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§1.Introduction

LetFbeaHilbertspace,a{�",�"):VxV-*RbeacontinuousV-ellipticbilinearform,and

/:V-*Rbeacontinuouslinearform.Thentheabstractvariationalproblemis:Findan

elementusuchthat

u∈Vand∀V∈V,a(u,v)-f(v).(1.1)

BythewellknownLax-Milgramlemma,theproblemhasoneandonlyonesolution.

GivenaboundeddomainQwithboundaryFinRn,thespace2b{Q)consistsofinfinitely

differentiablefunctionsv:Q→Rwithcompactsupports.Foreachintegerm>0,theSobolev

spaceHm(Q)consistsoffunctionsv∈L2((2),forwhichallpartialderivatives∂αv(mthe

distributionsense)回<m,belongtothespaceL2(｣2),i.e.foreachmulti-indexαwith|∝¥<m,

thereexistsafunction∂av∈L2(Q)whichsatisfies

･¢∈o(fl),iD∂*v<j>dx-(-1)W¥vdォ(f>dx.

WenotethespaceHm(Q)isprovidedwiththenorm

l帖n-(X

¥ォ¥<miD桝%dx)-

and

Mm,ォ-(ift¥d*v¥2dx)2

isasemi-normoverit.NowcorrespondingtotheSobolevspaceHm(Q)anotherSobolev

spaceiseffectivelyconsidered,whichisH%(Q)-爾closurebeingtakenwithrespectto

thenorm||�"||m,fi.

Nowasanexplanatoryexampleoftheaimofthisreportwementiontheproblem(1.1)

withthefollowingsped丘cations:●
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(1.2

where a∈LHQ¥ a>O a.e. on Q, f∈LHQ). In order that the problem (1.2) satisfies the
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condition of Lax-Milgram lemma, it is useful to use the fact that the semi-norm |�"¥1 Q is a

norm over the space Hq(Q), equivalent to the norm I Ij Q, (cf. theorem 2-1). Indeed, by

dint of the relation

∀V ∈ Hk(Q),　a(v, v)> in∑ (d-oYdx-回書,o>Qi=l

itholdsthata(�",�")isV-elliptic.

Furthermore,tothesolutionof(1.2)wecanassociatethesolutionofthefollowing

boundaryvalueproblem:

-Au+au-finQ(1.3)

u-0onr.

Inthispaper,weshallstudyvariousrelationsbetweenthenormandthesemi-norm

overseveralSobolevspaceswhicharefoundusefulinthefiniteelementmethod,(cf.Ciarlet

[2]and[31).

§2. The norm and the semi-norm over the Sobolev space Hm(Q)

Theorem 2-1 is well known but since it forms the basis of our argument, we dare to

give its proof. Theorem 2-2 is about a mixed boundary value problem, and Theorem 2-3

deals with the space of the type Hm(Q) ∩ HUH L(G).

Proposition 1. Let a function f defined on an interval I be locally integrable.

Assume that the distributional derivative g of thefunctionf is also a locally integrable

function. Then thefunctionfis absolutely continuous on I and it holdsf'(x)-g(x) a.e. in

∫. □

The proof may be found m Shibagaki [8] or Liusternik and Sobolev [6].

Throughout this paper, let C (or C(Q)) denote constant, not necessarily the same in its
●

various occurrences.

Theorem2-1. Let m be an integer^!. Let Q be a boundeddomaininRn. Then

the semi-norm I　暮fa is a norm over the space鞘(｣2), equivalent to the norm ||�"¥¥mtQ.

Q being bounded, there exists a constant C(Q) such that

Vv∈HMQ),､回O,nくC(Q)回i,r}> (2.1)

theinequalitybeingknownasPomcare-Fnedrichsinequality.

Nowsincetherelation∀V∈m(Q¥∂αV∈Hk(Q)with図-1holds,wecanwrite¥d*v¥QQ

<C(Q)¥∂ijafor図-1bymeansoftheaboveinequality(2.1).Thuswehaveimmediately

回l.fi^*<C(fi)回2,fl

andconsequently

回oa<C(Q)¥v¥2tii.
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Byrepeatingthesameprocedure,weobtain

回m-l,fl*=s<C(G)回m,Q

mw

回oji<C(0)回m,Q'
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(2.2)

(2.3)

Assume that v is a function H^(Q) which satisfies ¥v¥m#-0. Owing to (2.2) and (2.3), it

follows回Oja-0, which implies that t;-0 a.e. in Q, so that v-0 in the space H^Q). (More

precisely, by Proposition 1 we can conclude that the function v is absolutely continuous, so

that t;-Oin fi.) Thusト　nqis a norm over the space H^(Q).

