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Abstract

In this paper, we try to get simple expressions of conditions that a ma
P
f:M" > N2~k petween closed manifolds (3 <k < 8) is cobordant

to an embedding in the sense of Stong, while using the theorem of
Brown along the lines of Aguilar and Pastor.

1. Introduction and Statement of Results

Throughout this article, n-manifolds mean compact differentiable

manifolds of dimension n. The (co)-homology is understood to have Zy for

coefficients.

For a map f:M" — N> * between compact manifolds without
boundary, let w;(f) be the i-th Stiefel-Whitney class of f and
fi - H(M) - H*""®(N) the transfer homomorphism (or Umkehr

homomorphism) of f. Further, let

0(f) = fAW) — w1 (F).
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Then by [6, Lemma 2], M x 0(f) is the H"(M)x H" *(M)-component of

Upt (U x wy_p(F) + (F x ) Uy, where Uy € H¥V(V x V) denotes the
Zy-Thom class (or the Z,-diagonal class) of a manifold V. Therefore, A.
Heafliger [5, Theorem 5.2] implies that
Theorem (Heafliger). If f is homotopic to an embedding, then
0(f)=0 and w,_;(f)=0 fori<ck 1.1
The inverse of this theorem may be hard to study. So we will study

whether f is cobordant to an embedding in the sense of Stong [9] if the
condition (1.1) in the above theorem is satisfied. Here a map

A MJ - NP s said to be cobordant to fy : MY —> NJ*® if there

exist two cobordisms (W, M}, M%), (V, N}** NJ**) and a map
F:W —V such that F|M; =f (i =1, 2). Aguilar and Pastor [1]
determined the necessary and sufficient condition that a map
fiM" 5 N2k (k =1, 2) is cobordant to an embedding. Hence we

consider cases when k > 3.

Theorem 1.1. Let n > 7. Amap f : M" - N?"% is cobordant to an

embedding if the following conditions are satisfied:

wy (M)w,_1(f) = 0, wo(M)w,_5(f) =0, and 6(f) = 0.

Theorem 1.2. Let n>9. A map f: M" — N is cobordant to

an embedding if the following conditions are satisfied:

w(M)w,_1(f) =0, wa(M)w,_5(f) =0,
LU%(M) wn—S(f) = wZ(M) wl(M) wlL—3(f) = WB(M) wn—S(f) =0,

(n - Dwy (M) f*(wi(N))w,_3(f) = 0,
and
o(f) = 0.

As a consequence of Theorems 1.1 and 1.2, we have the following:
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Corollary 1.3. Let f:M" - N?™* (k=3 4) be a map. If
w,_;(f)=0 for 0<i<k and O(f) =0, then [ is cobordant to an
embedding.

This article is organized as follows: In Section 2, we recall the Stiefel-
Whitney class w(f) and the transfer homomorphism f; of a map

fiM" 5> N?*  and study relations among fi, w;(f)’s, and the

Steenrod squaring operations qu’s. Theorems 1.1 and 1.2 are proved in

Sections 3 and 4, respectively. Furthermore, the necessary and sufficient
conditions that f:M"™ — N** (k=3 4) are cobordant to an
embedding are given in Sections 3 and 4, respectively. In Section 5, we
will give some sufficient conditions that a map f : M" — N*"* (k > 4)

is cobordant to an embedding. Some examples are given in Section 6.

2. Preliminaries

For a manifold V, we denote by w(V) and w(V) = w(V)™? the total
Stiefel-Whitney class and the total normal Stiefel-Whitney class of V,
respectively. For a map f : M™ — N?"7® the total Stiefel-Whitney class

of £, w(f) = Zi>0 w;(f), is defined by the equation

w(f) = w(M) f*(w(N)), 21
and the transfer homomorphism f; : H'(M) — H*"* (N) is defined by

filx) = Dy fi(x N[M]),

where Dy is the Poincaré duality and [M]e H, (M) denotes the
fundamental class of M. For p=(iy, iy, ..., i), let w, (V) = w; (V) wi, (V)

oy (V) and |p| = lejSp ij. Then R. L. W. Brown’s theorem [2, p.
247] implies that

Theorem (Brown). Let n > 2k > 0. Then amap f: M" — N*k g
cobordant to an embedding if and only if the following conditions (1) and
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(2) are satisfied:
M) (wu (M) w,_i(f), [M]) = 0 for all pand i with || =i <k, and
@) (" (wr (V) wo (M) f*ilwy (M) = @y, (N) w (M) w, (M) wy,_¢(£),
[M]) =0 forall A, pand v with |A|+|p|+|v|=Fk.

