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Abstract

In the present paper we consider whether the paths in generalized Berwald
spaces can coincide with the geodesics.

§0. Introduction. ‘

Let a Finsler space be a generalized Berwald space with respect to a generalized
Cartan connection ([10], [1]). Then, in addition to the geodesics of the space, there
are defined the paths with respect to the generalized Cartan connection.

The purpose of the present paper is to consider whether the paths can coincide with
the geodesics. We shall first treat the problem in a general Finsler space (§2), and then
it will be shown that, if the space becomes a generalized Berwald space with respect to
a generalized Cartan connection satisfying the condition of the problem, the space is
nothing but a Berwald space, and all such generalized Cartan connections will be deter-
mined (§3). Applying the results to the case of Wagner spaces, we shall recognize that
a Berwald space cannot become a non-trivial Wagner space satisfying the condition of
the problem (§4). On the other hand, a Randers change of Finsler metrics is generally
not projective ([7], [2]). Lastly we shall consider whether a Wagner connection can
be introduced in the Finsler space with the changed metric in such a way that the
paths coincide with the geodesics of the Finsler space with the original metric (§5).

Throughout the present paper the terminology and notations are referred to
Matsumoto [4, 5, 6] and Hashiguchi [1]. As to generalized Berwald spaces, for
convenience’ sake, we shall summerize in §1 from [1], [8] the definitions necessary for
the discussion.

The authors wish to express their sincere gratitude to Professor Dr. M. Matsumoto
and Professor Dr. Y. Ichijyo for the invaluable suggestions and encouragement. This
interesting problem was proposed by Prof. Matsumoto at the Symposium on Finsler
Geometry (held at Naruto, Japan, 6-8 Oct., 1980) for Wagner spaces, and then the
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authors’ attention was drawn by Prof. Ichijyo to treat the problem in generalized
Berwald spaces.

§1. Generalized Berwald spaces.

We are concerned with an n-dimensional Finsler space F»=(M, L), where L(z, y)
is the fundamental function, and z denotes a point of the underlying manifold M, and
y=4% denotes a supporting element. Then the fundamental tensor field is given by
gii=(0;5;L7)/2.

For a given skew-symmetric and (0)p-homogeneous Finsler tensor field T'/;, there
exists a unique Finsler connection CI'(T)=(Fj, N, Cf;) satisfying the following
four axioms:

(C1) CI'(T) is metrical: ¢;;,,=0, ¢;;]2=0,

(02) The deflection tensor field D vanishes: N¥,=y/F,,

(03) The (h)h-torsion tensor field T' is the given Tjy: Fify—Fyi;=T 7,

(04) The (v)v-torsion tensor field S vanishes: Cjp=C};.

CI(T) is called a generalized Cartan connection and its coefficients are given by
F iy = I* 3 — 040 (Ch™ Ao o= A" 1) +C i (C™ A o— 4™

+ OO A —A"™) + A4
Ny = G4 —C¢ Ay o+ A4
Citv=(9"0;g1)/2,
where Ajy=(T/-T%j+T#)[2, and (I'*f4, G, Cf;) are the coefficients of the Cartan
connection CI'=CT'(0), and the subscript 0 means the contraction by y.

A Finsler space is called a generalized Berwald space if there is possible to introduce
a generalized Cartan connection CI'(T) in such a way that the coefficients Fj; are
functions of position only.

Also, for a given (0)p-homogeneous covariant Finsler vector field s;, there exists a
unique Finsler connection WI'(s)=(Fj;, Ntz Cj;) satisfying (C1), (C2), (C4) and

(C3*) WI'(s) is semi-symmetric with respect to the given s;:

(1.1)

Fiy—Fy; = 8s,—8's; .
WTI'(s) is called a Wagner connection, and its coefficients are given by
Fji=T*5+ LS+ 0 ,Cm)st
+ (Y Ciu—yiC 1—Ci 1) +Citaso + gjns' —8's; ,
Niy = G4 —L2C s + s —8'sy
Ci'r = (978912 ,

where st=g'"s,,, y;=g,,y", and Sjy are the coefficients of the v-curvature tensor field
S2 of CT.

