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Abstract

This paper is asequel to the authors [2】 and the first author [4日5】 A degree set ofa
graph G is the set of degrees of vertices of G. Let n and k be any positive integers with

1 ≦ k ≦ n- 1, and DGn(k) be theset of all degree sets Dofgraphsoforder n with the

cardinality ¥D¥ - k. We shall characterize any members in DGn(k) for k - 2,3, and 77,- 2

respectively.ヽノ
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1DegreeSets

lnthispaper･症Ieterminologya,ndnot′a′tionconcerninggra･phsfollowCharti,a･ndandLesniak

[lj.Anygraphsmeanalwayssimpleones.Atfirstweintroducesomeconvenientnotationused

inthepaper.Aswedealwithonlypositiveintegers,anyvariablesnamedsmallletterexpress

alwayspositiveintegersunlessothei･wisenoted.Foranvnon-negativeintegersm,nwithm≦n

､veusethe丘)llowing:

[m,n]-{m,m+1,ra+2,蝣,n-いi¥and回=[l,n]≦n).

Letanymonotonenon-increasingn-sequenced-(di,d-2,�"�"�",dn).Ifanumberxappearsexactly

ptimesind,thenthesetermsareshoi･tlydenotedbyx'p,e.g.,(4,3,3,2訂LI)=(4,3V2,1J).

Inourdiscussiontheparityofintegersplaysimportantrolesfrequently.Soforbrevity,bya=b

wewritetherelationa=b(mod2),e.g..(a,b)-(0,1)meansthataisevenand6isodd.

LetGbeanygraphofordern,andd(G)-(di,d2,-�"�",dn)bethedegreesequenceofG.

whichislistedalwaysmonotonenon-increasing.MoreoverletD(G)-{hi,h2,�"�"�",/^aJbethe

degreesetofG,i.e.,D(G)isthesetofmutuallydistinctnumbersind(G).Thenwehave

1.1)n-1≧dl≧d2≧-≧dn≧0.

(1.2)｣?=i^-0.

(1.3)n-1≧h¥>ho>-一�">hk≧0.

(1.4)d(G)-(h冒1,h冒,hpkk)forsomekpositiveintegersp¥,P2,'-,Pkwith∑i=iPi--n.
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In general any?トsequence (d¥,c/2,�"�"�"-dn) of integers with (1.2) is said to be properっand anv

k-set {h¥Ji′･2,- ,hk) of integers ､vith (1.3) is called a (n,k)-set. Note that a町　n,k)-set is

meaningful foi･ 1 < k ≦ n- 1. A sequence d is said to be graphicalifthere exists a graph G

､vhose degree sequence is d, and a (/?,,A:)-set D is called a (n,k)-degree set if there exists a graph

of order 〟 whose degree set is D. A fc-set {d¥,d2,�"�"�",<4} ls a (n,k)-degree set ifai-d only if

there exists a. collection {/>i,P2? * ''iPk} -f k positive integers with the following properties:

(1.5) ｣7=iPi=n.

(1.6)ォ¥42,�"�"-,<*) is graphical.

Let DGn(k) and GSn(k) be the set of all (n,fc)-degree sets and the set of all graphical

n-sequences with (n,k)-degree set.

As well known, DGn(l) consists ofn singletons {a} for a E [0,n- 1] when n - 0, and of

(n+1)/2singletons {a}foreven a ∈　0,n-1】 whenn≡ 1. 0ntheotherhand DGn( -1)

consists of exactly two (n,n一号sets [n - 1] and 【0,n- 2】 (e.g., see 【4】). The purpose of this

paper is to characterize any members in DGn(k) for k - 2,3, and n- 2. The following theorem

on degree sets for graphs is due to Kapoor et al. [3, p.190】･

Theorem. Any(n,k)-setD- {di,d-2,'�"�",^} withd^ >O isinDGn(k)forn-d¥ +1.

This is proved by the construction of graph Gwith D(G) - D. But in this paper the

cl･iterion of degree sets is due to tile construction of graphical sequenCeS･

Lemma 1. LetD- {di,d-2.-,dk} beany(n.k)-set.

1) ifdi-n-1anddk-0 then D≠DG,とIk).

(2) ifn≡1and　≡1forallj∈[k],thei-D¢DGn(k).

