SOME REMARKS ON LINEAR FINSLER CONNECTIONS

0d HASHIGUCHI Masao

journal or OO00O00OD0OoO000. ooooooooo
publication title

volume 21

page range 25-31

Oooooooo Ooooooooooooooooono

URL http://hdl_handle.net/10232/00010053




Rep. Fac. Sci.,Kagoshima Univ., (Math., Phys., & Chem.),
No21, p25-31, 1988.°

SOME REMARKS ON LINEAR FINSLER CONNECTIONS

Masao HasHiGucHI*

(Received September 10, 1988)

Abstract

In the present paper, we discuss the condition that any Finsler connection in a
Finsler space be linear, and especially give the characterization of Cartan type.

Introduction

Let (M, L) be a Finsler space, where M is a differentiable manifold and L (x, .
y) (y"=}ci) is a Finsler metric function on M. The fundamental tensor field g;; is
given by g,;= (8,9,L? ) /2, where 3,=3/8y‘. We shall express a Finsler connection
FI' in terms of its coefficients as FI'=(F;,, N, C,). Various distinguished
tensor fields are defined as follows: U,;z= (gi;) /2, Diy=y7F;i,— Ny, Piyy=9,Ni,—
Fi;, Tiw=F,—Fi; and Piiu=8.F;y— Cius+ CiinP ™, where a short bar denotes
the k-covariant differentiation.

A Finsler connection FI" is called /inear if the coefficients F}i, depend on
position alone: 3, +»=0, since then (F;,) defines a linear connection on M.

A Finsler space is called a Berwald space if the Berwald connection is linear. A
Berwald space is also defined as a Finsler space whose Cartan connection is linear,
and is characterized by the well-known condition C;;.,=0, where C;;,= (éz&j) /2.
Suggested by Wagner [9], the author generalized the notion of the Cartan connec-
tion, and gave a characterization of linear generalized Cartan connections (cf.
Hashiguchi [2, Theorem 1], Hashiguchi-Ichijyo [3, Theorem 3]). Recently, Prasad,
Shukla and Singh treated k-recurrent Finsler connections, and obtained the condi-
tion that such a Finsler connection be linear (cf. [7, Theorem 1.1], [8, Theorem
3.1]). On the other hand, in order to study conformal changes of a Finsler metric L
on M, Ichijyo has introduced the notion of (L, N) -connection, where N is a fixed
non-linear connection, and given the condition that such a Finsler connection be
linear (cf. [4, Theorem 3]).
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The above Finsler connections are of special type among general Finsler
connections. In their recent paper [1], Aikou and the author expressed any
Finsler connection in terms of some distinguished tensor fields. From this stand-
point, in the present paper we shall generally discuss the condition that any Finsler
connection in a Finsler space be linear, and give various characterizations in terms
of such tensor fields. In the first section we give characterizations in terms of Uj;,,
Pi,, P, (Theorem 1.1) and in terms of U, Pi;s, T;'x (Theorem 1.2), and in the
second section the characterization of Cartan type, i.e., in terms of U, D, T;%
(Theorem 2.1). Theorem 1.2 shows that Theorem 3 of [4] is due to U;z= T;%.=0,
and Theorem 2.1 gives other expressions for Theorem 1.1 of [7] and Theorem 3
of [3] (Theorem 2.2 and Theorem 2.3 ).

The motive of the present paper is influenced by the above literature. The
author wishes to express here his sincere gratitude to Professor Dr. M. Matsumoto
who drew the author’s interest to the subject.

The terminology and notations are referred to Matsumoto’s monograph [5].

1. Linear Finsler connections
Given a Finsler connection FI'= (F;,, N, C;’,), we can associate the Finsler
connection 'FI'= (F;t,, N%,, 0) with FI. Since the hv-curvature tensor field 'P? of
"FT is given by
(1.1) ’})jikz:éz Wk
we have

Proposition 1.1. A Finsler connection FI is linear if and only if the associat-
ed Finsler connection 'FI' has the vanishing hv-curvature temsor field 'P2.