Next we show that the norm |�"¥mQ is equivalent to ||�"¥¥mti9 i.e. that there exists a con-

stant C(Q) such that

Vv ∈ HSKfi),　洲m,O^< C(G)回mtQ*

Using (2.1), we have for ∀V ∈Ha(Q),

=柚子,Q-回O.G+回書.o<C*(fi)回書,o+回書,0-

Thus l i,aくC(fl)回1,Q-

Assume that for ∀V ∈ H野-1(fi),

wwm-lfiく　　回m-l,Q*

(2.4

2.5)

Then using (2.5) and (2.2), we have (2.4) for ∀V∈耶(Q). So the proof is complete. □

The following theorem may be considreed as an extension of Theorem 2-1.
●

Theorem2-2. Let Q be a bounded domain inRn. LetF bethe boundaryofQ such

thatr-r｡〕ruandFo〔Tl-¢　Let V-{v∈Hl(Q); v-OonFo}9 which is a subspace of

HHQ).

Then ifJHO has a strictry positive measure, i.e. meas(JHO)>0, the semi-normト1,0 is a

norm over the space V, equivalent to the norm ||�"¥¥1Q.

Proof. First we show that the space Fis a closed subspace of Hl(Q). Let {vk} be a

sequence of functions vk∈ V which ocnverges to an element v∈HHQ) with respect to the

norm I li,ォ, i-e. vk∈V-V∈HHQ). From the trace theory, we have that

∀V ∈ H¥Q),  IMIIo,r< C(f2) |M| 1)fl,

where tr denotes the trace operator. Thus the inequality

Mv-M>llo,r< C(｣2) K-t;|| 1>fi

holds, so that we have

to-tM¥O,r-0　(k-∞)･

Therefore by a theorem in Lebesgue integration theory, there exists a subsequence {vi} such

that trvt->trv a.e. on J¥　Since vteV, we have ^-0 on rO? so that we obtain v-0 on rO.
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Thusv∈V,whichprovesthatVisaclosedsubspaceofHHQ).

Nextletusshowthatthesemi-norm|�"|xQisanormoverthespaceV.Letvbeafunc-

tioninthespaceVwhichsatisfies回i,fl-0.回!^-0implies∂αV-Qwith図-1a.e.inQ,

butsincebyProposition1,thefunctionvisabsolutelycontinuous,thefunctionvisacon-

stantinQandhencetrvisthesameconstant.Thatthisconstantiszerofollowsfromthefact

thatv-0onFoandmeas(ro)>0.

FinallyweshowthatthetwonormsトIijjand‖¥1Qareequiva】entoverthespaceV.

AssumethatthetwonormsarenotequivalentoverV.Thenforanarbitrarylargeconstant

C,theremustexistsomefunctionv∈Vsuchthat|H|lfl>C回xQ.Thenwemayfinda

sequence{vk}offunctionsvk∈Fsuchthatontheonehanditholdsforanyk¥¥vk‖lfi-l,and

ontheotherhandlim¥vk¥ltQ-0.Rellich'stheoremtellsusthatanyboundedsequencein

k一(刀
thespaceHl(Q)containsasequencewhichconvergesinL2(Q).Thuswecanconcludethat

thereexistsasubsequence{v,}offunctionsv.∈VwhichconvergesinthespaceLHQ)and

whichissuchthatlim|^|lf2-0.Nowsince|ty-tvlo,a

l-+c｡JO(1,1′-∞)and|t>j-ivli,nく
サIll.O+lサI'll.0-0(1,1′-∞),wehave¥¥vi-vv1,Q-0(1,1′-∞),sothatthesequence{vtfis

aCauchysequenceinthecompletespaceV.Thereforeitconvergesinthenorm‖ll,13to

anelementv∈V.Since回1>ft-lim|i;j|10-0,it土ollowsthatv-0,whichisincontradiction

lーCX)
with||04日i,fl-lfor∀k･□

NextweconsiderthespaceofthetypeHm(Q)∩H冴-1(Q)foranyintegerm>2.These

spacesareimpoHantintheanalysisofboundaryvalueproblemofbiharmonicequation.●

Theorem2-3.LetQbeaboundeddomaininRn.LetV-Hm(Q)∩H冒-1(｣2)forany

integerm>2.Thenthesemi-norm|�"¥mtiisanormoverthespaceV9equivalenttothe

normlm,Q'