We denote by v(M) = Zi>0 v;(M) the total Wu class of M. The

following relations are well-known:

Sq(u(M)) = w(M), (2.2)

Sqixn—i =0 (M) Xn—i for all Xp-i € Hn_i (M) ’ (2.3)

Sqiwj(i) = Z (j - ;r b 1) w1 (&) w; (&) (2.4)
0<t<i

In the following lemma, we list some relations among f, the

Steenrod operations Sqi and the Stiefel-Whitney classes, the first two of
which are seen in, e.g., [3] (cf. [1]), while the last two follow from the
definition of fi, (cf. [2]):

Lemma 2.1. Foramap f : M" — N**"®_ there are relations
D A(f(®)y) = xfi(y) for x e H'(N), y € H'(M),

(2) Sq fi(x) = £(Sq(x)w(f)),

@) (xfi(y), [N]) = (/" (x)y,[M]) if dim x +dim y = n,

@ (") yf*h(z), [M]) = (f*(x)2f"f(y), [M]) if dimx+dimy
+dim z = k. In particular, (f*(x) f*A(y), [M]) = (f*(x) " /@), [M]).
Further, we have the following:

Lemma 2.2. Let f : M" — N?* be a map. Then

(1) f*x;)wy_;(f) =0 for x; e H(N), (0<i<k).
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2 f*(y) xf*ﬁ(x) = f*(y)zl;t Sqt(x) Wy kit (F) + f*(y)xzwn—k(f)

t

for x e H'(M), y e H*"2(N), (0 < 20 < k).
@) In particular, f*(y) f*fi1) - ") wu_4(f) = 0 for y ¢ H¥(N).
Proof. One can see easily that
(F () wn i (F), [M]) = (xifi(w,—i(f)), [N]) by Lemma 2.1(3)
= (%;Sq" A1), [N]) by Lemma 2.1(2)
=0 because n—i>n-k
Thus the first relation (1) is obtained. Let x € H(M). Then
(£ ) »f "h(x), [M])
= (yfi(x) fi(x), [N]) by Lemma 2.1(3)
= (y8¢"**fi(x), [N])

= (v A(Sa" @) wy o)) [N]) by Lemma 21(2)

= (FO)Y e ST @ 0n it (), [M]) by Lemma 2.1(3).
Thus we have the relation (2).

Lemma 2.3. Let f : M" — N?** be a map. Then
D) wi (M) f*(wr(N) wy—o(f) = nwy(M)w,(f) if k=3,
@ wi(M)wy 5(f) = wy (M)w,1(f) if k>3,

3) wi(M) f*(wy(N)w,_s(f) = nw (M)w,_,(f) if k = 3,

@ (o0 £ o)+ 0} OD)w,-3(1) = (1+ 3 ) wr M) 1) if
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(5)  wo(M) f*(wy(N) w,_3(f) = (ws(M) + we(M)w(M)) w,_3(f) +
nwo(M)w,_o(f) if k=4
Proof. We have
w2(M) wn—Z(f)

= UZ(M) wn—~2(f) = quwn-Z(f) by (23}

- ws(un-2(f) + 0= DrNueas N+ ioalr) by 2
= Wo(M)w,_o(f) + w1 (M) (w1 (N)) wy,_o(f) + nawy (M) w,, 1 (f)
by (2.1) and Lemma 2.2(1).

This leads the relation (1). The relation (2) follows from the relations

below:
wi(M)w,_o(f) = vy (M) wy (M) w,_5(f) = Sq* (wy(M)w,_5(f)) by (2.3)

= wi (M) f*(wi (N) w2 () + (n = 3) w1 (M) w,,_(f)
by (2.1) and (2.4)
=w;(M)w,_1(f) by (1) of this lemma;

while (3) follows from
w (M) £* (i (N)w,,5(f) = Sg" (wy (M) f* (w1 (N ) w,,_3(f))
= nwy (M) f*(wy (N)) wy,_o(f)
= nw (M)w, _1(f).