Now, we shall consider the problem on a Finsler space (M, L). Since the
v-connection is unessential, we assume that C;;, C;%, are always

(1.2) Cin= (ékgz‘j> /2, Ci'e=8"Cims,
where (g¥) = (g;;) ~*. It is noted that contrary to the notation in [1] we put
(1.3) Uiin= (gijin) /2.

Throughout the present paper the following Proposition and Lemma are
useful.
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Proposition 1.2. (1) FI" is v-metrical: g, = 0, where a long bar denotes the

v-covariant differentiation.
(2) FI satisfies the C,-condition: y’C;*,=0, and we have

yilk:Dik,' ViCiur=—CiuD%, y°Ciipi=—C;'D’..
(3) Uijn is symmetric in i, j: U= U, and we have
gjmci’muk = Cijur— 2 UimC:™.

Lemma. In a Finsler space (M, L), a Finsler connection FI" = (F;i,, N, C;i)
satisfies the following formulas:

(1.4) Cisue=CijmP™u+ éLUijk+ (gmjéz imk+gimél jmk) /2,
(1.5) Piu=Pi,+ éLDik+ Cn'lD™,,
(1.6) PijkL:gjmél "2 Usma iml_(cijllk—cijmpmkl),

(1-7) Pijkl = mij {Cjklli_ Cjkamil_ éLUjm’} + (2 Ujmk iml_ élUijk) + Aijkz,
wheve we put Pijn=gimP:™w, and
(1.8) Aijr= (gjméLTimk +gimélTkmj—gkm aLTsz) /2,

and U;; { <<+ } denotes the alternating summation . U {F";}=F™—F;", and
the subscript 0 the contrvaction by v’ . Pyin=y’P;' .

Proof. (1) Let ' FI"' = (F;*,, N, 0) be the Finsler connection associated with FTI".
Under the process from FI" to 'FT', the (v)hv-torsion tensor field P! and the
h-covariant differentiation are unchanged. The v-covariant differentiation is noth-
ing but the partial differentiation by y‘. Applying to g;; one of the Ricci identities
with respect to ' FI", we have from (1.1)

(1.9) él(gijlk) - (ézgﬁ) = (gmjéz imk+giméLijk+ (amgu) Pmkl) .

(1.4) follows from (1.2), (1.3).
(2) (1.5) and (1.6) directly follow from

(1-10) Pjikzz o jik_ Cjillk+ Cjiumkt-
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(3) Applying to g;; one of the Ricci identities with respect to FI", we have
(1.11) Gl — Giflur= — (miP ™+ &imPi™u+ 8ismCe™),
which is reduced to
(1.12) Poiut Piu=2(UniC:™sF UmaCi™i— 0,.Us) .
Substituting the expression for gj,,,él ™, from (1.6) in gjmélTl-"’k=

A, {gmd.F™,} , and calculating the right-hand side of (1.8) by the Christoffel
process, we have (1.7) from (1.12). Q.E.D.

From (1.4) and (1.6) we have the following characterization of a linear Finsler
connection in terms of Ujjs, Pijs, P/u.

Theorem 1.1. In a Finsler space, a Finsler connection FI'= (Fy'x, Ny, Ci'%)
is linear . 0.,F;,=0, if and only if FI satisfies the following conditions .

(1.13) Cijur=CijmP ™+ élUijk,
(1.14) Piju=2U;n:C;™— élUijk-
Paying attention to (1.7), the condition (1.14) is equivalent to 4;;,=0 under

the condition (1.13). Taking the alternating part in ¢, & of 4,;,, the condition 4;;,, =
0 is also equivalent to

(1.15) 3.T;,=0.

Thus we have the following characterization of a linear Finsler connection in terms
of Uin, Pij, Tj's.

Theorem 1.2. In a Finsler space, a Finsler connection FI' is linear if and
only if FI satisfies the conditions (1.13) and (1.15).

