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Abstract

Let s be a cubic spline, with equally spaced knots on [0, 1] interpolating to a given
function y at the knots. The parameters which determine s are used to give more
accurate approximations to y and its derivatives than those obtained from s, with very
little additional effort to compute, at any point ¢ e[0, 1]. Extensions to quintic spline
are possible. A selection of numerical results is presented in Tables 1-6.

1. Introduction

Let s be a cubic spline on [0, 1], with equally spaced knots ¢; (¢=0, 1,-++,n) and
use the notations m,;=s'(t;) M;=s"(t;). It is well known that if y €eC*0, 1] and s
satisfies the appropriate end conditions then

max|s")(t)—y ()| = O(h*-") r=0,1,2.
It is also known that if y € C4[0, 1], for a variety of end conditions,
m; = y; +0(h*) 1=0,1,.-,m
(M;1,+10M;4+M;_,)/12 = y: +O(h*) t=1,2,.--,n—1 ([1]).

The main results of this paper are contained in the following theorems.
TrEOREM 1 (cf. [2]). Let s be an interpolatory cubic spline function which agrees
with the function y € C¥[0, 1] at the equally spaced knots and satisfies the end conditions:

My+M\M, = ¢, and M,+2,M,—, =c, (\; = 2+ V3).

Then we have the asymptotic expansions in the interval bounded away from the end points
t=0, 1:

M; = y;—(R#/12)y$ -+ (h*/360)y® + O(hS)
m; = y;—(h*[180)y> +O(RS) .

Also, »
M (— Mg+ B4M 14 + 204D+ 34M, — M ;) 360 = 5+ O(hS)
(2) (Mipg—4msy +186m;—4dm;_y +m;—,)[180 = y; +O(hS) .

CoroLLARY. Let s; be the piecewise quintic polynomial induced by s such that
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s5(t:) = y(t:)
85(8) = (Mya—4miyy +186m;—4m,_; +m,_,)[180
$5(t) = (—M;yo+34M ; +294M ;+ 34 M, — M ;_,)/360.
Then for any t bounded away from the end points

s§ (1) —y M (t) = O(ht-") r=0,1,2.

In an exactly analogous manner as in Theorem 1, we have

TaEOREM 2. Let y € C°[0, 1] and the hypotheses of Theorem 1 hold. Then we have
(3) (—miy3+9.6myy 5 —29m 4y +671m;—29m,y +9.5m,_y—m;—3)[630

=Y; +O0()
4) (—M ;1 g—9M ;o +T5M ;1 —T5M;+9M;_y—M,;_5)[(120h)
O —yerog).
Using (1), (3) and (4), we have

CoroLLARY. Let s, be the piecewise polynomial of degree 7 induced by s such that
s7(t;) = y(t:)

S-;(t,) = (-—m,-+3+9.5m,-+2—29m,—+1+671m,-——29m,-_1+9.5mi_2—m,~_3)/630
$7(6) = (— Mg+ 34M ;45 +294M ;4 34M ;. — M) /360

sP(t;) = (Myps—9M ;g +T5M ; , —T5M ; +9M; o —M;_5)/(120R) .
Then for any ¢ bounded away from the end points

s (8)—y (t) = O(h~") r=0,1,2.
2. Proof of Theorem 1

Before we procced with analysis, we shall require the following lemmas 1-3. Let
A be the matrix of order n}-1: '

>
5y

1 <)
1 4
01

P Y |
Lemya 1 (cf. [2]). If A;#2+ V'3, A is nonsingular for sufficiently large n.

Proor. Let us consider the homogeneous system 4¢=0. Setting §=-2-V3 and
Pi(t)=1-+2;t, we have - .

& = afi+bo-* 1=0,1,.---,7n
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[ a0 pla/e)} m B m
opa(je)  puo)ferd Lb] Lo
Since p; (1/6) == 0, we have the desired result.

