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Abstract

The purpose of the present paper is to give a dual theory, corresponding to the theory

of semi-symmetric metrical Finsler connections in Finsler spaces given in R. Miron-M.

Hashiguchi 【61.

I ntroduction

In his recent papen 【5】 R. Miron studied a dual space (〟, 〟) of a Finsler space (〟,

L), and established a beautiful dual theory of Finsler geomtry. All properties of such a

space　〟, 〟) are based on the existence of one canonical d-connection 〟T. Since

these concepts were obviously made explicit by him for the first time, we hope to call

(M, H) a Miron space and M F a Miron connection.

In the present paper we shall define semi-symmetric metrical d-connections called

semi-symmetric Miron connections in a Miron space, and study the group of transforma-

tions of these connections and its invariants. As the results of these considerations, we

have two important d-tensor fields L/たi and Mj which are invariants of semi-

symmetric Miron connections (Theorem 5.2), and consider some of their properties.

The terminology and notaions follow those in Miron 【51 with some modifications (e.

g., Cartan space - Miron space, Nir-nサ, Hr-F*r, hw-Fj¥, Rikr-Rrjk, etc.). For

convenience'sake, in the first two preliminary sections we shall sketch the materials

necessary for our discussions from the theory of Miron 【51.

The authors wish to express here their sincere gratitude to Professor Dr. R. Miron

for the invaluable suggestions and encouragement.

1. Distinguished geomerical objects on the cotangent bundle

Let M be an n-dimensional C∞-manifold and (T M, n:*, M) its cotangent bundle.
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SinceapointofTMisacovector(x,p)atapointxofthebasemanifoldM,acoor-

dinatesystemx-{xl)inMinducesacanonicalcoordinatesystem(x,p)-{x¥pt)in

T*Mbyp-pi{dxi).

LetVbetheverticaldistributiononTMgivenby(x,p)∈T*M-vt(x,p)

-iX∈T^T*M¥n*'x-Ol.Anon-linearconnectionNonTMisadistributionofclass

C--givenby(x,p)∈T*M-Nt(x,p)⊂r(x,p)r*MsuchthatT(x,p)T*M-N{xJサ(BVu,p).Nis

characterizedby

1.1)fi,-∂l+Nr診r,

where∂t-dl∂xl,a-dl∂pi.胤∂isalocalbasisadaptedtothedistributionsNand

V,anditsdualbasisisldx¥∂如,where

(1.2)spi-dp£-Ntrdxr.

Adistinguishedtensorfield,ad-tensorfieldforshort,oftype(r,s)onMisdefined

byitscomponents,satisfyingtheclassicallawoftransformationswithrespecttoa

transformationofcanonicalcoordinatesystemsint*〟:

1.3xn¥PM∂xr/∂x*)pr;det(∂x~7∂xr)幸0.

Ad-connectiononMisatriadFF-{N,F,C),whereN-{Njk)isanon-linear

connection,F-{F/k)isaspeciald-objectandC-{dJk)isad-tensorfieldoftype(2,

1).ThetransformationformulasofNjkyF/k,Ctwithrespectto(1.3)areasfollows:

Njk-(dxsldxJ)(∂xl/∂>x*)Nst+pr(∂'蝣xrldxJ∂>｣*),

(1.4)FA-Ox7∂xr)(∂x'/afXaxVa^F/t+Ox'/∂xO(a'蝣xrl∂>xJ∂x*),

(V*-(∂xr/∂oc'XafV∂<xs)(∂>xォl∂xf)crst

Givenad-connection,theh-andv-covariantderivativesaredefinedford-tensor

field,e.g.,K),by

1.5たK'
j+KIFr't-K'rFSゎKj¥-a'K'
j+KW-K'rCjrk
Thefivetorsionandthreecurvaturetensorfieldsofad-connectionaregivenby

1.6T*-91たiF}ふctJK

(1.7RiJk--gtj諦蝣*AU,Pw*--(a'Nu-FfAS/*--ォUC,'1;

(1.8R/kl-tLfz11StF^+F/uFrW+CrRrkh

1.9)rjjc-∂'FA-CA+c/rp,
rk,

(1.10)Sjilcl-nた11∂lC/*+C/*C,

where�",�"*!�"�"�"[denotesthealternatesummation.

2. Miron spaces and metrical connections

we shall consider a Cの-function H(x, p) defined in T*M-¥(x, p)∈ T*M¥p≠OL
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andweput

(2.1)　　　　　　　　　　　　　gu-(∂WHn.

The pair (M, H) is called a Mirm space, if H satisfies the following conditions:

i) H is (2)p-homogeneous: H{x, Ap)-A2//(x, p) for A>0,

n) glJ is non-degenerate: det(r)≠0･

The H and g are called the fundamental function and the fundamental metric tensor

field of (M, H) respectively. We put pl-girpr and (gw)-(g")~I.

