
A SHAPE-PRESERVING AREA-TRUE APPROXIMATION OF
HISTOGRAM

著者 ATAKI M, SAKAI M
journal or
publication title

鹿児島大学理学部紀要. 数学・物理学・化学

volume 21
page range 1-12
別言語のタイトル ヒストグラムの近似について
URL http://hdl.handle.net/10232/00010052



㌦
才
タ
-
ヒ
r
l
仇
r
J
j

Rep. Fac. Sci.,Kagoshima Univ., (Math., Phys., & Chem.) ,
No.21, pi-12, 1988.

A SHAPE-PRESERVING AREA-TRUE APPROXIMATION

OF HISTOGRAM

M. Ataki* and M. Sakai51

(Received September 1 , 1988)

Abstract.

We shall consider an application of a simple rational spline to a shape-
preserving area-true approximation of a histogram. Our method is situated between

the one on a polynomial quadratic spline and on a piecewise linear function. Some

numerical examples are given at the end of this paper.

1. Introduction and Description of method

We are concerned with a smoothing of a histogram by a simple rational spline.

For thehistogramwith a height h{ on an interval [xi9　xi+i] (0 ≦i≦n- 1), we

demand that a smooth (at least continously differentiable) function / satisfies the

area true conditions :

I;;+1f{x)dx-hiAXi (0≦i≦n- 1)　　　　(1)

where Ax｣-xi+1 -xu

Usually we choose / to be quadratic or quartic splines from a computational point

of view since then the coefficient matrices of the determination of them are diago-

nally dominant. However, they don't always preserve the shape (for example,

monotonicity) of the histogram.

Now by making use of the following rational spline, we consider a shape-

preserving area-true approximation of the histogram. Forp{> -1( 0 ≦i≦n- 1 ),

the spline 5 is defined by
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(i) six)∈Cl [X｡, xn¥

(ii) s(x) isalinearcombinationofl, x, t2/'(1+pit) ( t - (x-Xi)/

AXi ) on [Xi, Xi+i].

Then, by a simple calculation we have

¢(Pi) △ⅩiS′i+l +　{1/2-¢(Pi)} △x,+ {

(¢ipi-1) -

Dk Xi

Pi-1

2 (2+A--J
%i+ l

-/　s(x)dx-

Xt

} Ax,., s',_i

Xi

/ s(x)dx
AXi-t Xi-i

where s/-s′(Xi) and ¢(p) - 鰭

1 +♪i_I

2 +A--i
-¢(A-1) △xf-i] ′i +

(2)

+jog (l+p) }.
♪3

Since 5 depends upon n +　2 parameters, there are two additional conditions

to the area true ones ( 1 ) required for a unique determination of it Here we take

these to be end ones :

s'o=a, s'n=fi.

Forpi-p (0≦i≦n-1), wehave
(3)

Theorem 1. Suppose that △h.≦△hl≦･-≦△hn-2< 0, α≦ Oand2△hn-2/△#72-1≦β

≦ 0. Then the申Iine under ( 1) and ( 3) is decreasingon [箱, Xn¥ for sufficiently

largep.

Byreplacing htwith hn-¥-i {or-hn_!_,), xwith -x, pwithq (-p/(l +p))

and swapping α, β, from above we have

Corollary. Suppose that 0 <△h.≦△hl≦･･･≦△hn-2, 0 ≦α≦ 2△h./△苑and 0 <β

(orAK-2≦△hn-3≦-≦　　0, 2△h./△端≦α≦ 0 andβ≦ 0). Thenthe砂

under ( 1 ) and ( 3 ) is increasing {or decreasing) on [x｡, xn] for sufficiently large

<7.

Next we considerthe casewhen △h.≦△hl≦ - ･ ≦AA*_i< 0 <Ahk≦ ･ ･ ･ ≦△hn-2.

(4)

Then,forp{-p (0≦i≦k-1) ,pk-0 andpt-q (--p/(l+p)) wehave

Theorem2. Supposethat (4), α≦O and O≦β. If
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(Axk+ 2 Ax*_,)

then the砂Iine under (1) and (3) is decreasing on [箱　c] and increasing on

[c, xn¥ for sufficiently large p¥　where c∈　¥%t0　%k+l)�"

2. Proof of Theorems

Before we proceed with analysis, we shall require the following simple lemma.

Lemma. Lets bealinearcombinationof 1, x, x2/(l +px). Thens'(x)≦ 0 on

[0, I] ifandonlyifs'(Q), s′(1) ≦0.