LemMA 2. If A; = 2+ V3, we have

4 < C for sufficiently large n,
where C is a generic constant independent of n.
Proor. For any vector £, we consider 4¢=. Let the sequence {a;} be given
by a,=0, a,=1, a;1,—40;+0a;,.;=0. Then if a;.,/a; = A, we have

§i = —(@i—0i109)[(@ir1— @A) Eia + _2001', jnj  for some c;;
j=

where

where
Hm (@— a2y (@1 —aidy) = 1/(2+ V3) < 1.
Including the case when a;,/a;=2, for some ¢, the appropriate submatrix of 4 is diagon-
ally dominant, from which follows the desired result.
Lemma 3. Let A-'=(a; ;). If N+2+ V3, we hove
la;3] <C/(2+ v3) for suffciently large n.
Proor. Setting §=-2—- V3, a;}=af'+ b~ 1=0,1,.--,n

[ 1(8) Pu(1/ 0):| [“"‘] _ l:l:l
opu(16)  pa@)ferd sl " Lo)
a~ —py(0)/{po(1/6) p(1/0)62") , b~ —1/py(1/6).

To prove Theorem 1, let
i = =g+ ([ 12)y— (360}

Thus we have

Then we have

po+ Ay = e1— (Yo —(R*[12) i + (h*[360) yt") — Ay {yi— (A*[12) g+ - -} .

#itat 4+ p—g = O(RS).

PNty = Cg— (Y, — (R?[12) g + (h4[360) i} — - - - .
Combining Lemmas 2 and 3 gives us

M; = y;—(R?[12) y{ +(h*/360) ' + O(h*+™)  m =0,1,2,38,4
for (m+2—r)p <j<n—(m+2—1)p
where  p = [—log(h)/log(2+ V3)] and 7(0<r<m+2) is the integer
such that  ¢;—{ys—(h?/12) y& +(h4/360) y»'} —A, (y1—(A?/12).
g+ (4[360) g9} = O, - - .
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By repeated use of consistency relations, it is possible to rewrite the end condition
A" M ;=0 (r=2) as follows:
My+d, M, = - (d, — 2+ V3).

It is well known that the choice of end conditions plays a critical role on the quality
of spline approximations. In using the formulas (1), (2) and (3) the end conditions
A My=p'M,=0 (r=>5, 7) would give rise to the better approximations.

3. Extensions to quintic spline approximation

In this section we shall consider the quintic spline interpolation under the following
end conditions:

My+oyMy+piMy=cy, My+y,My+8My+mM3 =c,
(5)
My+y,My s+ 8My g+ mMy g = Cyeg, Mu+0Mu+PoMyo=cy,.

Letting 0 and «(|6|>|x|>1) be the roots of the quartic polynomial ¢*4-26¢34-66t24-
26t+1=0 and p,t)=14ot+p% q¢@)=14+yit+81*+n;it3, we have the following
theorem.

TraEOREM 3. Let s be an tnterpolatory quintic spline function which agrees with the
Sunction y € C¥[0, 1] at the equally spaced knots and satisfies the end conditions (5). If
2:(1/8) q;(1/k) —pi(1/k) qi(1/0)%=0, we have in the wnterval bounded away from the end
points

M; = y;+(h*[720) y? + O(°)
m; = 4+ (h°[6040) y (" + O(Rf)
from which follow
(6) (= Mo +4M sy +TUAM  +-4M ;- — M ;-,)[T20 = y;+O(h°)
(6) (—Mt g3+ 6m 5 —15m; 4 +5060m,; —15m;—y + 6m;—y—m;_5)[5040 = y; 4 O(h®) .
To prove this Theorem we shall require the following lemmas 4-6.

LemMA 4. Let the hypotheses of Theorem 3 hold. Then the following matriz of order
n+1 ts nonsingular:

(1 oy B, O

19,8 m00
12666261 0O

1 266626 1
- My 8y Yo 1
: 182 o 1

Proor. Setting B£=0, we have
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& = al +b0— +cxt - dr? 1=0,1,--+,m
where
Pi(0)  pa(1/6) Ps(k) Pa(1/x)
¢:(0)  ¢:(1/6) Gl<) @l
6"q2(1/6) 72(6)/0" k"q5(1/x) 92
0"py(1/0)  pa(0)/6" k"pa(1fk)  palw)/”
Since the determinant of the coefficient matrix is
0”“”[1]_1{20;'(1/9) g;(1/k) — p(1/x) q;(1/6)}]+ - -,
we have a=b=c=d=0 for sufficiently large n, from which follows the desired result.