(1.2)
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A Tinsler space is called a Wagner space if there is possible to introduce a Wagner
connection WI'(s) in such a way that the coefficients F;f; are functions of position only.

On the other hand, in his recent paper [8], Matsumoto generalized Okada’s
axioms [9], which determine the Berwald connection BI', and gave the notion of a
generalized Berwald connection BI'(T). Let T/, be a skew-symmetric and (0)p-
homogeneous Finsler tensor field satisfying the condition

(13) y' (éiji,—ékai,) mr= 0 .
Then BI'(T)=(F4, N’, 0) is a Finsler connection determined by the following four
axioms:
(B].) L|,-=8,~L—(8,L)N',-=O,
(B2) The deflection tensor field D vanishes: Nfp=y/Fj;,
(B3) The (v)hv-torsion tensor field P! vanishes: Fj,=03;N%,
(B4) The (k)h-torsion tensor field 7 is the given T/;: Fjip-Fy'j=Tj;.

The coefficients of BI'(T') are given by
Fiy =Gy — (00T 00+, TH0)[2,
Nik = Giia - (6kTioo + Tk"o)/2 ’
where (G5, G%, 0) are the coefficients of BI'=BI'(0).
Contrary to the case of CI'(T), T/} in BI'(T)) is not necessarily given arbitrarily. It

must satisfy the condition (1.3). It is noted, however, that (1.3) holds good if T
depend on position only, and then

(1.4)

Proposition 1.1. Let T}; be a skew-symmetric and (0)p-homogeneous tensor field.
If T;ik=Tjik(w), then OF(T)=(Fj£k, N"k, Ojik) and BF(T)=(F‘]¢, N"k, 0) are deﬁned
Fjy, are functions of position only, if and only if Fj; are functions of position only. In
this case Ffy=Fj;. ,

Thus the notion of a generalized Berwald space can be defined in terms of BI'(T).
Since the notion of a Berwald space was defined in terms of BI', the above result of
Matsumoto is very satisfactory to the establishment of the notion of a generalized
Berwald space.

§2. The paths with respect to a generalized Cartan connection.

In a Finsler space F” with a generalized Cartan connection CI'(T'), let us consider
whether the paths with respect to CI'(T') coincide with the geodesics of F*.

The geodesics of F* and the paths with respect to CI'(T)=(Fj:, Nfi, Cj3) are
respectively given by

d2a ; dz dx?
2.1) @ T2 (w dt >_AW’
d2a? . dx \ dz/ dx* dz?
2 N _
(2.2) ar +ka<’”’ dt> i da P a
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As is well-known in the projective theory, (2.1) and (2.2) give the same curves if
and only if there exists a scalar field p such that

(2.3) Fyio=2G5+py .

Since from (1.1) we have Fpy=2G+T,’, (2.3) is equivalent to ZT=py’. Con-
tracting this by y;, we get p=0, that is, T'=0, or equivalently F,=2G?. Thus we
have

Theorem 2.1. Let CI'(T)=(Ff, N'y, Cj;) be a generalized Cartan connection
defined in a Finsler space F*. The paths with respect to CI'(T) covncide with the geodesics
of F*, if and only if it holds good

(2.4) T/wys=0,
or equivalently
(2.5) Fiwyly* = 2G° .

If we consider a Finsler space F" with a generalized Berwald connection BI'(T)=
(F#4, Ny, 0) in place of CI'(T), we get Fyq=2G°+T,’ from (1.4) and the (0)p-
homogeneity of T'f;. The paths with respect to BI'(T') are given in the same way as (2.2),
and we have

Theorem 2.2. Let BI'(T)=(Fj, N'i, 0) be a generalized Berwald connection
defined in a Finsler space F*. The paths with respect to BI'(T) coincide with the geodesics
of F*, if and only if it holds (2.4), or equivalently (2.5).