By calculating wo(M)w;(M)w, _3(f) = Sq3wn_3(f) = Sq1Sq2wn_3(f), we
get

WZ(M)IUI(]W)wn—B(f)
= wy (M) (wa (M) + w1(M)f*(w1(N)) + f*(w?.(N)))wn—S(f)

+ (1= 5)ur (1) (1 (0 + £ @ VD 5(1)+ (" *Jur (3 1 (1),
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Hence we have (4). In the same way as the above, we calculate
Wws (M) wy (M) Wy-3 (f) = quwn—B (f)
= w3(wy_3(f) + (0~ 6)wa(f)wy,_(f)
o P G IO T L PG}

Then we obtain (5) easily.

3. Proof of Theorem 1.1

In this section, we assume that n > 7. For amap f: M" — N?"73
let

e(f) = f*f‘ (l) - wn—3(f)

and let
61 = wi(M)w,1(f), b2 = wa(M)w,_5(f),
w1 = ws(M)6(f), Wy = wa(M)wy (M)6(f),
w3 = wi(M)6(f), v = wi (M) [ (V) 6(f),
w5 = wa(M) f*(wy (N))6(f), e = wy (M) f*(wi(N))6(f),

v7 = wi (M) f*(we(N))6(f),
v = wy (M) f*fi(wf (M) - w} (M) w,_3(F),
Vo = wo(M) f*fiwy (M) — wo (M) wy (M) w,_3(f),

Y10 = wi (M) [y (N)) *flwy (M) - wf (M) £* (1 (V) w5 (F).

By Brown’s theorem, Lemma 2.1(4), Lemma 2.2(3) and Lemma 2.3(2), we
see easily that

Assertion 1. f:M" > N?3  (n>7) is cobordant to an

embedding if and only if ¢; = 0, (i =1, 2) and y; = 0, (1 < j < 10).
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Thus, to prove Theorem 1.1, it is sufficient to show the first three of

the following four relations below: For f : M" — N2"73

Vi = ndy,

Vg = VY3 + Yy + Ny,
n\
Vg +Wg =Yg + g + (1 +(2))¢1»

Vo = W1 + W5 + nda.

(3.1)
(3.2)

(3.3)

(3.4)

The relation (3.1) follows from Lemmas 2.2(2) and 2.3(1) immediately.

Proof of (3.2).

vg = Sa*(f*A(wf(M)) - wi (M) w,_3(f))

= Fhwf () wy () - wi (M) (01 () wn-g(F) + (2 = D w,_5(F))

by (2.3)-(2.4) and Lemma 2.1(2)

i

(wi (M) + wE (M) F*w, (V) FAQ)
— (W (M) + wi (M) £ (w1 (V) w,,_3(f)

+(n - w(M)w,_s(f) by Lemma 2.1(1) and (4)

Il

Y3 + Yy + by Lemma 2.3(2).
Proof of (3.3).
g + o = Sa*f fi(wy (M) + Sa® @wy (M) w, _3(f))

= Rt (M) wy (f) + wy (M) wy(f))

() () + w00 w1+ (14 () ur 0D 0 11)

= (M) 0y (1) + 1wy O0) £ ) OF) + (1+ () Jur @D 1 1),

{ n
=g +yg+ |1+ LR
\
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Proof of (3.4).
v = Sq* (f*fiws (M) + wa (M) w,, _3(f))
= [ h(ws(M) + we (M) wy (M) + wa (M) wy (£))
+ (w3 (M) + wo (M) wy (M) + wa (M) wy (f)) wy,—3(f)
+ (n = Hwa(M)w,_5(f)
= Y1+ s + ndg.

By virtue of the relations (3.1)-(3.4) and Assertion 1, we have the
following:

Proposition 8.1. Let n > 7. Then f : M"™ — N?"73 is cobordant to
an embedding if and only if ¢; =0, (i =1, 2) and y; =0, (1 < j < 6).