LemmA 5. Let the hypotheses of Theorem 3 hold. Then
| 1B <C  for sufficiently large n.

X

~—"

—

X

B
& O O 8
o O O O

Proor. Let us consider the matrix B, of order p:

1oy By 0
Ly, &m

1 26 66 26 26 1
0 1

0 126 66 26
0 12666

Setting p(t)=66-26t-1> and ¢(¢£)=26 + 66t +26t>+13, we have

p(1/6)g(1/x) — p(1/x) g(1/6) = 26(x—6) + 0
from which, by Lemma 4, B, is nonsingular for sufficiently large p. Here we consider
the system: Bé=n.
Since B, is nonsingular, &,=r, &pi1+1lpépra+ 2 dy,im; for p=p, and some d; ; provided
that py and » are sufficiently large. Thus we have only to show |lim 4|+ |lim 1| <1.
Since «, and [, are independent of 7, let n=0 to Compute these values.

Then &= a0 +b0-* + et + dre—* v = 0,1,:--,n
where pi(6) pu(1/6) pulx) pu(l/e)) (@) (O
0:(0) ¢u(1/8) qu(x) qu(Lf) ) | D _ 0
c 0
d 0

Hence we have b=ry 10-+1y,56, d=13,,0+7;,5¢ for some 7; ;, from which follows
§i = (07 71,1 [0+ 15, [KF) 0 (1 1y o[ 0P+ 75 i) .

Thus we have two equations with respect to «, and I,:
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(09141 1|02 11y 1 1P41) Koy + (0221 1[07+2 11y 1 [iB42) 1,
= 0P+7y1/0P 4154 [c?
(kPFL1y 02141y o kP L) byt (KPHE4 1y 0742475 [P 2) Ly
= kP +1y,5[07 +75 o[kt .
Since x;~1/0+1/x and 1,~-1/6«, we have the desired result.
Lemua 6. Let B-1=(b;%). Then we have
16731, 16711<C/|k|? for suffciently large n.
Proor. b;} is represented in the form:

b; ot = afi+b0- +cr +dic—*

where pa(0) p(1/6)  pul<) pu(lfe)) (@) (1
0(0)  ¢:(1/6) @) qu(lfe) |1 b |0

6"45(1/0)  qx(0)/6" k"gu(1/k)  qulw)/x" | | ¢ | | O

0"py(1/6) py(6)/6" «"ps(l]x) pu(x)/x" )\ d ) 10

Hence we have a~O0(1/|6x|"), b=~0(1), ¢~0(1/|«|*"), d~0(1). Replacing (1, 0, 0, 0)’
by (0, 1, 0, 0)’ we have the estimate for b;;].

4. Numerical Illustration

In this section we shall consider the applciation of the stated method by the
sample functions under the various end conditions. For the cubic spline, let us
impose the following ones:

1 My=M,=0, (2) £5My=p’M,=0 and (3) My=1y"(0), M,=y"(1).
Sy can be used to give better orders of approximations to y than those obtained from s!

Table 1.1 (e?, n = 32)

M | (@) (3)
5/64 3.20(—6) 4.49(— 6) —2.68(—9) —2.29(—14) —2.59(—9) —3.65(—10)
17/64 —2.05(—9)  1.66(— 9) —3.24(—9)  2.58(—14) —3.24(—9) —1.10(—13)
31/64 —4.03(—9) —1.27(—14) —4,03(—9)  3.31(—14) —4.03(—9)  3.22(—14)
47/64 —1.95(—9)  4.52(— 9) =5.17(—9)  4.13(—14) —5.18(—9) —3.26(—14)
59/64 8.71(—6)  1.22(— 5) —6.24(—9)  1.53(—13) —6.95(—9) —9.33(—10)

