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Abstract

We give a nonstandard representation of Fourier transforms of continuous
functions on compact abelian groups. Applying the representation, we prove the
Bochner-Weil theorem on compact abelian groups.

Introduction

Let G be a compact abelian group with dual F. We denote C(G) the space of all

continuous functions on G and define the Fourier transform 育 of f ∈ C(G) by

f(γ-/｡ fォ<-Ⅹ,γdx (γ∈r)･

In 1 , we represent G and F by * -finite abelian groups and give a nonstandard

representation of functions in C(G)and their Fourier transforms. In [2, 6.5

Theorem], Luxemburg has given a nonstandard proof of the Bochner's theorem.

Using o叩representation, we give a nonstandard proof of the Bochner-Weil theo-

rem on compact abelian groups in 2. It is simpler than the proof in [ 2].

Throughout the present paper, we adopt a nonstandard set theory NST in [ 1 ]

to express nonstandard analysis by axiomatic method. For example, every standard

infinite set has nonstandard elements.

1. A nonstandard representation

Theorem 1. Let G be a standard compact abelian group with dual F. Then there
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existaninternalclosedsubgroupHofGanda*-finitesubgroupDofG/H

satisfyingthefollowing(i)-(vi):

,i)LetAbetheannihilatorofH.ThenTCA,whereTisthesetofall

standardelementsofY.

,ii)LetAbethedualofDand㊨:A-Abethenaturalmapping.Thenthe

restrictionof㊨toTisone-t0-one.

iii)Let首:G-G/Hbethenaturalmapping.Thenforeveryx∈Gthereisy

∈Gsuchthat古(y)∈Dandx記y.

jv)Supposethatf∈C(G)isstandard.Definetheinternalfunction◎V)∈

C(G/H)by

･(/O(｣(*))-/f(x+h)dh(｣(*)∈G/H)

andlet甘if)betherestrictionof◎if)toD.Ifx∈Gand｣(x)∈D,then

fix)ォ甘if)U(x)).

///∈C(G)isstandard,then

lfix)dx

JG記D2甘if)it),

where¥D¥isthecardinalofD.

.vi)///∈C(G)andγ∈rarestandard,then

K^i
j(γ)～～甘V)(㊨(γ)).

Proof.Let{FJbeanyfinitesetofstandardfinitesubsetsofF.Thenthereis

astandardfinitelygeneratedsubgroupAofFsuchthatF,CAforeachj.Bythe

saturationprinciple,thereexistsaninternalfinitelygeneratedsubgroupAofFsuch

thatF⊂AforallstandardfinitesubsetFofF.LetHbetheannihilatorofA.Then

H⊂UforeveryneighborhoodUof0inG.SincetheinternalgroupG/His

topologicallyisomorphictothedirectsumofa*-finitedimensionaltorusgroup

anda*-finiteabeliangroup,itfollowsfromthetransferprinciplethatforany

finitesetofneighborhoodsV,of0inG/H,g^∈C(G/H),yj∈A,andstandard

｣;>0(j-l,2,�"�"�",n),thereexistsa*-finitesubgroupDofG/Hsuchthat

∀t∈G/H∃W∈Dt-w∈u,�"(1)

yj∈A(A,D)-y,-Oi�"(2)

/G/H^(t) dt- D &*(t) <｣,　　　�"(3)

fro eachj (j-1,2, -,n), whereA(A, D) istheannihilator ofDinA. Put
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m- u[u] : U is a standard neighborhood of 0 in G}

K- 〈◎(f) : f is a standard function in C(G)}.

Since M and K are S-size, it follows that for any finite sets of V,- ∈ M, g, ∈ K,

standard ys ∈ r, and standard ｣,�">0(j-1,2,�"�"�",n), there exists a *-finite subgroup

D of G/H satisfying (1ト(3)for each j-l, 2, - n. The saturation principle implies

that there exists a *-finite subgroup D of G/H such that for any V ∈ M, g ∈ K,

standard γ ∈ I¥ and standard g>0,

∀t∈G/H　∃W∈D t-w∈Ⅴ;

γ∈A(A,D　-γ-0;

Jemg(t)dt-12g(t)

t牀D

Let△-A/A(A,D).Then△isthedualofD. From(5),wehaveT n A(A,D) - {0}

and so (ii) follows. By (4) and the saturation principle, there is w ∈ D such that for

any standard neighborhood U ofO inG, t-w ∈首[U]. Thuswe obtain (iii). From

the continuity of g, we obtain(iv). Let fbe a standard function in C (G). From (6) and

the fact that

/ f(x)dx -J｡/H ◎(f)(t)dt,

we obtain (v). Suppose that f ∈ C(G) and γ ∈ r are standard. Then it follows

from (v) that

n
H
H

G

n
H
u

こ

し

　

肌

uγ
(今

川

1

IE

1
(Ⅹ)て嘉｢獅Ⅹ記D2

t｣D甘(fy)(t)
∑甘(f)(t)有印丁-拾f)(㊥(γ)).

t∈D

This completes the proof of the theorem.

2. An application to positive-definite functions

Applying Theorem 1, we obtain a nonstandard proof of the Bochner Weil
theorem.

Theorem 2 (Bochner-Weil). Let G be a compact abelian group with dual V

and f be a continuous positive-definite function on G. Then /(γ) ≧ 0 for all γ

∈ T and grf(γ is finite.
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Proof.FirstletDbeastandardfiniteabeliangroupwithdualAandfbea

ノヽstandardpositivedefinitefunctiononD.Itfollowsformthedefinitionoffthat

?(*)-青息f(x)(-x,c?)-青息f(x-y)(-x+y,<?)(tf∈△,y∈D)･

Summingovery∈D,wehave

DI?(*)-ふ22f(x-y)(-x,fi)

x牀Dy牀Dてこ訂す≧o(6∈△)･

Alsowehave2号(*)-f(0).

NowsupposethatGisastandardcompactabeliangroupandfisastandard

continuouspositive-definitefunctiononG.Thenthereexistaninternalclosed

subgroupHofGanda*-finitesubgroupDofG/HasinTheorem1.Ifgisan

internalfunctioninC(G/H),thenwehave

JG/HJG/HJ(u)訂訂輔(u-v)dudv

-/｡/><*<*サ亘て師汀f(x-y)dxdy≧0･

ThisshowsthatO(f)isinternallypositi

Bythetransferprinciple,wehaveNIFu)て忘definiteonG/H,andsoisW(f)onD.

>0foralldEAand2･(f)(S)=

●

甘(f)0).Ifγ∈risstandard,thenitfollowsfrom(vi)inTheorem1that

^3f(γ)記せ(f)(0(γ))

Since the right hand side is non-negative, it follows that f(γ) ≧ 0 for all standard

γ ∈ F. Let {yu�"�"�", ym} be anystandardfinitesubsetofI¥ Since㊥(n),　㊥(γm)

are distinct by (ii) in Theorem 1, it follows that

呈*(*)(e(y,)) ≦ 2 ･(f)(tf) - ･(f)(0).
j=1

Taking the standard parts, we have

呈uyj) ≦ f(0)
j=1

This implies that ∑ぞ(γ) is finite. The proof of the theorem is complete.
γ∈r
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