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Abstract

We consider an application of quadratic spline function to a numerical solution of tw0-

point boundary value problem. We derive asymptotic expansion of the error which is of use

for a posteriori improvement of the quadratic spline approximation and a mesh selection

strategy (chopping procedure).

1. Ⅰmtroductiom

We shall consider the numerical solution of the following two-point boundary value

problem:

x"{t)-f{t,xUXx'{t)¥　0<*<l
1.1) aox(O)-box′ 0 -co

fli*(l)+&i*'(l)-ci

where /(/, x, y) is defined and su氏ciently smooth in a region D of (t, x, y)-space

intercepted by two hyperplanes ～-0 and t-l.

Here we rewrite (1.1) in the following form :

1.2

x'(t)-y(t),　　　　　　≦t≦1

yr(t)-At,x(t),y(t)¥　0≦t≦1

aox(0)-boy(Q)-Co

aix(l)+bMl)-ci.
By making use of the 5-spline Qm+i(t) :

1.3

m+l

Qm+l(t)-(l/m!) ∑ (-1)'
i=0 (m+iyt--i)t

where

･/-*)?-{U-iY

｡,;三…,

n-¥n-¥
weconsidersplinefunctionsoftheformXh(t)-∑αiQsU/h-i)andyh(t)-∑βiQzU

t--1
h-i)¥nh-1)withundeterminedcoe氏cients(α_2,α_1,...,αw-l,β_1,β｡,...,βサーi).

Theabovexhandyhwillbeapproximatesolutionstotheproblem(1.2)iftheysatisfy
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x'h{t)-yh{t¥　　　　　　　　≦t≦1

yUt)-P[f(t, xnit), y*U))],-　0≦t≦1

aoxh(O)-6oJmO)-co

aiXh¥¥)+biyh¥¥)-Ci.

Here P is an operator denned by
n-1

1.5)　　　　　　　　　　(Pg)(t)- ∑ gi+1/2%M)
i-0

where gi+u2-g((i+l/2)h) and xM) is the characteristic function on [/,-, ti+i] (ti-ih).
Forsimplicity, let us denote i-p, p+r,..., q (-p+(m-1)r)by i-p(r)q. Since Q'3(/)

≡ Q2(tトQ2(t -1), from (1.4) we have a system of determining equations with respect to

(ff<,ft):

1.6

(iM)(ff<-ff<-i)-^>　　　　　　　　　　i--i(i)サーi

(1/h)(βi-β蝣-i)-Ati. / (1/8)(αi+6αi_1

+ai-z), (1/2)(&+&-i)), *-O(l)サーl

(l/2)flo(α_1+α-2)-b｡β_l-Co

ii(atn-i+an-2)+b¥^n-¥-C¥

where ti+u2-(i+l/2)h.

In practical computation, by eliminating β /--1(l) n-1, we have the system of

nonlinear equations with only at, i--2{¥)n-¥ ¥

1.7

(1/h2){αi-2α｣-1+αi-z)-f(U十1/ (1/8)(αi

+6cn-i+ai-2), l/(2h)(ai-oti-2)), i-O(l)n-1

(l/2)flo(αll+α_2ト(b｡ h)(α_1-α-2)-Co

(1/2)aAαn_1+αサー2>+(61/h)(αn_1-αn-i)-C¥.

Inthepresentpaperweshallassumethattheproblem(1.2)hasanisolatedsolution

(x,y)satisfyingtheinternalitycondition

(1.8)U-{(t,x,y)¥¥x-x{t)¥+y-y(t)≦∂,招≡0,11}⊂Dforsome8>0.

Thesolution(f,y)isisolatedifandonlyif

(1.9)G-A｡¢0)+4i¢a)-Ao+Ai¢(1)isnonsingularwhere

･1.10)Ao-¥30~bo

｡MO0

and♂(/)isthesolutionofthe丘rstvariationequationto(1.2)subjecttotheinitial

condition♂(0)-E(Etheunitmatrix):

･1.ll)¢′<*)-Mt)とsit).¥d>(t)

<J2(t)-fx(t,x(t),y(t)),03(t)-fy(t,x{t),少u.