It is noted that a Miron space differs with a so-called Cartan space 【2】 where pt is

not a covector but a covector density.　　　　　　　　　　　　　　　､

In a Miron space (M, H) there exists a canonical (^-connection determined by H

only. A d-connection is called metrical if gUi*-0, gur-0. Let γ古be the Christoffel

symbols formed with respect to gtj.

Theorem 2.1. In a Miron space there exists a unique metrical d-connection F T satis-m   m

fring DJk--(prF/krNJk), T/k-0, S/K-0. If we denote this F*T by M*r-(N, F,

C), then it is given by
ui2

NJた-Pr7jrK- PrPt7sri(a W/2,

m

FA- gけ¥fi*gjた+ SjgKT- SrgjK)12,

m

CtJk- - gけ(a zg3r)¥2.

The above d-connection 〟 T was first obtained by Miron 【51 as a dual notion of

the welトknown Cartan connection of a Finsler space (cf. 【3, 4]). So we shall call 〟*rm

the Miron connection and also N the Miron non-linear connection.　､

When we discuss d-connections with a fixed non-linear connection JV, a d-

connection is denoted by F F{N)-{F, C). The set of all metrical d-connections

F F{N) was given in the following form by Miron [5], and was first used in [1],

together with 〟*r.
771

Theorem 2.2. In a Miron space there exists a unique metical d-connection F F(N)

-(F, C) having the torsion tensorfields TA, StJ given a priori. It is given by
m

(2. 5)　　　　　　　F/k- F/K+ gir(grsT/k- gjsTr¥+ gKs T/r)12,

2.6

m

cr-cr-gtAgrso jk-　ss/*+g*ss/r)/2.

3. Semi-symmetric Miron connections and their group of transformations

We denote the set of all d-covector fields and the set of all d-vector fields in 〟 by

X (M) and X(M) respectively.

A a-connection on M is called semi-symmetric if the torsion tensor fields Tj¥y SiJk

have the form

3.1 Tj¥- <jjS完- C7*｣S. S(J*- -(tJs㌘- TKst¥
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wherea*∈X*(M),rJ∈X(M).

TheMironconnection〟:FonaMironspaceisconsideredasaspecialsemi-
m
symmetricmetricald-connectionFF{N).Wecallasemi-symmetricmetricald-
771
connectionFJP(JV)asemi-symmetricMironconnection.FromTheorem2.2and(3.1)we

have

Theorem3.1.InaMironspacethesetofallsemi-symmeticMironconnections(N,F,C)

●isgivenby

mmm
3.2Njた-Njk,Fjlk-Fjlk+<jjSを-gj*0¥CtJk-CtJォ+TJ郎-gJKvu

whereoj∈X*(M),zJ∈X{M)arearbitrary,andal-girar,Ti-girTr.

Hencetwosemi-symmetricMironconnections(N,F,C),(凡F,C)arerelatedin

theform

(3.3)Nj^NjtoFS^F/t+sjdを-gjKs¥ctik-ctJh+tJs至｣oJkt

wheresj-<7j-Oj,l'-テJ-TJ,ands^g^srti-gtrV

Conversely,givensj∈X*(M),tJ∈X{M),theabove(3.3)isthoughttobeatrans-

formationofd-connectionspreservingthenon-linearconnection.Thenittransformsa

semi-symmeticMironconnectiontoasemi-symmetricMironone.Weshalldenotethis
K^^^^^^^^^^^^B^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^K
transformationbyt(sj,tJ).LetTbethesetofallsuchtransformations.InTaproduct

isdefinedbythemappingproductt(sJsV)｡t(sj,lJ)-t(sj+豆tJ+V),andwehave

s
Theorem3.2.ThesetTofalltransfon雅ationst(sj,tJ)givenby(3.3),togetherwith

themappingproduct,isanAbeliangroup.Thisgroupactsonthesetofalla-connections
m
effectively,anditactsanthesetofallsemi-symmetricMi讐connectionsFF(N)transitive-
ssβ
ly.ThegroupsTissthedi柁ctproductofitssubgroupsTc-¥t{sji0)∈T¥andTF-¥t{0,

tj)∈T¥:T-TcxTF.

4. Various transformation formulas

β

In order to find invariants of the group T we shall first treat a transformation of

general d-connections, preserving the non-linear connection:

4.1)　　　　　　　Njた-AU FS^F/t-Bj'* C/*-C/*-Dij/c

Proposition 4.1. By a transfonれation (4.1) of d-c抑nections the torsion and curvature ten-

sor fields are transformed as follows:

(4.2)　　　　　　　　テ,･iた- 77九一ォWBA}. c,"- c,rt-JVfc.