Table 1.2 (log(1+t), » = 32)

) ) | ®)
5/64 —3.20(—9) —4.49(— 6) 1.10(—5) —1.84(—11) 1.25(—8)  2.19(— 9)
17/64 —4.60(—9) —1.66(— 9) 3.06(—9) —4.22(—13) 5.79(—9)  3.95(—18)
31/64 3.06(—9) —2.44(—14) 2.82(—9) —1.78(—13) 3.06(—9) —1.78(—13)
47/64 1.85(—9) —1.62(—10) 1.64(—9) —7.50(—13) 1.64(—9) —2.44(—14)
59/64 —8.01(—9) —1.12(— 6) 1.09(—9)  2.62(—13) 1.19(—9)  1.37(—10)
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Table 1.3 (1/(1+25(2t—1)2}, n = 32)

W | @

(3)

5/64 2.34(—6) 3.76 (—6) —3.54(—=17) —1.78(—8) —3.58(—7) —2.21(—8)
17/64 —4.47(—6) 1.43(—6) —4.47(—6) 1.42(—1) —4.77(—6) 1.42(-17)
31/64 —6.47(—4) —1.91(—4) —6.47(—4) —1.91(—4) —6.47(—4) —1.91(—4)

Table 1.4 (sint, n = 32)
(1) (2) (3)

5/64 —1.94(—10) —1.62(—15) —1.94(—10)  3.91(—14) —1.94(—10) —1.62(—15)
17/64 —6.52(—10) —b.38(—14) —6.52(—10) —5.37(—15) —6.52(—10) —b.38(—15)
31/64 —~1.16(— 9) —4.67(—13) —1.16(— 9) —9.53(—15) —1.16(— 9) —4.67(—14)
47/64 —2.66(— 9) —1.40(— 9) —2.66(— 9) —1.37(—14) —2.66(— 9) —1.40(— 9)
59/64 —2.70(— 6) —3.78(— 6) —2.70(— 9) —4.10(—14) —2.70(— 6) —3.78(— 6)

S% can be used to give better orders of approximations to y' than those obtained from s'!

Table 2.1 (ef, n = 32)

(1) (2) 3
1/8 4.65(—5) 5.88(—5) —6.00(—9)  1.13(—12) —9.79(—9) —4.54(— 9)
3/8 —6.67(—9) 1.48(—9) —7.71(-9)  2.15(—12) —7.71(=9)  2.03(—12)
5/8 —1.33(—8) —4.03(—9) —9.90(—9)  2.77(-12) —9.90(—8)  3.09(—12)
7/8 —1.26(—4) —1.52(—4) —1.27(-8)  2.27(-12) —2.42(-9)  1.23(— 8)

Table 2.2 (log(1+t), n = 32)

o)) (@) (3)
1/8 —4.65(—5) —5.58(— 5) —7.05(—8)  2.50(—10) —4.77(-8)  2.77(— 8)
3/8 —2.71(—8) —1.37(— 9) —2.58(—8)  1.15(—10) —2.58(—8)  1.15(—10)
5/8 —1.09(—8)  4.06(—10) —-1.12(—-8)  3.56(—11) —1.12(—8)  8.55(—11)
7/8 1.16(—5)  1.35(— 5) —b5.48(—9)  9.28(—12) —6.90(—9) —1.69(— 9)

Table 2.3 (1/(1+25(2t—1)2), n = 32)

(M (@ | (3)
1/8 2.09(—5) 4.80(—5) —1.83(—5) 1.06(—6) —1.83(-5) 1.00(—6)
2/8 —1.24(—4) 4.08(—6) —1.24(—4) 3.84(—6) —1.24(—4) 3.84(—6)
3/8 2.58(—3) —1.06(—3) 2.58(—8) —1.06(—3) 2.58(—3) —1.06(—3)

Table 2.4 (sint, n = 32)

(1) (2 (3)
1/8 —4.65(—5) —5.58(— b) —7.05(—8)  2.50(—10) —4.77(—8)  2.77(— 8)
3/8 —2.71(—8) —1.37(— 9) —2.58(—8)  1.15(—10) —2.58(—8)  1.15(—10)
5/8 —1.09(—8)  5.66(—10) —1.12(—8)  3.56(—11) —1.12(—8)  8.55(—11)
7/8 1.16(=5)  1.37(— 5) —5.48(—9)  9.28(—12) —6.90(—9) —1.69(— 9)
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S5 can be used to give better orders of approzimations to y" than those obtained from s"!