InSection2,weshallprovethefollowing

Theorem1.Inasufficientlysmallneighbourhoodoftheisolatedsolution(｣,y)of

(1.2),thereexistsanapproximatesolution(xh,タ*)of(1.4)suchthat
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x-Xh -max lx{t)-xM-O(h2)
0≦t≦1

'>-vh ¥-0(h2).

3

In Section 3, by making use of this Theorem 1 we shall prove the asymptotic expan-

sions of errors: x-xh and y-yh.

Theorem 2. Under the same assumption of Theorem 1, we have

x(t)-xh(t)--(h2　24)d(t)+O(h3)

1.13)
y(t)-Mt)--(h2 24)Mt)+(1 2)xw(t)

x(t-ti)(t-ti+i)+O(h3)

ti≦t≦ti+1

where (6, A) is the solution of the following linear problem :

1.14)

U-Hllur-2f(3)

i(4)+3(T3f(3>J

ar^-)i
A{m¥+i41U(i)J-W-

In Section 4, we shall notice that (d. A) is approximately determined with very little

additional computation by using the already obtained approximation (%h, y?h). Hence we

may consider the application of the above stated asymptotic expansion (1.13) to a poster-

ion improvement of the approximate solution and a mesh selection strategy (chopping

procedure).

2. Proof of Theoreml

In what follows, we shall denote the vector and matrix maximum norms by ||�"||. In

this section, by using Newton-Kantorovitch's theorem we shall prove the existence and

convergence of a solution (α_2, α-1,　αrt-1, β-1,..., βサーi) of (1.6) :

(2.1)

Fi(α, β)-(1/h)(αi-α<-1)-β　　　　　　　　f--2(l)サーI

G_i(α, β)-(1/2Wα_1+α-2)--b｡β-l-C｡

Gi(α, β)-(1/h)(βi-β蝣-1)-f(ti+1/, (l/2)(αi　*-O(l)サーl

+at-i), (1/2)(βi+β-1)),

Gn(α, β)-(l/2)al(α11-1+αサー2)+61βn-¥　C¥.

For simplicity, let us denote

(F(α, β), G(α, β))-(F-2(α, β),.... Fn-1(α, β),G-i(α, β),.... Gn(α, β)).

Corresponding to (x, y ), one can determine piecewise quadratic and linear functions xh

and yh of the form:
n-¥

xh(t)- ∑　diQsit/h-i)
i=-2

n-¥

Mt)- ∑ βiQidh-i) (…x'hU))
z--l

so that
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xh(ti+m)-x(ti+ii2), i-O(l)n-l

xh(U)-x{U¥　i-0, n.

Sincex(t)issufficientlysmoothduetotheassumptionthatf(t,x,y)issufficientlysmooth,

itisvalidthat

(2.4)IIy(k)
II*^

x"(t二禦…o(h2),k-0,

uti+m)=｡(h2;([｡1,.
Hencewehavetheestimateof¥¥F(d,0),G(d,0))||oftheform

(2.5)¥¥F(aJ),G(a,/3))¥¥-O(h2).〈

Next,inordertoinvestigateofthepropertyoftheJacobianmatrixJ(d,β)of(F(α,

β),G(α,β))withrespectto(α,β)weconsideralinearsystem:

′ヽ(2.6)J(d,β)(&,&)-(γ1,γ2)

where|i-(w-2,w-i,...,Mn-i),|2-(^-i,00,...,fォーi),γi-(c-i,Co,-Cn-i)andγ2-(d-i,

do,...,dn).

Correspondingto&and|2,weconsiderquadraticandlinearfunctionsyx(t)andy2(t)

de丘nedby

2.7

ォーI

yl(t)- ∑　UiQz{tlh-i)
i--2

n-¥

yz(t)- ∑　viQzit/h-i),
uf< ｢ il

and in a similar way, corresponding to γi and γi, we consider linear and step functions <f>i(t )

and <f>2(t) defined by

(2.8)

n-¥

Mt)-∑　dQiith-i)
l--1

n-¥

¢>U)-∑ dixAt).
i-0

Hence, corresponding to (2.6), we have

2.9)

y'l(t)-y2(t)+<f>l(t),

aoyi(0)-boy2W)-d-i

γ紬.1′2)-∂2(信1′2)γ1(信1′2)+∂3(信1′2)γ2(信1′2)+¢2(信1′2),

f-O(l)サーl

0≦J≦1

aiyi(l)+biy2(l)-dn

( d2(t)-fx(t, xhU), yh(t)¥ d3(t)-fy(t, xhU), yn(t)) ).

