf-+i/a#一幸入wehave

牀t--(ォ<-ォト1人1)/-0サAi)&+i+Se.-,y*7y'forsomec#-fy

7=O
where

lim(di-サf-I入x)/K+i-ai入l)-1/(2+/3)<1.

Includingthecasewhena#.+1/at--入tforsomei,theappropriatesubmatrixofAisdiagon-

allydominant,fromwhichfollowsthedesiredresult.

Lemma3.Let-4-1-(af---1).//入^4=2+v3,wehvve

iォr.引≦(7/(2+/3)*forsuffcientlylargen.

Peoof.Setting0--2一作al,古-aOi+b6-ii-0,1,-,n

J*p芸wft三Iid)

)iel-r

Thuswehave

aib-P*(0){pi(10)pi(l/92サ},6-1Wl/e)･

ToproveTheorem1,let

N-Ms-y)+{W/l%Sサー(Aォ/36%iォ.

Thenwe血礼ve

<"o+入i/ォi-c1-{y｡-(h2/12)y!,ォ+(Aォ/360)ttf>}一入M-(V/12)2/1<*)+-).

iサ/fi+4/*/+A*/-i--(^6)-

FLn■入2P針-C｡一芸-M.2/12)2/崇+(/W360)<>}--.

CombiningLemmas2and3givesus●

M,-y)-(h2/12)y㌢+(hilS60)yf+O(h2+桝)m-0,1,2,3,4

for(m+2-r)p≦j≦n-(m+2-r)p

wherep-卜Iog(A)/log(2+/3)]andr(O≦r≦m+2)istheinteger

suchthat-ty3-(Aa/12)y{,4>+(*4/360)ォ<�">}一入M-(h2/12).

2/i4)+(&4/360)^'}-0(n
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By repeated use of consistency relations, it is possible to rewrite the end condition

ArM0-0 (r4=2) as follows:

M｡+drM, - -　　(a,→2+ V3).

It is well known that the choice of end conditions plays a critical role on the quality

of spline approximations. In using the formulas (1), (2) and (3) the end conditions

ArMo-yrMn-O (r-5, 7) would give rise to the better approximations.

3. Extensions to quintic spline approximation

●

In this section we shall consider the quintic spline interpolation under the following

end conditions :

Mo+α1^1+βxM2 - c(s, Mo+γJMl+81Mo+mMt - cl

(5)

Mn+γ2Mn-1+82Mn-2+り2Mn-z - cB-l5　M舛+α2^ォーl+β,Mサ-2 - cn.

Letting 0 and k(10¥ >回>1) be the roots of the quartic polynomial ｣4+26｣3+66｣2+

26*+l-0 and　サ,�"(ォ)-!+αt+BA　&(*)-!+γ,<+8^+鰯3, we have the following

theorem.

Theorem 3. Let s be an interpolatory quintic spline function which agrees with the

function y ∈(78[0, 1] at the equally spaced knots and satisfies the end conditions (5). If

vi{im oAIIk)-Pi(ljK) 2j(l/0)幸0, we have in the interval bounded away from the end

points

Mi - y"i+(･l120) y^+0(･)

m. - y'+(#サ/5040) y(P+O(hs)

from which follow

(5)　(-M,+2+4Mm+714Mf- + 4M8--1-M,--2)/720 - y"i +O(h6)

(6)　　　一m,+3+6m,+2-15m,+1+5060m,--15m,-1+ 6m,-2--^-3)/5040 - y'i +O(h8).

To prove this Theorem we shall require the following lemmas 4-6.
●                                       ●

Lemma 4. Let the hypotheses of Theorem 3 hold. Then the following matrix of order

n-¥-l is nonsingular :

1α1β, 0 . .

1γ　Si Vi 0 0

1 2666261　0

1 266626 1

1

 

1

ゥ
a
　
　
　
<
M

γ
　
α

<
N
　
　
　
<
M

O
O
　
β

pcq･ ･

Proof. Setting B｣;-0, we have
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f.-aOl+b0-1+ckl+dK-1　　%-0, 1, -,n

pM pl(iie)　pl(K)　pi{1 k)
?i(0) ?i(Vォ)　&(ォ)　?i(i/ォ)

eォqz(i/e)　q%{e)jenK^{¥jK)　q^) **

0>2(1/0)　vtf)lPォ舛Wl/#c)　p%(k) k*

α
,
J
B
 
C
 
J
W

0
　
0
　
0

Since the determinant of the coe凪cient matrix is

ev[n{pj{i/0)?;(!/*) -ft(l/ォ)&(l/*))]+蝣

∫

we have a-6-c--c?-0 for su鮎iently large n, from which follows the desired result.