Table 3.1 (e?, n = 32)

(1) (2) (3)
1/8 —5.25(—38) —2.06(—3) —9.22(—5)  1.99(—11) —9.18(—5)  1.68(— 1)
—3.24(—13) *
3/8 —1.19(—4) —5.48(—8) —1.18(—4) —4.01(—13) —1.18(—4)  4.06(—12)
5/8 —1.52(—4) —1.49(—8) —1.52(—4) —9.30(—14) —1.52(—4)  1.20(-—11)
/8 —1.42(—2) —5.06(—3) —1.95(—4) —4.78(—11) —1.94(—4)  4.56(— 1)
—6.52(—13)*
Table 3.2 (log(1+t), n = 32)
(1) (2) (8)
1/8 5.46 (—3) 2.06(—3) 3.05(—4)  8.14(— 9) 3.02(—4) —1.01(— 6)
3.07(—10)*
3/8 1.87(—4) 5.48(—8) 1.37(—4)  2.41(-—11) 1.37(—4) —2.02(—12)
5/8 7.00(—5) 1.37(—8) 7.00(—4)  6.44(—12) 7.00(—4)  4.77(—12)
/8 1.33(—3) 5.15 (—4) 3.95(—5) —1.38(—10) 3.95(—5) —6.29(— 8)
5.25(—13) *
Table 3.3 (1/{1+25(2t—1)2}, n = 32)
(1) (2) (3)
1/8 —2.56(—2) —1.73(—3) —2.12(—2) 6.17(—6) —2.12(—2) 8.96 (—6)
2/8 —1.36(—1) 6.25(—5) —1.30(—1) 7.10(—5) —1.30(—1) 7.10(—5)
3/8 3.70(—1) 5.79(—3) 3.70(—1) 5.79(—3) 3.70(—1) 5.79(—3)
4/8 —1.89(+1) 5.75(—1) —1.89(+1) 5.75(—1) —1.89(+1) 5.75 (—1)
Table 3.4 (sinf, n = 32)
(1) (2) (3)
1/8 —1.01(—5) —1.06(—14) —1.01(-5) —1.87(—11) —1.01(-5) —1.06(—10)
3/8 —2.98(—=5)  1.23(—12) —2.98(—5)  6.58(—15) —2.98(—5)  17.17(—15)
5/8 —4.75(—=5)  4.61(— 8) —4.67(—5)  6.57(—14) —4.67(—5)  38.82(—12)
/8 4.28(—3) 1.74(— 3) —6.25(—5)  1.15(—11) —6.21(—5)  1.41(—= 1)

(*+a"My = VM o = 0)
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Tables 4 contain the errors in s, and s’ to e’ under the end conditions:

A7MO :V7Mn =0 .

Table 4.1 (n = 32)

8,"?/’ 9;"9, s’;_y/
1/8 —6.00(—9) 1.67(—12) —2.00(—15)
2/8 —6.80(—9) 1.90(—12) 4.44(—16)
3/8 —T7.71(—9) 2.15(—12) 6. 66 (—16)
4/8 —8.73(—9) 2.43(—12) —5.33(—15)
5/8 —9.90(—9) 2.77(—12) 4.44(—15)
6/8 —1.12(-8) 3.13(—12) —1.55(—15)
6/8 —1.27(—8) 3.55(—12) 2.00(—15)
Table 4.2 (n = 16)
s-y | 85~y 877y

/32 —4.94(—8) 1.61(—12) 4.44(—15)
13/32 —5.96 (—8) 1.94(-12) —1.55(—15)
25/32 —8.67(—8) 2.81(—12) —1.18(—14)

Table 5 contains the errors in s and s, to Chebyshev and Legendre polynomials with
degree 20 under the end conditions:

AM,=V"M,=0.