Sincey'
2(t)and¢2(t)arebothstepfunctions,fromabovewehave

(2.10)

y[(t)-y2(t)+<t>i(t)

y'
z(t)-P[∂'.(t)yl(t)+βit)y2(t)]+4>2(t)

aoyi(0)-boy2(0)-d-i

aiyi(l)+biy2(l)-dn.

Herewerewritethesecondequationof(2.10)asfollows:

(2.ll)yr
2(t)-02(t)yi(t)+a3(t)y2(t)+r(t)+¢2U)

wherer(t)--(I-P){d2y¥+dzy2)+(d2-02)y¥+{dz-os)y2.

SinceUl-P)g¥¥[u,u,i]-O(h)¥¥g'¥¥foranyg<=C[0,1],

HU,+1i-OU)[|l:yill+lly川+IIyJ+ll^lttt,tt+l】]
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-0(h)[¥lyil^11+‖41日+II&‖+¥¥y紬i,ti+i】].

By(2.ll),wehave

(2.12)r¥¥u,,u+】-O(h)Wlyill+lly*ll+l座lr回座2旧

*-O(l)サーIforh^ho

providedthath｡issufficientlysmall.

By(2.10)and(2.ll),wehave

･2.13)H一可d-x

dn.+J-Lr+fa]

where

･2.14)Hit,s>-竺笠)[E-

(t)G一覧1｡(1)0-1(S),言<t

<s([5],[11]).Fromabove,wehavetheinequalityoftheform

(2.15)|yil,bサ瞳C{¥¥d-udn)‖+IMI+I座1日+‖42日)

whereCisagenericconstantindependentofh,and||r||-mチxr[*,f*/+1].

Bytheuseof(2.12)and(2.15),weobtaintheinequalityoftheform

(2.16)‖3>2≦C{Ud-i,dn)‖+(座111+11*2日}forh≦hl(≦h.)

providedthathiissu氏cientlysmall.

Byasimplecalculation,wehave

(2.17)
lyil^C‖El‖ IIy2日≧C瞳2日

t座1日≦CIIγ　¥¥<t>2 ≦C"γ2II ([11]).

Therefore we血ally have the inequality of the form

(2.18)　　　　IK&, &)瞳C=(γ1, γ　　for any h≦hl.

By (2.6), inequality (2.18) implies the nonsingularity of /(近 /?) and in addition the

inequality

(2.19)　　　　　　　ll/-x(近, o)||<:c for h≦hl.

By (2.4), let us note that there exists a constant h2 such that

(2.20)　　　　　¥x-xh‖+lly-y*瞳8｡<∂　forany h≦h2
′ヽ                                                                         ′ヽ

Now let us de血e the set Qh(a, β) which is a neighbourhood of (<?, β):

(2.21)　　　　｣*(<*, ｣)-{(α, β)川α-<?ll+11iff一別≦3-8｡).
Then for

2.22)

n-¥

**(*)- ∑　αiQsit/h-i)
t--2

n-1

y*u)- ∑ βiQ2(t/h-i)
z--1

′ヽ

with (α, β)∈Qh(a, β), we have

x-Xh‖+y-yn¥ ≦Hi-x^h‖+lly-:v*ll+ll｣*-**ll+l|y*-yh瞳∂-∂｡+5｡-♂

consequently (t, xh(t), yh{t))∈ U for any h≦h2.

Here we have used the following results :



M. Sakai

0≦Qm+l(t)≦l
0:)

∑　Qm+l(t-i)-l
り■--州

i.e.,　　　　　　　　　　¥Xh-Xh¥≦ a-a¥¥} ¥¥yh-yh瞳10-βIl.
′ヽ

This means that (F(α, β), G(α, β)) is defined on the region Qh{d, β) for any h≦h2.