(3) ifD∈ DGn{k)thenc(D)-{iい-l-dk,n-1-dk-ir-,n-l-do.n-1-dl)∈DGn(k).

Proof. (1) is obvious from the basic fact that ifa graph of order n has a vertex v with

deg(v) - n - 1. then degree of every vertex is positive. IfD satisfies the conditions in (2), then

any n-sequence (d?1,dぢ2,-�",dp,k) is not properfoi･ any collection {pi,p2,･ -潮} with (1.5). This

implies (2). (3) follows immediately from the fact that ifD is a degree set of a graph G, then

c(刀) is the degi･ee set of the complementary graph of G.　　　　　　　　　　　　　　　□

Now let Fn(k) be the set of all (n.k)-sets D - {d¥,cfe,�"�"�",^4} with the following properties:

(1.7) ifdi-n-1thendk>0.

(1.8) ifn - 1 then D contains at least one even number.

Then DGJk) ⊆ Fn(k) by Lemma 1. As the above mentioned, we have DGn{k) - Fn(k)

for the cases k - 1 and k - n-1. It seems to be DGn(k) - Fn(k) for any n and k with

1 ≦ k < n- 1 even though we do not yet have the complete proof. But in the next section it is

proved that DGn(2) is a proper subset ofFn(2) for e､r(さ1- Ln ≧ 61

Lemma 2. Ifany{di,d2,- ,4　∈ Fn(k) withdん>O isin DGn{頼then DGJk)=
Fn(k).

Proof. Note under the notation in Lemma 1(3) that c(D) (= Fn{k) if D E Fn(k). Let

D={dx,d2,-,4}∈Fn(k)withdk-0.Thend¥<n-1by(1.7)andc{D)-{n-l,n-1-
4-i,--,n- 1 -di} ∈ DGn(k) by the assumption. So D∈ DGn(k) from Lemma 1(3).　口
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2　DGJ2)

In this section we shall charact,jrize any members in DGn(2). Let us begin with some

lemmas, h=vhat follows, let {a,b} ∈ Fn(2) , a > 6, and for any p ∈　n- 1】 let us define an

n-sequence d(a,b¥p) by

d{a,b;p) - {a",bn-P).

The condition for d(a,b;p) to be proper is expressed in the form:

(P2) pa+(n-p)b-0.

Moreover we shall consider the condition (H) for c/(a,6;p):

(H) bin-p)-p(a-p+1)≧0.

Then the next is a key lemma in order to characterize any members in Z)Gn(2), which is derived

from Hasselbarth Criterion of graphical sequences in Sierksma and Hoogeveen [6】 (e.g., see the

authors[2]).

Lemma 3. The necessary and su伊cient condition for d(a,b:p) to be in GSn(2) is given
as follows:

(1) when the casea <p. d(a,b;p) eGSn(2) ifandonly if(P2) holds.

(2) when the caseb<p≦ a, d(a,b;p)∈ GSn(2) ifaildonlyif(P2) and(H) hold.

(3) when the casep ≦ b. d(a,b;p) ∈ GSn(2) if and only if(P2) holds.

Let 2 ≦ b. Then {a,b) belongs to the case (3) in Lemma3 forp ≦ 2. Further according to

theparityof(n.a.b) wecan choosep- 1 or 2 for which (P2) holds. So if2 < b, it follows from

Lemma 3(3) tha･t d(a,b:p) ∈ GSn(2) forp - 1 or 2. More precisely we have

Lemma4. Letb> 2ford(a,b:p). Then

(1) d(a,b;2) ∈ G5n(2)/or(n,a,6) ≡ (0,0,1),(0,1,0) or(1,1,0).

(2　d(a,b;l) ∈ GSn(2) for the otherwise (n,a,b).

Remark 1. Let b ≧ 2. Then from Lemma′3(3) we also have:

(1) d{a,b:b-1)∈GSn{2)for(n,a,b)≡(0丑1).

(2) d(a,b;b) G GSn(2)'for the otherwise n,a,b.

Here the assumption b > 2 is necessary for the choice ofp- b- 1 ≧ 1.I/

Lemma 5. Let6- 1ford(a,b;p). Then

(1) d(n-1,i;i)∈GSJ2).