4. Proof of Theorem 1.2

In this section, we assume that n > 9. For amap f: M" — N?"™*
let

0(f) = /"H(®) — w,_4(f)

and let
61 = wi (M)w, (), b2 = wo(M)w,_5(f),
b3 = ws(M)w,_3(/), b4 = wo(M)wy (M) w,_5(f),
b5 = wi (M) w,_3(f), 1 = wy(M)6(f),
e = ws(M)wy (M) 6(f), s = wi(M)6(f),
V4 = wa(M)wi (M)6(f), s = wi (M)6(F),

ve = w3(M) [ wi(N)O(F),  wq = wa(M)w (M) f*(wi(N))6(f),

vg = wi (M) F e (N)O(F),  wg = wa(M) f*(wi(N))6(f),
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Wi = wa(M) f*wa(N)O(f), vy = wi(M)*(wi(V))e(r),

wi(M) f*we(N)6(F), w13 = wy (M) F*(wP(V))6(F),

Vg =
V1 = 0 (M) [ (N)wy (N)O(F), vz = wy (M) s (V) 6(F),
vig = wi (M) f*filws (M) = wy (M) w3 (M) w,_4(f),

w17 = wa(M)wy (M) £ (w1 (M) - we (M) wi (M) w,_4(f),

vis = w (M) f*fi(wf (M) - wi (M) w,_4(f),

Y19 = wa (M) f*fi(wa (M) - wF (M) w,_4(f),

V2o = wa(M) ffi(wf(M)) - wa(M)wi (M)w,_4(f),

a1 = wi(M) f At (M)) - wi(M)w,_4(f),
ez = wy (M) £* @y (N) £*fitws (M)
- wy (M) wy (M) (w1 (V) w,,_a (f),
Va3 = wi(M) f* (i (V) £ /(i (M) - wi (M) £ w1 (V) w,,_g (F),
Wag = wi (M) f*wa(N) £ fiwy (M) = wf (M) f* (05 (N))w,,_4(f),

Was = wi(M) £ (wi (N)) F*filawy (M) - wf (M) £ (wf (N)) w4 (7).
By Brown’s theorem, Lemma 2.1(4) and Lemma 2.2(3), we have

Assertion 2. A map f: M" - N2 (n 2 9), is cobordant to an
embedding if and only if the relations ¢; =0,1<1<5) and
v; =0,(1<j<25).

Let H be a subgroup of H"(M) generated hy ¢;, (1 i <5). Then,

there are relations below:
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Y19 = 0mod H, o, =0modH, gy =0modH, (4.1)
Voo = Vg + Vg +Vyigmod H, i =y mod H, (4.2)

Vi1 = ygmod H, ;g =ygmodH, o3 = ygmodH, (4.3)

Wos = w1z + (0 — Dwy (M) f*(wi (V) w,_3(f), 4.4
Y17 = Vg + Yy + Y7 + Y15 mod H. (4.5)

Therefore by Assertion 2, if ¢; =0,(1<i<5), 6(f)=0 and
(n - D wy (M) f*(wE(N)) = 0, then f is cobordant to an embedding. This

proves Theorem 1.2.

For f : M" - N?""* there exist some other relations.

Vas = wi (M) £ (wf (N))w, (), (4.6)

Y1z = nwoy (M) f*(wi (N))w,_3(f), (4.7)

yis = Omod H, (4.8)

Yo + Wy + W + Vg + Wig + Vig + Y15 = Omod H, (4.9)

We + W7+ g + Wig + Wiy = w (M) [ (wEN))w,_5(f)mod H. (4.10)

Thus, we have the following:

v

Proposition 4.1. A map f: M" — N?*™* (n > 9), is cobordant to

an embedding if and only if ¢; =0,{(1<i<5),y; =0,(1<;<11) and
wy (M) f* Wi (N))w,_3(f)=0.

In the rest of this section, we prove relations (4.1)-(4.10). For
simplicity’s sake, we write w;(M) = w; and w;(M) = w; in the proofs of
(4.1)-(4.10).