Proof.Firstweshowthatthesemi-norm|�"¥QisanormoverthespaceV.Letvbe

afunction∈Kwhichsatisfies回,ォ-0.回ttQ-0implies∂∝0-0with回-ma.e.inQ,so

thatbyProposition1,thefunctionvisapolynomialofdegreeくm.Andsince∂ォt;-0with

回<m-2onr,wehavei?-Oin｣2.Thusト¥mtQisanormoverthespaceV.

FurtherwecanshowbythesameprocedureasthefinalpartoftheproofofTheorem2-2

thatthesemi-norm|�"¥mfQisequivalenttothenorm||�"¥¥Q.Butinthiscase,wemustuse

themoregeneralKondrasov-Rellichtheorem.□

§3. The norm and the semi-norm about a three-dimensional elasticity problem

We consider the product space (Hx(Q)y for a bounded domain Q in U3 with Lipshitz

continuous boundary. Let

V-{v-(vuv2,v3)∈(HHQ)y;v-0 on f｡, 1く

where Fo is a subboundary of F. The space yis provided with the product norm

t^^^^^^^^HQ

,v l.fl-(∑ Ml号,ォ)了　for Vt7-(サ1,v2,v3)∈(HHQ))3.
i=1
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Let s (V)-eji(v)-チ(djVt+∂iVj), (i,;-l,2,3),
and we de丘ne the semi-norm

3ユ

ォl=( Z K(v)¥iny.

Now the following inequality is known as Korn's inequality, whose proof may be found
●          ●

in Duvaut and Lions [4], which tells us that there exists a constant C(Q) such that

∀v-(vl9 v2, v3) ∈(W(Q)Y,

酬1訴C(Q)( t ¥*t{p)¥fa+ t ¥viは,a)i 3.1

Theorem3-1.LetFoczrandFohavestrictlypositivemeasure.Thenthesemi-norm

lv¥isanormoverthespaceV,equivalenttothenorm‖v1,Q-

Proof.ThefactthatVisaclosedsubspaceof{HHQ)ymaybeprovedbythesame

procedureasthefirstpartoftheproofofTheorem2-2.

Itisshownthatthevectorv∈(HHQ))3whichsatisfies|u|-0isoftheformv(x)-axx

+bforsomeconstantvectorsaandfe.(cf.HlavacekandNeとas[5]).Sincev-0onfo

andmeas(To)>0,a-6-0,sothatv(x)-0.Thus¥v¥isanormoverthespaceV.

Thefactthats^v)onlyinvolvescertaincombinationsoffirstderivatives,namelyfi^(v)

-TO;サ.+∂tvj)9while酬!qinvolvesallfirstderivativestellsusimmediatelytherelation:
二二

ThereexistsaconstantCsuchthatfor∀V∈(W(Q)Y,

33
IMォ)16,0+

i,J=l是槻<c
fl=*:‖蝿D'

Thustheoppositeinequalityto(3.1)isdeduced,sothat(3.1)isequilvaenttosayingthat

3JL
(M2+∑困Io)2isanormoverthespaceV9equivalentt0日vi,0-

i=1
NextweshowtheexistenceofaCo>Osuchthatfor∀v-(vuv2,v3)∈V,

ォy(ォ)lo,o>Co¥vi¥0,n　(Uj-1, 2,3) (3.2)

Byreplacingvtbytyltylo,&>wemayassumethat困Of2-l.Thenwehavetoprovethe

existenceofaCo>OsuchthatVv∈V,¥｣ij(v)¥ofQ>Co.Wearguebycontradiction.Ifthe

resultwerefalse,thereshouldexistasequencern-(uMi,vn29vn3)with|^lo,r2-1and¥eu(vn)¥09a