Hence by means of the mean-value theorem we have

(2.23)　　　　　/(an, βl)-/(α2, β2)=≦CH(ffl-α2, β1-β.)
■■ヽ

for (α1, βl), (α2, β2)∈Qhka, β).

The expressions (2.5), (2.19) and (2.23) show that the conditions of Newton-Kantoro-

vitch's theorem are fulfilled for su氏ciently small h(≦min {hi, h2)). Thus we see that the

determining equation (F(α, βX G(α, β))-0 has one and only one solution (α, β)-(d, /3)

in a neighbourhood of (近, 0) ([8]).

3. Proof of Theorem2

Let e¥-x-Xh and e2-y-yh, then in virtue of Theorem 1 we have

(3.1)

′

e¥-ei

e2-02ei+03e2+(I-P)x"+r+O(h4)

aoei(0)-boe2(0)-0

fliei(l)+6ie2(l)-0

where

r--(I-P)(o2ei+O3e2).

Hencewehave

･3.2)[eiLf//(.,s)¥-Ads+Cm-,s)¥,-Ads+O(h4).

¥e2¥J-Ul-P)x(s)¥Jolr(s)¥

Nowweshallprovetheasymptoticexpansionatmeshpointt-tj:

(3.3)pH(t,s¥(T-,]ds--(h2/24)¥rHit,si-Jrfs-2Z(/)L-1

･2w(t¥AMJJ+<Hh')-

where

Z(t)--♂(t)G~lAxandW(t)-♂(t)[E-G~lAi¢(1).

LetKit,s)-Hi,2it,s),i-l,2ofthe(/,2)-componentofHit,s).SinceKit,s)is

sufficientlysmoothexceptt-s,byTaylorseriesexpansionwehavefor/-1(1)ォー1

(3.4)fK(tj,s)(I-P)x"(s)ds-

J｡岩/{K(tj,ti+-)

+K'(tj,ti+i/2)(s-ti,/2)+…1;(3)/c
/¥xi+l/2¥S-ti+i/2)
+(12)xWm(s-t{+m)2+...}ds

n-1
-∑(fe3/24)*fti/2K(tj.ti+l/2)+U3/i2)iS,/2K′(tj,tu/2)}+O(h4)

z-0

-(/?724)fKitj,s)xw(s)ds+(h2/12)fK'(tj,s)x(3)(s)ds+O(h4)-(

JoJo
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( * )--(h2/24)f｡ K(tj, s)xw(s)ds+(h2/12)[K(tJ, 1)
xx(3)(i)-{K(tj tj+)-K(tj, tj-)¥x(3)(tj)

-KUj, O)i(3)(o)]+ O(fc4)

where K'(t, s) means the partial derivative of K(t, s) with respect to the second variable

s.

Since

Hi2¥tj. tj-¥-)-Hi2¥tj, tj-)--8i2

H(tj, 1)--¢(tj)G~lAi-Z(tj)

HUj, O)-0(tj)[E-G-1AIO(l)¥- W{tj),

we have the desired result for t-tj, j-1{l)n-l.

For ～-1, by (3.4) we have

(3.6) fK(l,s){I-P)x"{s)ds--{h212A)fK(l,s)x(4¥s)ds

J｡J｡

+{h2112){K{¥, l-)x(3¥l)-K(l, 0)i(3)(o)}+oU4)
where

H{¥, 1-)-♂(1)｣-G"M,♂(1) ♂ 1(1)-E+Z(1)

mi, o)-¢　　-G~lA,珍(1) ♂ 1(O)-W(1)

from which follows the desired result for ～-1. Similarly we have the desired asymptotic

expansion for ～-0. This completes the proof of equation (3.3) at any mesh point.