The relations (4.1) and (4.6) follow immediately from Lemma 2.2(2)
and Lemma 2.3; and (4.7) follows from (4.4) and (4.6).
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The proof of (4.2) is given below:

Wao = (g + wd) (F* (W) + wiw,_4(f)) - wEf Awi) + wiw,_4(f)

= Sq®(f*fi(wf) + wfw,_4(f)) - ¢ by (2.3) and (4.1)

I

(wawf + wif*(wy (V) + wif* (ws(N))) 6(F) mod H
by Lemma 2.1(1), (2) and (2.4)

W4 + yg + Yo mod H by Lemma 2.1;

il

v16 + Waa = Sq'(f fi(ws + waf "Wy (V) + (w3 + waf (w1 (N))) w4 (f))

= Sq*(£*fi(Sq*wy + wawy () + (Sq'wy + waw; () wy_4(f))

= Sq"(Sq"/"f(ws) + Sg* (waw,_4(/))) mod H

= Omod H.

We have (4.3) and (4.4) by calculating Sq'(f*fi(x3) - x3w,_4(f)) for
X3 € HB(M), while using Lemma 2.1 and (2.4). On the other hand, we
get (4.5) by calculating qu(f*f!(wl)—wlwn_(l(f)). The relations (4.8)-
(4.10) are obtained by the equations
wyf*(ws(N) 6(f) = wy (f*/(Sq w(N)) = £ (wa (V) w1 (N))) 6(f),
v (M) 6(f) = Sg*6(f),
wawn f*(wy (N))6(f) = Sq°(f*(wy (N)) 6(f)).

5. A Generalization of Theorems

It may be difficult, though not impossible, and less valuable to give a
similar description of the necessary and sufficient condition that a map

f:M" - N?* (k>5), is cobordant to an embedding. For the

description is expected to be complicated. So we add some assumptions on

M or f to get simple sufficient conditions.
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Theorem 5.1. Let f: M" —> N2% be o map and let k<8,

n > 2k > 0. If either M™ is orientable or f is orientable, i.e., w;(f) = 0,

and if w,_;(f)=0,(0<i<k) and f*f(Q)-w,_(f)=0, then f is
cobordant to an embedding.

By a tedious calculation, we can generalize this theorem as follows:

Theorem 5.1'. Let n > 2k > 0, and let f : M™ — N?"* be a map.
If wi(M) e f*H'(N), (4i < k), w,(f) =0, G < k), and f*f(1) - wy_4(F)

= 0, then fis cobordant to an embedding.

Proof of Theorem 5.1. We prove the theorem only when w; (M) = 0
for k = 8. Other cases can be settled similarly. By Brown’s theorem,

Lemmas 2.1 and 2.2, and the assumption, it is sufficient to show that
y;, 1 <1 < 5) below vanish:

1 = %6/ fi(we) - xgwaw,_g(f) for xg € HE(M),
vy = 25/ filws) - x5wgw,_g(f) for x5 € H*(M),
Y = waf*filws) - wiw,_g(f),
g = w3 h(w§) - wiw,_g(f),

Vs = wy fi(wd) - wawiw,_s(f).

As for y;, we have
w1 = wa (" fi(xe) ~ x6t0n-s(f))
= Sq*(f"fi(xe) - x6wn-s(f))
= [*/i(Sqxg + Sq'xgwy (f) + xews(f))
+ (Sq*xgwy_g(f) + Sq"xSq"w,_g(f) + x6Sq%w,_5(f))

= (Sq®xg + Sq'xgw () + xew2(f)) (f*£(1) - w,_s(f)) = O;
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while
va = x5(f*fi(Sq'wy ) - Sqtwaw, _g(f))

= x5(Sq" /" filws) + /™ (@wy (V) (" filws)
+ 8¢" (wawy g (1)) + (w1 (N)) waw, _g(f))

= (Sqlxs + x5 (W1 (V) (f*fi(ws) — wow, _g(f)) = 0.

The relation w3 = yy =0 follows from the assumption and Lemma

2.2(2).
v+ v = (wg +wd) (f*fi(wd) - wiw, _g(f))

= Sq4(f*f!(w§ ) - w§wn—8(f))

=f *ﬁ(ZOSis . Sqiw%lv4_i(f)j + Zosis , Saw3Sq* w,, s (f)

= (Lperes Sawhaci0)] (£ = wa-s(/) = 0.

Thus we have y; =0, (1 <1 <5).

Sketch of the proof of Theorem 5.1'. The proof is essentially
similar to that of Theorem 5.1. The condition (1) of Brown’s theorem is

fulfilled by the assumption, while the condition (2)
FH A (N) wu (M) f* i(wy (M) = £ (N)) wy, (M) w, (M) w,_4(f)
for A, u, v with |A|+|p|+]|v]| =% and 2| u| < %, is proved by induction

on | p|. We omit the details.