→0(n-oo)(i,j-l,2,3).Accordingto(3.1),wethenhavelvn||xa<constant.Thenby

Rellich'stheorem,wecanselectasubsequence{vt}offunctionsvt∈(HHQWwhichcon-

3
vergesinthespace(L2(i2))3andwhichissuchthatlim¥vt¥2-lim]｣¥8a(vi)¥on-Q>

1-+｡oJ->｡Oi,/=l
Thusthesequence{vt}isaCauchysequenceinthecompletespace(H^Q))3andthereforeit

convergesinthenorm‖･‖1QtoanelementveiH^Q))3.Since|u|-lim¥vt¥-0,wehave

1-+｡｡
t?-0.Thiscontradictswiththeassumption¥vni¥Qn*=l.Thuswehave(3.2),whichshows

by(3.1)thatthereexistsaconstantC(Q)suchthatfor∀V∈V,

Hmij}<c(Q)¥v¥
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The proof is complete.口

§4.Thenormandthesemi-normoverthespaceWm>?(Q)

Foranyintegerm>Oandanynumberpsatisfyinglくp<の,theSobolevspaceWm>P(Q)

consistsofthosefunctionsv∈LP(Q),forwhichalldistributionalderivatives∂avwith回くm

belongtothespaceLP(Q).

WeprovideWm>p(Q)withthenorm

･¥m,p,Q-(長mia¥dav¥i>dx)五

fafil割

V¥m,p,0-(,∫¥d*v¥pdx)p.

Q

WedefinetheSobolevspaceWS>p(Q)-香南closurebeingtakenwithrespecttothenorm

Jf･Im,p,｣2'

Inthissection,westudytherelationofthenormandthesemi-normoverthespace

Wm>p(Q)asanextensionofthecaseofthespaceHm(Q).

Theorem4-1.LetQbeaboundeddomaininRn.Thesemi-norm|�"|mpQisanorm

overthespaceW%>P(Q),equivalenttothenorm||�"¥¥mtpfQ.

Proof.Firstweprovethenextinequality-generalizedPoincareinequality:There

existsaconstantC(Q)suchthatfor∀V∈W冒>(Q),

回O,p,QくC(Q)回l,p,Q-(4.1)

Letx-(x′,xn),wherex′-(xl?...,xn_i)andlet[a,b]betheboundofQofabscissaalong

theaxisxn.Thenfor∀V∈@(Q),wecanwrite

Ja∂Ax',t)dt.

●Here,usingHolder'sinequality,

K*)l<()aM*'>ON')¥)adx)l>

where ‡+⊥-1･Q
And there exists a constant C such that

|t<x)|'< C

Therefore　回),pin- iD

¥onv(x′, t)¥'dt.

¥v(x)¥pdx

･ c f丑∂nv(x', oN') dx
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･ C(∫: dxt蝣XLn丑∂Ax', t)-pdt) dx′)
くC¥dHv¥lpao

くC回号,p,n-

Thus since @(Q) is dense in W冒P(Q), the inequality (4.1) is shown.

Now, using (4.1) instead of (2.1), the Theorem 4-1 can be proved by the same method

asTheorem2-1.ロ

Next from the trace theory (cf. Adams [1]), we have the following inequality on the

Wm>P(Q): There exists a constant such that for ∀V ∈ Wm'p(Q),

¥¥trv¥ O,p,rくC(Q) ‖nm,p,n-

Therefore we have the following theorems, i.e. Theorem 4-2 and Theorem 4-3, as the ex-
●

tension of Theorem 2-2 and Theorem 2-3. Their proofs will be given by the same procedure

as Theorem 2-2 and 2-3.

Theorem4-2. LetQ be a bounded domain inRn. LetF be the boundary ofQ such

thatF-roUJ¥ andFonT,-0. Ler

V-{v∈WX'HQ)¥ v-Oon r｡}.

Then ifFo has strictly positive measure, the semi-normトIl*pQ is a norm over the

space V,equivalentto thenorm ||�"¥¥xpq. □

Theorem4-3. Let Q be a bounded domain inRn. Let V-Wm>p(Q)∩ WX-l'p(Q) for

any integer m>2.

Then the semi-norm |�"¥mpn is a norm over the space V9 equivalent to the norm

!lmJ2-　□
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