Next we shall consider the second term of (3.2). Let z-ozei+ozei, then for K(t, s)

-Hi2¥t, s)

(3.6) fK(tj,s)r(s)ds--(K(tj,s)(I-P)r(s)ds

J｡J｡

n-¥rti+i
-2/¥K¥tj,/z+l/2)+K'¥tj,ti+l/2)¥S-ti+H2)
i=OJti
+...}{z-;-+i,2(s-^+i/2)+(l/2)z-;'+i,2(s-^+i,2)2+...ids

Since%hispiecewisequadratic,invirtueofTheorem1wehave

(3.7)
TUi,2-O3(ti+i,2)e2(tt+m)+O(h2)- O(hz)

T7+u2-03(ti+m)eZ(ti+m)+ O(h2)-O3(ti+m)x¥alm+ O(h2)

where

e'i¥tn/)-x'U/-f(ti./!,Xh(ti-¥/2),yhitu/2))

-/U,H/2,Xi+1/2,yi+1/)-f(tn/!,xh(tn/2),タh{ti+l/2))

-0(h2).

Combining(3.6)and(3.7)yields

(3.8)CK(tJys)r(s)ds--(h3/24)

J｡岩K(tj,ti+m)oz{ti+m)xflm+0(h4)

-U724)fK(tj,s)o3(s)xi3)(s)ds+O(h4).

Jo

Thuswehave

･3.9)flHUj,s)¥,-Ads--(h2/24)flH(tj,s)¥-Jds+O(h4).

J-lr(s)¥Jサ¥a3(s)x13)¥



M. Sakai

By(3.3)and(3.9),wehave

･3.10)¥eii/;)]--(h2/2A){[1Hitj,s)L

¥e2(tj)¥Jo¥x0

(4)(s)+a3xi3)(s)Ids-2Z(t!)U(4)(1)
-(i)j+2r(^Uo)i-2U--1

<3)a)Ji

+OW)--{h2
¥d(tj)]

[MtM +0(h4).

By a simple calculation, (#, A) is shown to be the solution of (1.14). This completes the

proof of Theorem 2 at any mesh point.

By Taylor series expansion, we have

3.ll

from which follow

3.12

xi+u2-(l/2)(xi+i+xi)-(h/8)(x'i+i-x'i)+ O(h4)

x'i+m-(l/2)(x'i+1+xd-(h2/S)x?lm+0(h4)

eiU+1,2)--U2/24Mti+ll2)+O(h4)
e2(ti+m)- -(h2/24)Mti+m)-(h2/S)x?lu2+ O(h4).

Since xh(t) and yh{t) are piecewise quadratic and linear≠

**(*)-(!/h2){2xh{ti){t-tn /*)(t-tu　トAxh(t!+l/2)
(3.13)　　　　　　(t-ti)(t-ti+i)-2xh(ti+1)(t-ti)(t-ti+m)}

y*U)-(l/h){yh(ti){tn -t)+yk(ti+i)(t-ti)}.

Hence, in virtue of (3.10) at mesh point and (3.12) at mid point, we have the desired

asymptotic expansions at any pointが≡[0, I]. This completes the proof of Theorem 2.

4. Computation of Principal Part of the Errors
●

By the definition of H(t, s), we have

･4.1)　　…;

-O2d+osd'+xW+03X(3]

d(0)-bod'(0)--2boxh3)

em+bid′(l)-2blXi
n3).

Here we notice the following asymptotic expansions for other numerical methods to

two point boundary value problems.

Pemarkl ([5]). If we apply the box scheme to the problem (1.2), under the same

assumption of Theorem 1 there exists a solution (x｡i Xi. …, Xn, ^｡, …, yn) of the box scheme

so that

4.2

whe re

(4.3)

n

x(t)-∑ xtQ2(t h-i+l)--(h2/24M/)+0(h3)
z-0

vrt'- 02V+ 03レ′+xw+03xi3)+302x′′

aov(0)-boレ′ 0)- -26043)

aM¥)+biv'{l)-2bixT.