Especially, in the case that FI' is metrvical: U;;,=0, and has the vanishing
(h) h-torsion tensor field: T;, =0, then FI" is linear if and only if FI' satisfies
the condition

(1.16) ’ Cisue=CijmP™u.

Given a non-linear connection N in a Finsler space (M, L), Ichijyo [4]
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introduced a Finsler connection called the (L, N)-connection and the tensor field
QijkL: ijle Ci_,'m Pmkl’ and showed that Qijkl=0 is the condition that it be linear. In
fact, the (L, N)-connection is characterized by U,;,= T;',=0.
2. The characterization of Cartan type

The Cartan connection of a Finsler space is characterized as the Finsler
connection with C;’, given by (1.2) and satisfying U,;,=D%.= T;,=0. So we hope
to characterize a linear Finsler connection in terms of Uj;,, D, T;i.. In the condi-
tion (1.13) of Theorem 1.2, we can replace P?, by
(2.1) Pi,=— éLDik’

and we have

Theorem 2.1. In a Finsler space, a Finsler connection FI is linear if and only
if FI satisfies the conditions (1.15) and

(2.2) ’ Cijllk: - CijmélD Mt éLUijk-
PrOOf. Let 'FI:' be linear. SUbStituting Nik:yj jik_Dik in Pikl: élN ik—Eik, we
have (2.1) from 9,F;,=0, and so (1.13) becomes (2.2).
Conversely, assume that FI" satisfies (1.15) and (2.2). Contracting (2.2) by ¥?,
we have
(2.3) CiiD%= _yiélUijk-
Since (1.15) yields 4., =0, the condition (2.2) reduces (1.7) to
(2.4) P = — Ui Coam (Pt 3.D™) }+ QUimaCi™— 8.Usie) -
Contracting (2.4) by y¢, we have from (1.5), (2.3)
(2-5) Pi,+ éLDik: —Ci'm (P’”oz+y’ézD mr) ,
from which we have (2.1), and so (1.13). Q.E.D.

As is shown in the above proof, we have
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Proposition 2.1. In a Finsler space, if a Finsler connection FI" is linear, FI"
satisfies (2.1), (2.3), and

(26) yiyjélUiijO.

(2.3) is the consequence of (2.2), and so of 3,F;,= 0. (2.6) follows from(2.3).

Now, we shall discuss some special cases. In a Finsler space (M, L), a Finsler
connection FT is called h-recurrent if there exists a covariant Finsler vector field
a,(x, y) satisfying

2.7 Zijin= Qi)

that is, 2U;;,=aug:; (cf. [7, 8], Miron-Hashiguchi [ 6]).
If an A-recurrent Finsler connection FI" is linear, we have from (2.6)

(2.8) 8.a,=0,
that is, a, depend on position alone. Then we have
(2.9) élUijk:akCijl-

Thus we have

Theorem 2.2. In a Finsler space (M, L), an h-recurrent Finsler connection FI'
is linear if and only if FI' satisfies the conditions (1.15), (2.8) and

(2.10) Cijllk - Cijm él-D "t akcijl-

Paying attention to (2.3), (2.9), it is shown that the condition (2.10) in Theorerm
2.2 is equivalent to the following two conditions in Theorem 1.1 of [ 7] :

(2.11) CiD%=10,

(2.12) Cison= Cim D™+ axCi;.

It is noted that these conditions are expressed as the single condition (2.10) by
using the partial derivative instead of the v-covariant derivative, and the additional

condition A,;,= 0 is reduced to the simple conditions (1.15), (2.8).
Especially, for a metrical Finsler connection we have
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Theorem 2.3. In a Finsler space (M, L), a metrical Finsler connection FI'
is linear if and onmly if FI' satisfies the conditions (1.15) and

(210') C,'ﬂ'k: —Cl'jm élek.

The condition (2.10") in Theorem 2.3 is equivalent to the two conditions (2.
11) and

(2.12) Cime= CijmllD ™

which were given in Theorem 3 of [ 3].
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