Proof. We only have to notice the equation which is easily obtained by a direct
calculation :

s'{x)-s'(O)+

where

(2x+px2) (1+p)2

(1+px)2 (2+p)

- 1-少x))s′(0)+少(x)s'(1

is' 1 -s' 0

o≦頼-(2x+px2)U-アp)
(-fH
(l+px)2(2+p)≦1

イ

　

　

-

r

�

"

ォ

蝣

ォ

�

"

サ

蝣

I

J

(5)

(6)

Now, from (1)- (3.) wehave a systemoflinearequationsin5′i (/>) (-

S′ (Xi) with the parameter p ) whose coefficient matrix is diagonally dominant for

any p>-1. Therefore, 5′ (p) isacontinousfunctionofp on (-1 ∞).

Letting♪ be +∞ , wehave

(i) S'o(+oo)-a

(ii　△xiS′z+1(+∞)+△Xi-1Sfi(+-)- 2△ht-! (1 ≦i≦n- 1)

(iii) s'n(+oo) -/3

If 2&hn-2/Axn-i<fi< 0, from above we have

s′i(+∞<0　1≦i≦n-1)

from which follows

s′,(/>)<O forp>p｡(l≦i≦n-1)

where, p｡ means a sufficiently large generic constant.

If 2△kn-2 △xn-i-β　we only have

2△h-J△xi-i≦　(+∞) ≦0 (1≦i≦n-1).

(7)

(8)

(9)

(10)
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In this case, a detailed analysis is required to show the desired inequalities ( 9 ),

Now, letting△xi-iS′i (+∞) by dt, from ( 2 ) wehavethefollowingasymptotic

relation :

d,- l △ht-i-△hi+1+ ( 2//OU + (△xi/△Xi-i)di+i- 2 (△xi/△xt-i)△hi.,}

+0(1/p2) (1≦i≦n-1).

Hence we have

(i) eL_!- (A/p)cn-1+O(l/p2)

(ii) dn-2- 2△hn_ - (4/p)cn-2+O(l/p2)

where cn_i-A^_2/A^_2 (< 0) and cn-2-cn-i+ (Axn-2/&xn-3)Ahn-3 (< 0).
Hence, we have

s′n_i(0), s'n-2(p)< 0 forp>po.

If AAB_4/AAB_3-<, by 12 (ii)

2Ahn-J△xn-3<S′n_2 (+∞) < 0

from which follows by 7 (ii) and

s′i (+∞<0　1≦i≦n-3).

Thus we have

s′ApXO forp>p｡ (1≦i≦n-3).

If Ahn-.4-Ahn-.3, from (ii) we have

(i) dn-3- (4/p)cn-3+O(l/p2)

(ii) 4-4- 2△An_5- (4/p)cn-4+O(l/p2)

3円1g

(12

(13

(14

(15

16

17

where cn-z-cn-2+A^_3 (< 0 ) and ch-a-cn-z+ (A^_4/Axn_5)A^_5 (< 0 ). Hence,
wehave

s'n-zip), S′ォ_4(/0 < 0 for p>p｡.　　　　　　　　　　　　　　　　　(18)

By continuing these processes of mathematical induction, we have the desired

inequalities (9).

For0 - 0, as intheprooffor the abovecasewhen 6 - 2khn-i/kxn-u wehave

the desired inequalities ( 9 ), by making full use of the asymptotic relation (12).

Combining Lemma and (9), we have the complete proof of Theorem 1 ,

Next, weshallproveTheorem 2. Lettingpbe+∞in (2) (i-k, k+1),

wehave
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(i) (2△**+ 3△xk-i)s'k(+-)+A**&H.1(+∞) - 6AA*_,

(ii) △**s'*(+-)+ (2△xk+i)S'k+i(+∞)- 6△hh.

From above, we have

(i) s′h(+∞)- (6/ZX) {(2△Xk+ 3Axa+i) △hk_1-Axh△hk)

(ii) s′k+l(+-)-. (6/ZX) {(2△xk+ 3A**_i) △hh-△xkAhk_1〉

where

Dk- (2△xk+ 3△**-i) (2△**+ 3△xk+i)- (△xk)¥

Similarly as in the proof of Theorem 1, if

(i) 2△w△xk-i<S′k(+∞)< 0

(ii) 0<s′k+1(+∞)< 2△h+l (+∞)< 2△hk+1/Axk+u

we have for p >po

(i) s'ApXO　(Ki<k-1)

(ii) s't(p)>0　(k+2<i<n-1).

(19)

(20

(21

(22

Since A/^_2<A/^_i and Ahk<khk+l, conditions 21 (i) - (ii) may be replaced by

(i　2△h-jAXk-^s′k(+∞)< 0

(ii 0 <s′k+l(+∞)< 2△hk/△%k+l.