In the following we proceed the discussion in terms of CI'(T).
Especially, we consider the case of T/,=Tj=). Differentiating (2.4) by ' and
y! successively, we get

(2.6) 27505y + 15496 + Tifrgs; = 0.
Conversely, contracting (2.6) by y'y/, we get (2.4). If we use the Q-tensor defined by
(2.7) Qi = 2058y + gindi* + 9aSi* ,
(2.6) is written in the form
(2.8) ' Qijs’ T/ =0.
The Q-tensor is defined by Ichijyd [3], and has the following meaning.

Proposition 2.1. Let CI'(T)=(F s, N';, Cfs) be a generalized Cartan connection,
and let Djy be a Finsler tensor field of type (1, 2). Then, (Ff=Dj's, N*s=Dy's, Ci's) is a
generalized Cartan connection if and only if Q:j"D,*r=0.

On the other hand, if we contract (2.6) by y’¢/*, we get
(2.9) Ts=0.

Thus we have
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Theorem 2.3. Let CI'(T) be a generalized Cartan connection defined in a Finsler
space F*. In the case of T =T} w(x), the paths with respect to CI'(T) coincide with the
geodesics of F* if and only if (2.8) vs satisfied. Then (2.9) holds good.

§3. The paths in generalized Berwald spaces.

Now, let a Finsler space F* be a generalized Berwald space with respect to a
generalized Cartan connection OI'(T)=(Fji(x), N';, Cjs). If the paths with respect
to CI'(T) coincide with the geodesics of F”, (2.5) holds good. Differentiating by y/ and
y* successively, we get

(3.1) Fjiy+ Fyi; = 26
Thus the coefficients G5 of the Berwald connection BI" of F* depend on position only.

Hence, the space is just a Berwald space.
Since I'*/#,=G in a Berwald space, (3.1) is also written as

(3.1) F 'y + Fyiy = 2T .
If we solve from FiFy =T we get

(3.2) Fiy=T*5 + T2,
and then

(3.3) Nip =G+ T2,

where T'f, satisfy (2.8).

Conversely, in a Berwald space the Finsler connection (F;, N, Cf;) given by
(3.2), (8.8) for some skew-symmetric and (0)p-homogeneous tensor field 7'/ x(x)
satisfying (2.8) is a generalized Cartan connection, whose coefficients Fj; depend on
position only, and the paths with respect to the connection coincide with the geodesics.
Thus we have proved

Theorem 3.1. Let F* be a generalized Berwald space with respect to a generalized
Cartan connection OI'(T)=(Fjy(x), Nix, Cfs). If the paths with respect to CI'(T)
cotncide with the geodesics of F*, F* vs a Berwald space, and CI'(T) s given by (3.2), (3.3)
for Tiy(x) satisfying (2.8).

Conversely, in a Berwald space F*, let T} w(x) be a skew-symmetric and (0)p-homo-
geneous tensor field satisfying (2.8). Then, the Berwald space F" becomes a generalized
Berwald space with respect to the generalized Cartan connection CI'(T) given by (3.2), (3.3),
and the paths with respect to CI'(T') coincide with the geodesics of F*.

It depends on the existence of the non-trivial solution Tj4(z) of (2.8) whether a
Berwald space may become various generalized Berwald spaces in which the paths
coincide with the geodesics.
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§4. The paths with respect to a Wagner connection.

In this section, we consider a Finsler space F*=(M, L) with a Wagner connection
WI'(s). Since the (h)h-torsion tensor field is given by T'/,=38;s:—84's;, (2.4) becomes
L2s;—s4y,=0, that is,

(4.1) st = plf,
where li=4¢/L. Corresponding to Theorem 2.1 we have
Theorem 4.1. Let WI'(s) be a Wagner connection defined in a Finsler space F".
The paths with respect to WI'(s) coincide with the geodesics of F* if and only if s* is propor-

tional to the supporting element y'.
Substituting in (1.2) from (4.1), we get

Fjik = P*jik +p(LOjik +g]~kl"—8k"lj) R
N, = G‘k—“rhik )
where 1;=3,;L=g;,l", hy==8~I‘l;, and p is some Finsler scalar field.