By making use of the Z?-spline Q4(t), we consider a cubic spline of the form
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n-¥

xh(t)- ∑　αiQMh-i).
z--3

Then the above xh is an approximate solution to (1.1) if it satisfies

i

xh-Pj[f(t, Xh, Xh)}, 0</<l

aoxh(O)-box'h(Q)-Co

aiXh(l)+bix'h(l)-Ci,

where P3 /-1, 2, are operators defined by
n

(i) {Pig)(t)-HgiQ2(th-i+l)
z-0

i

n

(ii) (P2g)(t)-∑ γtQ2(t h-i+1)
n-¥

△rγ -O,　　　　　　　　　γ≧4

(1/6)(γt+1+4γi+γi-x)-g, i-l{¥)n-¥

Vrrn-O

(A and v are forward and backward difference operators, respectively).

By using the same argument in Sections 2 and 3, we have

Remark 2. Under the same assumption of Theorem 1, there exist approximate solu-

tions Xh,i, i-l, 2 of (4.4) according to Piy i-l, 2, respectively :

(4.5)　　　　　　　x(t)-xhAt)-(-lY(h2/12)p(t)+O(h3)
where

(4.6)

p"-O2P+(J3p'+x(4)
′′

aop(0)-bop'(0)-0

aipd)+bip'd)-O.

Now, in order to compute the principal part of the error ♂, we consider an approximate

problem to (4.1) :

(4.7)

d"H -P[O2dH+O3dh+g]

ffoO*(O)-M'*(O)-2ォo

aidh(l)+bid'h(l)-2ul.

Sincetheproblem(4.1)hasthe(isolated)solutiond(t),byusingagainthesameargument

inSection2thereexistsasolution6hit)of(4.7)forsu氏cientlysmallhsothat

(4.8)IId(k)-6ik)‖≦cmax[|^｡+^｡i｡3)|,I/a-ftiJt!?c:(3)|

max¥gi+u2-x(*+i′2-<73(/<+ira)｣<(+8l/2|],k-0,1.

Thus,inordertodefineacomputableapproximateproblemford(t).weshallrequire

0(h2)approximationstoxb3¥x{n¥xftm,xfli′i-O(l)サー1.

Here,bythede丘nitionofPand(3.12)wehave

(4.9)xi+i′2-xl(ti+l12)--(h2/24)(02d+03A+303x(3))¥t=ti+112

+0(h4),i-O(l)n-l.

Fromabove,wehave

(i)43)-(1/h)ト2xUti/2)+3xUts/2)-Xh(h/)}+0(h2),
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xn-

(ii)x¥1主-(1/h2){2度h(tll2)--5xh)t3/2)+AxUt5/2)

-xH(t712)}+O(h2),

v<3>-
xn-1/2--I
(4.10)(iii)xi+i/:-(1/ha){xUtn/2)-2xHtn/2)+xh(ti-1/2))

+0(h2),j-l(l)ォー2,

(iv)-(3xiiと-(1/[-3xh(ti/2)+4xUt5/2トxzUmn+oih2),

v(3)-xn-1/2--I

(v)xfti12-(12h){xH(ti+m)-x7.(tt-i,2)}+O(h2),

i-l(l)n-2.

Letdz(t)-fx(t,xh{t),x'hit))andd3(t)-Mt,xh(t),x'h(t))whichhavebeenalready

computedintheprocessoftheNewtonmethodfordetermining‰theninvirtueof

Theoreml

(4.ll)102-0211,Io3-dz-0(h2).

Bycombining(4.10)and(4.ll),wehaveaposterioricomputableapproximateproblemto

4.1:

(4.12)

0* -P[020*+ffsO*+tf*

aodh(0)- boe'h(0)-2po

aidh(l)+bidfh(l)-2pi

]

where gh(ti+m)9 i-O(l)n-1, 2/i｡, 2jjl¥ are approximations to xV+i/ i+ffaUi+i/2)i;3+i/2, ｣-

O(l)w-1, -2b｡xb3) and 2bixin) obtained by (4.10). Since the problem (4.7) has the solution

dh, in virtue of (4.ll), the problem (4.12) has a solution Qh so that

(4.13)　　　　　　　　¥¥eik)-dih)¥¥-o(h2¥　k-0, 1

for sufficiently small h.