Lemma 5. Let the hypotheses of Theorem 3 hold. Then

IIS-1!!∞ ≦ C for sufficiently large n.

Proof. Let us consider the matrix Bp of order p:

1 α1β1　0

●
1

2
6

恥
2
6

<
｣

的
2
6
1

1
1
0

0 1266626

0　12666

Setting p{t)-ffi+2Qt+t2 and q{t)-2Q +QQt+2Qti+tz> we have

p(1/%(!/ォ) -?(1/ォ) <7(1/0) - 26(k-0)幸O

from which, by Lemma 4, Bタis nonsingular for su鮎iently large p. Here we consider

the system: Bg-r).

Since 2L is- nonsingular, ｣タ-KPち+1+kも+2+∑ dP,珊for p≧p｡ and some diyj provided
●

thatp｡ and n are su鮎iently large. Thus we have only to show |lim kタ¥+¥Um lp¥<l.

Since kタand lp are independent of恥Iet ^-0 to compute these values.

Then　｣�"-ad*4-bd-'+ckl+da-*　　i-0,1, -,n

where[p^O)
1&(ォ)

pi(yo) pi(x)

?l(l/0) ?l(ォ)
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Hence we have b-rx,1a+rl,2c? d-r2,アa+r2, fi for some ritj, from which follows

it - W+ru/V+ra,1/K*)+c(K'+rl(2/p+*tdn�"

Thus we have two equations with respect to kタand Iタ:
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(^+1+flfl/Oi>+1+r2il/ォ#+*)kク十(QP+2+r,,1/Ot+2+u,1/kP+2)L

-0タ+サl.1/0ク+U.1/Kク

(kP+i+t,,2/et+1+r2サ/KP+1)K少+(^+2+rl>2/^+2+r2,2/

-Kタ+rl,l/^+'M/J<タ･

SinceKp-1/0+l/*ancUタ-｣/6k,wehavethedesiredresul七･

Lemma6.LetB-1-(帰).Thenwehave

16-1I
i,｡¥Ⅰ&r.ll≦C/回forsufficientlylargen.

Proof,bj,｣isrepresentedintheform:

6#.0-i-adi+be-i+CKt+dK-*

where
pM piQ-IO)　pi(ォ) pxiVx)

?i(0) ?i(i/0)　qi(ォ) UVォ)

9nq2(Ve) q2(6)len kサ?2(1/k) q2(K)lKサ

0%Wl/0) p2(d)lO*　k>(1/k) tMI*舛

α
　
L
U
 
C
 
J
化
W

1

0

0

0

Hence we have a^サO(l/|Ok|"), 6-0(1), c-0(1/回2サ), <Z-O(1). Replacing (1, 0, 0, 0)′

by (0, 1, 0, 0)'we have the estimate for br¥.

4. Numerical Illustration

In this section we shall consider the applciaもion of the stated method by the

sample functions under the various end conditions. For the cubic spline, let us
●

impose the following ones :

(1)　Mo-Mn-O, (2) A*M9-V石塊-0 and (3) M｡-y〝(O), Mm-y〝(!)�"

05 can be used to give better orders of approximations to y than those obtained from s ¥

Table 1.1 (e', n-32)

(1)　　　　　　　　′　　　　(2)

Table 1.2 (log(1+0, n-32)

(1)　　　　　　　　　　　　(2)　　　　　　　　　　　　(3)
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Error bounds for spline approximation

Table 1.3 (1/{1+25(2*-1)ォ}, n- 32)

(1)　　　　　　　　　　　　(2)　　　　　　　　　　　　(3)

2.34ト6)　3.76(-6)
-4.47ト6)　1.43(-6)
-6.47(-4)　-1.91(-4)

-3.54(-7)　-1.78 -8)

-4.47(-6)　1.42(-7)

-6.47(-4)　-1.91(-4)

-3.58(-7)　-2.21(-8)

-4.77(-　　　1.42(-7)

-6.47(-4)　-1.91 -4)

Table 1.4 (surf,蝣w- 32)

(2)　　　　　　　　　　　　(3)

S'
5canbeusedtogivebetterordersofapproximationstoy′thanthoseobtainedfroms′!