Table 5 (n = 64)

Chebyshev Legendre
sy 827y 8-y 87y
21/128 —2.65(—5) —17.18(—10) 5.11(—6) 1. 56 (—10)
41/128 —3.11(-5) —9.50(—10) —6.02(—6) —2.18(~—10)
61/128 4.01(-5) 1.71(— 9) 7.53(—5) 4.26 (—10)
81/128 —4.57(—5) —5.61(— 9) —6.47(—5) —1.52(— 9)
101/128 —8.55(—5) 5.87(— 8) —3.34(—5) 1.75(— 8)

For the quintic spline, it is possible to rewrite the end condition my=1y, as follows:
hyjs = —(37yo+54y1—9y,—8y5) /12
+ h3(—23M,+ 354 M, +20M, 8 M) /240 ([3]).

Table 6 gives us the errors for the quintic spline interpolating to the sample functions
under the end conditions:

AMy=V"M,=0 and my=yo, My =Y.
Let § and 5" denote the values modified by (5) and (6).
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Table 6.1 (ef, n = 32)

8”-y” §/l_yll s —y s y
1/8 1.49(-9) -1.37(—11) 4,48(—13) 2.43(—13)
2/8 1.70(=9) —1.29(—12) 2.57(—13) 1.98(—14)
3/8 1.93(-9) —1.08(—12) 2.85(—13) 1.55(—14)
4/8 2.18(-9) —4.60(—13) 3.15(—13) 9.55 (—15)
5/8 2.47(-9) —8.72(—13) 3.63(—13) 1.73(—14)
6/8 2.80(—9) —6.02(—13) 4.11(—13) 1.95(—14)
7/8 3.18(—9) 4.72(—12) 5.62(—13) 1.21(—13)

Table 6.2 (log(1+t), n = 32)

sll_yll Sll_yll sl_y’ s/_yl
1/8 ~7.58(—8) 2.99(—9) | 2.09(—11) —3.89(—11)
2/8 —4.14(—8) 4.84(—10) | 2.64(—11) ~1.77(-19)
3/8 —2.34(—8) 1.97(—10) 1.42(-11) —2.44(—13)
4/8 —1.39(-8) 9.70(—=11) | 7.74(-13) —8.69(—14)
5/8 —8.60(—9) 5.11(—11) | 4.49(-12) | —4.75(-14)
6/8 —5.52(—9) 2.77(-11) | 2.62(-19) | —8.16(—14)
7/8 —3.67(—9) —9.36(—13) 1.81(—12) —3.41(—13)

Table 6.3 (1/{1+25(2¢t-1)2}, n = 32)

8/[_:'//[ §Il_yll s/_yl §,_y,
1/8 1.20(—4) 4.54(—5) | 2.76(— ) 2.64(— 6)
2/8 3.36(—3) 2.88(—3) 5.29(— b) 5.44(— b5)
3/8 .46(—2) 8.63(—2) 1.34(— 3) 1.42(— 3)
4/8 —1.22(+0) —7.61(—1) 1.33(—14) 1.33(—14)

Table 6.4 (sint, n = 32)

Sll_yll §”-yll 8"‘y/ Ely’
1/8 —1.65(—10) —6.84(—13) —1.82(—13) 9.58(—16)
2/8 —3.28(—10) —1.44(—13) —1.78(—13) 1.18(—15)
3/8 —4.58(—10) —2.01(—13) —1.69(—13) 3.12(—15)
4/8 —6.35(—10) —2.83(—13) —1.64(—13) —1.71(—15)
5/8 -7.75(—10) | —2.77(-13) | —1.59(—13) | —9.13(—15)
6/8 -9.03(—10) | —2.06(—13) | —1.42(—13) | —7.09(—15)
7/8 -1.02(—9) | —-L76(—12) | —1.57(=13) | —3.93(—14)
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