By using 6h- we have a posteriori improved approximations :

(4.14)
xi-{xh(ti)-(h2/24)dMi)}- O(hi), *-0(l)サ

vt-{タ,(M-(/i724)0'*(M+U2/12)xn-OU4), *-0(l)サ

where *Ss)-(lM){**(f<+i/2)-*ZU*-i/2)}, i-l(l)n-l and *占3) x<k3) by 4.10 (i).

Here we remark that the coefficient matrix of (4.12) for determining Qh is exactly the

same one of the Newton method at the丘nal stage by which we determine the approximate

solution Xh(t). That is., we may compute 6ik)(t)y k-0, 1 with very little additional effort.

5. Mesh Selection Strategy (Chopping Procedure)

In this section, we shall consider chopping procedure applied to two-point boundary

value problem by Russell and Christansen ([9]). Our procedure uses only uniform meshes

at each step, which can be automatically re負ned in order to reduce the (estimated) error

below a requested tolerance. It behaves quiet adequately for various problems whose

solutions have sharp gradients. If 8hit) satis丘es the inequality :

(5.1)
U724)|0サ(f)|≦牀(a a desired tolerance)

for　召≡[0, α], [占, 1 (α, ∂meshpoints),
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we chop off intervals [0, a] and [b. 1] and consider the following new approximate problem

on the remaining interval [a, b] with h : -hi2

(5.2)

xh-P[t, xh(t), x'h{t)l a≦t≦b

xh(a)-Xh(a)-(h2/24)0*(a)

xh(b)-xh(b)-(h2/2A)dh(b).

By (4.14), we probably have

5.3
x(a)-{xh(a)-(h2/24)&(*)}圃x(aトxh(a)¥≦E
x(bト{xH(b)-(h2/24)dh(b)}¥≪¥x(bトxh{b)¥≦E

from which the boundary conditions of (5.2) are considered to be suitable ones. While

inequalities of (5.3) are not assured theoretically for any h, no numerical di氏culties are

encountered (see Examples 1 and 2 in Section 6).

If 疏(～) satis丘es the inequality :

(5.4)　　　(h2/24)¥dh(t)¥｣.e for t<E[a, b] {a, b meshpoints),

then we consider the following two problems on [0, a] and [b, 1] with h : - h/2 ¥

(5.5)

(5.6)

xZ-P[f(t,xhU),x'
h{t))10≦t≦a
aoxh(O)-boxh(0)-Co

Xh(a)-Xh(aト(hz/24)dh(a):

XH-P[f(t,Xn(t),xhU))},b≦t≦1

xh(b)-Xh(bト(h2/2A)dh(b)

aiXh(l)+biX左1-ci.

Continuating these processes would yield the approximate solution %h such that

(5.7)　　　　　　　　¥x-{xh-(h2/24)dh}‖≪ X-Xh‖≦E

for sufficiently small h.

6. Numerical Illustration

In this section we shall consider the application of the above stated asymptotic

expansion to a posteriori improvement of spline approximations of solutions of two point

boundary value problems and mesh selection strategy. Numerical results conform the

theoretical accuracies established in previous sections. The rates of decrease of the errors

0(ha), where a are computed from the results from h-l/16 to 1/32, are given in

parentheses in each Tables.

As our examples, we choose

Probleml.

x"-{¥　2)exn(-t)(x2+x'2)

*�"(())-1, x(l)-e.

Problem2.

The same equation in Problem 1 subject to the boundary conditions :

z(0)-*'(0)-0

x(l)+x'(l)-2e.

The exact solutions of the above problems are exp (/).
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Table 6.1　The observed maximum errors in function values.

′～ 1/16 1/32 (α)

P rob .1 0 .614 - 4 *一→0 .674 - 7 0.154 ー4 → 0 .435 - 8 2 ●0 → 4 ●0

P rob .2 0 .246 - 3 -> 0 .657 - 6 0 .616 - 4 → 0 .464 - 7 2 .0 ^ 3 .

We denote 0.614×10~　by 0.614･4.