Table2.1(e*9n-32)

(1)　　　　　l　　　　　(2)　　　　　　　　　　　　(3)

Table 2.2 (log(l+*), w- 32)

1)　　　　　　　　　　　　(2)　　　　　　　　　　　　(3

Table 2.3 (1/(1+25(2*-1)ォ}, n- B2)

(1)　　　　　　　　　　　　(2)　　　　　l　　　　　(3)

Table 2.4 (sin*, n- 32)

(1)　　　　　　　　　　　　(2)　　　　　I　　　　　(3)
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Sg can be used to give better orders of approximations to y〝 than those obtained from s〝 !

Table 3.1 (eォ, n-32)

(1)　　　　　　　　　　　(2)　　　　　　　　　　　　(3)

1/8

3/8

5/8

7/8

-5.25(-3)　-2.06(-3)

-1.19(-4)　-5.48ト8)
-1.52(-4)　-1.49(-8)

-1.42(-2)　-5.06(-3)

-9.22(-5)　1.99(-ll)

-3.24(-13)*

-1.18　-4) -LOl(-13)

-1.52(-4) -9.30(-14)

-1.95(-4) -4.78(-ll)

-6.52 -13)'

-9.18(-5)　1.68(- 7)

-1. 18ト4)　4.06(-12)
-1.52(-4)　1.20(-ll)

-1.94(-4)　4.56 - 7)

Table 3.2 (log(l+t), n-S2)

(1)　　　　　　　　　　　　(2)　　　　　　　　　　　　(3)

5.46(-3)　2. 06(-3)

1.37(-4)　5.48(-8)

7.00(-5)　1.37(-8)

1.33(-3)　5. 15(-4)

3.05(-4)　8.14(- 9)

3.07(-10)*

1.37(-4)　2.41(-ll)

7.00(-4)　6.U(-12)
3.95ト5) -1.38(-10)

5.25(-13)*

3.02(-4) -1.01 - 6)

1.37(-4) -2.02ト12)
7.00ト4)　4.77(-12)
3.95ト5) -6.99 -8)

Table 3.3 (1/{1+25(2*--1)2},サ- 32)

(1)　　　　　　　　　　　　(2)　　　　　　　　　　　　(3)

Table 3.4 (sinf, n-32)

(2)　　　　　　　　　　　　(3)

(令-△7ガ｡- ∇7ガ.-0)
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Tables4containtheerrorsins'
rands′toe*undertheendconditions:

JPMo-fMn-0.

Table4.1fa-32)

S′-y′　　l s昌一y′　　　　　　　si -y′

Table 4.2 (n-16)

s-y　　　　　　　　　　　*5-y si-y

Table 5 contains the errors in s and s7 to Chebyshev and Legendre polynomials with

degree 20 under the end conditions :

A>M｡-VMn-0.

Table 5 (n-64)

Forthequinticspline,itispossibletorewritetheendconditionmo-yムasfollows:

hya--(STyo+S^!-^,-^,)/12

+hH-23M｡+354Ml+2(XM2+8M3)/240([3]).

Table6givesustheerrorsforthequmticsplineinterpolatingtothesamplefunctions●

undertheendconditions:

JiM｡-VMn-0andm｡-y'
0,mn-y左.

Let云′and云〝denotethevaluesmodifiedby(5)and(6).
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Table 6.1 (e<, w-32)

B -yr s -y〝　　f s′-y′　　　　　S-′-y'

Table 6.2 (log(l+*), n- 32)

S〝-y"　　　　ォ〝-y〝　l s′-y′　　　　　S-′-y'

Table 6.3 (1/U+25(2*-1)2}, n- 32)

s"-y〝　　　　　S-〟-y〝　l s′-y′　　　　　S-′-y′

Table 6.4 (sin*, n-32)

S〝-y〝　　　　　s"-y〝　l s′-y′　　　　　S-′y'
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