6. Miscellaneous Remarks

In {6, Remark 2], we showed that
Remark 1. If n is odd (n > 3), then there exists such a map

ron-— g 5 o N ¥
f:M" = N*71 that is not homotopic to an embedding but cobordant
1 g

to an embedding.
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In general, if f: M" — N; is homotopic to an embedding and

i : N, » N, is a natural inclusion, then the composite if : M" - Ny is
also homotopic to an embedding. However, it is impossible to replace
“homotopic” with “cobordant”. We will show this by giving an example.

We denote by P*  the real projective  k-space and by
g: P? 5 PZ/P1 = S? the natural projection. We define a 9-manifold

M?, a 14- and 15- manifold Ni* and N3° by
M® = P2xP7, N}*=83xpP! NP’ =83xp
Let
i:82c8% i:PTc Pl i:8%xPMcS3xp2
be the natural inclv sions, and let
fi =i1gxip : M%(= P2 x PT) 5 N}*(= 8% x P11),
fo =ify : M? > Ni* < NP¥(= 83 x P'?).
Then we have
Remark 2.(1) £ : M2 > N114 is cobordant to an embedding, while
@) fo =ify : M® - N}* = N5 is not cobordant to an embedding.
Proof. Let
HYP?) = Zy(x), HYP")=Zy(y),
HYPY) = Zy(z)), HYP2?) = Zy(z,).

Then

wM®)=1+x+x%, wW(M%)=1+zx, (6.1

)
oy
~

ff@)=90=12), (6.2)

wNI#) = 1+ 2%, w(NP) = (1 +2)

o~
=)
(%]
S
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Hence
wh)=Q+x)1+5*),  w(fy)=0+x)Q+y+y*+¥°). (64
By (6.1)-(6.4), we have
wy_i(f) =0, (=12 3),
wy (M) = wi(M®) = wy(M°)wi(M®) = wi(M®) = 0, wy(M?) =0,

fifwi(N1)) =0, A (wa(Ny)) = 0.

Thus f£; is cobordant to an embedding by Proposition 4.1.

On the other hand, because (fy x }‘2)*UN2 =0, we have f5f5 (1) =0
by [6, Lemma 2], and so
0(f2) = w(f) = %°
by (6.4). Hence
wy (M) f5 (wi (N3)) 6(f2) # O,

by (6.1) and (6.2). Therefore, by Proposition 3.1, fo(= if;) is not cobordant

to an embedding.

On the other hand, even if f: M" — NJ** is not cobordant to an
embedding, it sometimes happens that the composite of f and a map

p: NJ*® 5 NJ+E= (15 0) is cobordant to an embedding. Let K be the

Klein bottle and h : K — P2 be the blowing-up at a point in p? (see,
e.g. [4]). Then

HY(K) = Zy(x) + Zy(wy), (0 = wy(K)),
wf =0, wx=x%2%0 wk)=wK)=1+uw,. (6.5)

Let i : P2 ¢ P3 and lg : P < P?8 be the natural inclusions, and

p: P3xP? 5 P?8 the natural projection.
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Remark 3. Let f = ijh x iy : K x P¥5 - P3 x P28,

(1)-f is not cobordant to an embedding.

@) pf : KxP¥® > P?8 s cobordant to an embedding.

Sketch of the proof. Let f; = f, fo = pf andlet

HYNPYS) = Zy(y), HYP?®)= Zy(x).
Then

WK x PP®) = (K x PP®) = 1+w;, wP?®)=(0+2)%, )=y

Hence we have

wir-i(f;)=0@G<2), wy,(f;)=0,
wig(f;) = wy™®,  wip(f;) =¥ (=1, 2),

Rh@) =", wf @i (Px P2) (£ /) - wis(h) = 0,
and so f; = f is not cobordant to an embedding.

Using (6.5) and the fact w;;(fy) = 0, we see easily that the condition
(1) of Brown’s theorem is satisfied. To prove (2), it is sufficient to show
that fs(xq)wifafor(wy) = 0 for x4 € H*(P?®), because wi = 0, and

this equality follows from Lemma 2.2(2).
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