Table 6.2　The observed maximum errors in derivatives.

k 1/16 1/32 (α)

P rob.1 0 .588 - 3 ^ 0 .241- 5 0 .147- 3 → 0 .161- 6 2●0 → 3●9

P rob.2 0.284 - 3 → 0 .232 - 5 0 .710- 4 → 0 .154 - 6 2●0 → 3●9

In the following Tables, the left and right hand sides of (…)→(...) mean max ¥x¥k)
0≦i≦n

-xik)(ti)¥, k-0, 1 and max ¥xi-{xh(ti)-(h2/24)dH(ti)} ¥, max ¥x'i-[xh(ti)-(hz/2A)e'fl
0≦i≦n

(ti)+(h2/ 12Xl/h){xh(ti+n2トxh(ti-m)}] I, respectively.
The above stated method is also applicable to the numerical solution of the nonlinear

boundary value problem having the singularity at ～ -0 :

x′′+{x t)x′+/(/, x)-0, 0<t≦1

x'(0)-0 and x1-ci

with #-0, 1, 2, respectively.

While Theorems L2 are not assured for the above problem, no numerical di氏culties

are encountered.

Problem 3. We treat the nonlinear problem :

x′′+(2/i)x′+x5-0, ci-ヤ巧/2.

The unique solution is 1/ノi■∠2/3.

Problem 4. Consider another nonlinear problem :

x*+a/i)x′+exp(x)-0, 0<*≦1

ci-O.

The solutions are x{t)-2×In [(5+1)/(Bt2+1)1 where B-3±2､巧. In the following

Table 6.3　The observed maximum errors in function values.

h 1/16 1/32 (α)

P rob.3 0 .834 - 5 -+ 0 .422- 7 0 .209 - 5→ 0.248 - 8 2●0 → 4●1

P rob.4 0 .589 - 4 → 0 .196- 6 0 .147 - 4 → 0 .134 - 7 2●0 → 3●9

Table 6.4　The observed maximum errors in derivatives.

h 1/16 1/32 (α)

P rob.3 0 .159 - 3 -> 0 .868- 6 0 .398 - 4 → 0 .503 - 7 2●0 → 4●1

P rob.4 0 .202 - 3 → 0 .593- 6 0 .505 - 4 -→0 .292 - 7 2●0 → 4●3
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Table, we only list up numerical results for the smaller solution.

Now we consider the application of chopping procedure to the following problems in

which we take a desired tolerance e-10~4 and &-l/32 as starting mesh sizes.

Problem5.

io-y+(i-i/2t)x′-(1/2)x-0, x(0)-0 and x(l)-l.

The exact solution is approximately 1/(2-/) on (0,1] and has a boundary layer of

thickness lO~4 at /-0.

Problems 6 and 7. We consider Troesch's equation :

Table 6.5　Remaining subintervals.

Prob.5 Prob.6 Prob⊥7

[-'f ] [ト芸,1] [1-器,1]

[o,6464 'H ^ 1- 21 !蝣64

[0,諾 ] [1I蓋 ,ll [ト蔑 ,1】

rn 97 1L-'256 J 1 ァ9- i]1 256'1J [1- 64256'1]

[サ�"!ァ ] [1-豊 ,1] [卜器 1]

[0,品 ] [ト了温 ,ll ll～蓋 ,ll

[0,品 ] 1- 392048,1] r1 234 11U ~ 2048'1J

[0,志 ] 8t1-蘭画 1] [ト纂 1]

[0,品 ] ri 607L x]L 8192' J

[0,意 ] [1-蕊 ,1]

[0,品 ] [1l品 ,1]

[0,品 ] llI蕊 ,1]

[1ー諾 誤 ,1]

ri 3220 ,L 262144' J

lト蕊 ,1]

h 9-16 9-12 9-19

〟 256 168 496

* /i is the smallest mesh size and N is the maximum number of partitions

of the remaining subintervals.
●

Here we notice that we have to solve at least one time a linear system
of order N+2.
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#"-&sinh&e, ;k(0)-0 and　#(1)-1.

The solution has a singularity for t<¥ for values of x'(o) slightly greater than its real

value. This creats problems for any shooting technique. The results for k-lQ and 20,

using identically zero starting guess, are shown in Table 6.5. We have obtained 147.‥ ‥

and 21875　　　as approximate values to x {¥) for ｣-10 and 20, respectively.
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