Conversely, a Finsler connection given by (4.2) is a -Wagner - connection WI'(pl),
with respect to which the paths coincide with-the geodesics. Thus we have

(4.2)

Theorem 4.2. In a Finsler space F*=(M, L), all Wagner connections (Fj', Ny,
C/4), with respect to which the paths coincide with the geodesics of F*, are gwen by (4.2),
where p is an arbitrary (0)p-homogeneous Finsler scalar field.

Especially, we consider the case of s;=s;(x). Since T; depend on position only,
(2.9) implies s;=0. Thus we have corresponding to Theorem 2.3 and Theorem 3.1
respectively

Theorem 4.3. Let WI'(s) be a Wagner connection defined in a Finsler space F". In
the case of sj=s;(x), if the paths with respect to WI'(s) coincide with the geodesics of F*,
s; vanishes, and the WI'(s) becomes the Cartan connection.

Theorem 4.4. Let a Finsler space F* be a Wagner space with respect to a Wagner
connection WI'(s). If the paths with respect to WI'(s) coincide with the geodesics of F*, F*
18 @ Berwald space. Moreover, a Berwald space cannot become a non-trivial Wagner space
wn such a way the paths coincide with the geodesics of F™.

§5. Randers changes of metrics and Wagner connections.

Let F*=(M, L) be a Finsler space. If we consider a change of the metrics L—L,
we get another Finsler Space F"=(M, L) on the common underlying manifold M. If
any geodesic of F* is also a geodesic of F*, and the inverse is true, the change is called
projective. For example, as is well known, a Randers change L—L=L-+b(x)y’ (b; is a
covariant vector field on M) is projective if and only if b;(z) is a gradient vector field:
b;(x)=0;b(x). Therefore, the geodesics are not invariant by general Randers changes.
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So, we shall consider whether the geodesics of F*=(M, L) can be represented as the
paths with respect to some Wagner connection WI'(s)=(F j*;, Ny, Cj’s) in F*=(M, L).
From (1.2) we get

(5.1) F o= Niy= 2Gi + L% —sgy’,

where G, is the non-linear connection of the Cartan connection in F”, and §#=gs,. On
the other hand, it is known ([7], [2]) that G’ are given by

(6.2) Gi = G+ Lg'ibyju1y* + LL* (b;5y7y* 12— Lg*ibsbejnay®) U
where brjp=(0:0;-0;04)/2, and bj,; is the h-covariant derivative with respect to the
Cartan connection CI' in F*. Therefore we get

Fy'o = 2G° +2Lg'byjs3y* + LL (b y’y* —2Lg"bsbrjary) U+ LS —sgy” .
So, the paths with respect to WI'(s) in F” coincide with the geodesics of F*, if and only
if there exists a Finsler scalar field P such that

2Lgijb[jk]yk+l—,2§i = Pyi ,
which is equivalent to
(5.3) sy = L~¥(Py,—2Lg"gbrjs1y") -
Thus we have

Theorem 5.1. Let F*=(M, L) be the Finsler space obtained by a Randers change
L>L=L+bi(x)y’ from a Finsler space F*=(M, L). There ewists in F" o Wagner
connection WI'(s) such that the paths with respect to WI'(s) coincide with the geodesics of the
original Finsler space F*. All such connections WI'(s) are gwen by s, of (5.3), where P
is an arbitrary (1)p-homogeneous Finsler scalar field.

It is a future problem whether F”=(M, L) becomes a Wagner space by some
vector field sj(x) satisfying (5.3).
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