(23)

By a simple calculation, 23 (i) - (ii) are equivalent to the following inequalities :

(Ax*+ 2 A**+1) - △%k+l

(△xk+ 2 △xk-i)

Hence, under (24) wehave

s'UXo (端<x<xk), s′(x)>0 (xk+1<x<xn) forp >p｡.

24

(25)

Since 5 is a quadratic polynomical on [箱　xn¥, there exists a constant c where 5′

changes its sign from - to +.
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This completes the proof of Theorem 2.

Finally we notice that our spline is represented in terms of R3tP in the case
●

when Xi-i and pi-p.

Letx beanindicatorof (0, 1] and ¢nup (x) be asimplerationalfunction :

cm(p)/( l +px)m+l

¢m,p (*)-

cm(p)/(l+.

o

wherecm(p)isdeterminedby

I三¢m,p(x)dx-1

Then,Rm+hP(x)isdefinedby

Rm+i.p(*)-(r*r*一�"*x*¢m,p.
.)(*)

(0<∬≦1)

( otherwise)

(26

27

28

m

Remark. At the end of this Section, let x(-i. Then we may also consider

another area-true shape preserving approximation of the histogram by use of私♪
([2]).

That is, we take a spline s of the form :
n-1

s(x)-　∑　αiR4tP (x-i)
r=-3

with undermined coefficients (as, ar_2,�"�"�", an-¥) so that

I-1

s(i)-　∑　hj(0<i<n)
EiL由り

(29

(30)

for any constant h-u

Then, s'is an area-true shape preserving approximation of the histogram with the

height hi over [/, i+ 1 ] forp sufficientrylargeorcloset0 - 1 accordingtothe

shapeofit. For e -/-s', wehave

2　3+3♪+♪2)

♪2

{(1 +♪)2ei+ei+1+ (2+p)2ei-1}

12(3+3♪+♪2)
/ォ"+蝣 (31

/I+1/(x)dx (0≦i≦n-1).

On the other hand, by a simple calculation we have the following consistency

relation for私♪ :
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A shape-preserving area-true approximation of histogram
●

4+3♪

2(2+♪)
-2¢(/サ} s{+ {¢(/>)-

- (1/2) (f>+1s(x)dx+f ' s(x)dx).

Hence, we have

¢(p)ei+1+ i

-くさ(♪)-

4+3♪

2(2+♪)

4+5♪

12(2+♪)

where e-f-s.

-2¢(*)}*,+ {¢(/>)-

} /�""+蝣

(~育~す+ ▲VB＼右　　>
(♪>-1 ♪≠0).

2(2+♪)

2　2+♪)

} si-i

} e｣-i

7

(32

33

Here, by a simple calculation and a numerical computation, we see that the ratio

ofthecoefficientof//'in (33) andtheonein (31) wouldgofrom 1/5 to 1

as♪goesfrom 0 to +∞ (or- 1+), wherethecoefficientsin (33) and (31)

are givenbyp2 /60+O(p3) andp2/12+0(p3), respectively. For example, the

above ratio is about 0.6-0.8 at♪- 1 -10. Therefore, our method would be superior

to the one with R4tP if we would use the same value of p.

3.　Numerical Illustration

For a determination of an appropriate initiial value of少, we shall show the

following inequality that implies a positiveness of the coefficient of /" in (33)

(1+♪)2　r I 1 , log(l+♪) ＼　4+5♪

(2+♪)

This is equivalent to

12(1+♪)

(l +p)2log (l+p)>p+3♪2/2+p3/S-p4/12　(p>0)

34

35

where for - 1 <♪< 0, we take the reverse inequality in (35).

Here, let us denote a difference of the left hand side and the right one of (35) by

2g(少. Then

g′(0)-*〝(0)-0, ｣<3)(♪)-♪7 1+♪)

from which follows

36
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gip)- (1/3/) ir(3)(｣) (o≡号;*>. 37

This completes the proof of (34).

Since the coefficient of//'in (33) gets its minimum at p- Oand then the

method is of order 3 , in practical computation it would be sufficient to increase

(or decrease) the parameter ♪　starting at zero, until the curve is satisfactory.

The last six examples are for the histograms given by fixj-e�"(r>- 1).

Especially the last three ones (FIGS 7 -9) show that the method is reliable and

efficient even for not so well behaved histograms obtained from integrals in which

integrands have endpoint singularities.
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FIG. 3
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FIG. 4 (f(x)-x---8)

FIG. 5 (f(x)-x---5)
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FIG. 6 (f(x)-x8)

FIG. 7　<i(x)-x-o-9)
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FIG. 8 (f(x)-x---99)

FIG. 9 (f(x)-x---999)