(4.3)　　　　　　Ruk-Ruk, Puk- ptJk-Btkj,StJk- StJk+ォUJVl,

(4.4)　　　　　r>i r>i ni71r t¥irt>た.-ォUB/那-B/kBriU

(4.5)　　pi*-piたI pinrl t¥irT) I (r>i ¥l TDrたDril)+{D/¥た-DsnBrlた),
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(4.6)iroMsr-s;*l-D/rs-91inik¥ldrkDA

IfweeliminateRrkifrom(4.4),wehave

Proposition4.2.Thed-tensorfielddefinedby

(4.7K/m-R/m-C/Rrkl

istransfon托edbythetransfonれation(4.1)asfollows:

(4.8)K/M-Kjlm-BjlrTki-&ki¥Bjlk¥i-B/たBr'l

InaMironspace,letusconsiderthed-tensorfields

(4.9)Q霊-Msと-tlgj*)12,Q*Z-WS左+ghigj*)l2,

whichhavethewell-knownpropertiesandplaythesameroleastheoperatorsAi,A2

givenbyM.Obatal7】(cf.【6).

NowJweshalltreatthetransformation(3.3)ofsemi-symmetricMironconnections.

ThenB/k,Drin(4.1)areexpressedasBjlk--2Q?ksT,D/K--2`#r.FromProp-

osition4.1wehave

Proposition4.3.Thed-tensorfieldsT/k,C/K,Su,Pt,K/kl,S/wofasemi-

symmetricMironconnecti㈹aretrans/owedbythetransfo仰ation(3.3)asfollows:

(4.10)テA-TA+2ォl,遁?ksXCtJk-CtJk+2QiStr,

(4.ll)

(4.12)

(4.13)

where

(4.14

(4.15

S/"-S/*-2ォJoanpuk-pt/+2`~)r/c0

度jkl-KSたl+2乳Kl>¥Qjicsrl

SjM-sjtia+mu¥Q誓n

sri- Sr¥i-SrSi-Sr<Ti+(s 2)grl; S-grSSrss

tn- r ,-rji+ fv+(ォ/2)grl; t-grstrts.

5. Invariants of semi-symmetric Miron connections

We have the following important invariants from Proposition 4.3 by the welトknown

elimination method 【41, 【6】.

Theorem 5.1. The following d-tensor fields of semi-symmetric Miron connections are in-

variants of the group T:

(5.1)　　　　　　T' 91たIr^il/(n-1), CtJk-2`3#C7(n-1), C

(5.2)　　　　　Rijk, Si　*+jK¥S錯/(n-1), PtJK-2Ql?Prl(n-1), Pj,

where Tj- T/t, CJ-CtJi, SJ-St", Pt-PuJ, and Ck-cttk, Pj-Pt/.
●
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Theorem5.2.Forn>2thefollowingd-tensorfieldsofsemi-symmetricMironconnec-

tionsareinvariantsofthegroupT:

(5.3)Lj¥i-Kjliti+2<*たi¥QrA{Kn-griKl2{n-¥))¥i{n-2¥

(5.4)M/*'-S/*'+22l*適誓(SrLgrtS/2(n-1))|/(n-2),

whereKjk-K/払S'*-S/*/,K-gJHKJkandS-gtkSik

WeshallshowsomepropertiesoftheinvariantsL/m,Mjihl

Theorem5.3.InaMironspacetheinvariantsLj`払Mjlklofsemi-symmetricMironcon-
m
nectionsFF{N)havethefollowingproperties:

(5.5)Q誓r
<*shi一aisRski,Q*%Msr*l=O,

(5.6)`klニーCsRski>Lj¥i-O;Miikl-Q,MjikJ-O,

(5.7)魯jkl¥L/たJt--C<5jJs与RsHilKn-2);魯ikl:iM/*1-0,

whereCs-Ss+Cs,and魯jKiV'idenotesthecyclicsummation.

771771
FortheproofitissufficienttostudythepropertiesofL/紗Mjformedwithre-

specttotheMironconnection〟*r.

Asisshownin[5],fromthemetricalproperty｡fM*FwehaveQ誓農srた1-0,

Qjr芸rkl=O,fromwhichwehave

(5.8)0*7三Aski-一aisRski,Kiki-一atlsRski,芸ihl=0.

mm0ntheotherhand,fromtheBianchiidentities魯jici¥Kj¥i¥-0,魯tkll&J当-0,wehave

mmmm
(5.9)サォ|JU-c,''a.ォ,ォusJBho.

Thustheprooffollowsinthesamewayasin【6,p.34].

WeshallfinallygiveanexampleofaMironspacesatisfyingLAj-0,M/-0.

Theorem5.4.//theMironconnectionMFhasthepropertiesofh-andv-isotropy:

mm
(5.10)Kjlu-h(S至&Jk-ngji),Sjm-vWgut-tfgu),

whereh{x,p¥v{xyp¥α柁arbitraryfunctionsinT*M,thenforanysemi-symmetricMiron

connectionFF{N)wehave

5.ll)L/ォ-0,M/*l-0.

mm
Indeed,L/たi-OyMj-Ofollowfromtherespectiveconditionsof(5.10).

ItwouldbeaninterestingproblemtocharacterizetheMironspacessatisfying

1/たi-0,Mjlk-0.0ntheotherhand,wecanalsotreatsemi-symmtricmetricald-

connectionsuchthatdeflectiontensorfieldsDJkvanish,andconsidersomespecial

Mironspaces.
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