(2) d(a,l;n-2)∈GSJ2)ifa≦n-3andna≡0.

(3) whenn=4,d(2,l;2)GG54(2).

[コ

Proof. (1) is obvious from the fact that d(n- 1, 1; 1) is the degree sequence of the complete

bipartite graph A'n-iri- (2) follows from Lemma 3(1) for p - n - 2. When n - 4, cf(2,1;2) =

(2,2,1,1) is the degree sequence of the path P4 of order 4.　　　　　　　　　　　　　口

Lemma6. Ifn=Oandn≧6, thend(n-2,l¥p)SGSn(2)foranyp∈ n-1].
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Proof. We suppose that d - d(n-2,l;p) is graphical for some p G [n- 1]. Then

from (P2), p ≡ 0. Hence the cases (1) and (3) h- Lemi-la† 3 do not happen. Therefore d

satisfies (H) for some even p ｣ [2,n. -2]. Let f(p) be the left hand side of(H) for d. Then

/(?)-(n-p)-p(n-p-1)-(p一昔<+n一書Themaximumvalueoff(p)forp∈【2,77-2日S

/(2)-/(n-2)-4-n. Ifn >4 then/(p) <OforanypG [2,n-2],whichisacontradiction.

This completes the proof.

Theorem 1.

(1) DGJ2)-Fn{2) ifn-l.

(2) ｣>G4(2) = F4(2).

(3) DGn{2)-Fn(2)＼{n-2,1} ifn≡Oandn≧6･

Proof. LetD={a,b)∈Fn(2)with6>0. If2≦b<a≦n-1orna≡O,b=La≠n-2

then D ∈ DGn(2) by Lemmas4-5. Una≡ 1 then {aA} 蛋 Fn(2) by (1.8). Hence (1) follows

fl･om Lemma 2. Moreover (2) and (3) are from Lemmas 5-6.　　　　　　　　　　　　　　□

3　DGn(3)

In this section we shall characterize any members in DGn(3). In what follows, let {a,b,c} 6
FJ3),a > b > c and let us define an n-sequence d(a,b,c;p,q) by

d(a,bj･沸q) - (ar,b¥cn-t)..

wherep,q∈　n-2,t -p+qand t ≦ 77,- 1. Thecondition ford(a,b,c;p,q) to be properis

expressed in the form:

(Ps) pa+qb+(n-t)c-0.

Moreover consider the conditions for d(a,b.c:p,q) as follows:

(Hl)　qb+ln-i)C-p(a-p+l)≧0.

(H2) (n-t)c-p{a-t+l)≧0.

#3) (ォーOc-p(a-i+1トq(b-t+1)≧0.

Under these notations we have the following conditions for d(a,b,c:p.q) to be in GSn(3),

which is also derived from Hasselbarth Criterion (e.g., see [2]).

Lemma 7. The necessary and sufficient condition for d - d{a,b,c¥p,q) to be in GSn{2)
is giveil as follows:

(1) when the casea <p, dG GSn(3) ifandonly if(P3) holds.

(2) when the caseb <p≦ a, d∈GSn(3) ifandonly if{P3) and(Hi) hold.

(3) when the casec<p≦b<a< t. d∈GSn(3) ifandonlyif(P3) holds.

(4) when thecαβec<p≦b<t ≦a, d∈GSn(3) ifandonlyif(P3) and(#2) hold.

(5) when thecasep≦c< b< t, d∈GSn(3) ifandonly if(P3) holds.

(6) when the casep≦ C< i ≦ b, d∈ GSn(3) ifandonly if(P3) and(i/3) hold.

(7) when the case t ≦ c. d∈ GSn(3) if and only 2/(^3) holds. ロ
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Using the above lemma.- ､ve ca･n get actually d{a,b,c;p,q) ∈ GSn(3) by the suitable choice

ofp,t according to the parity of(n,a,6,c).

Lemma8. Let n≡O andc>O. Theil wt have

(1) d(a,b,c;l,n-2)GG5n(3) if (a,b,c)-(0,0,0),(0,1,0),(1,0,1) or(1,1,1).

(2) d(a,b,c;l,n-3)∈G5n(3) i/ (a,b,c)≡(O丑1) or(1,1,0).

(3) d(a,6,c;2,r-′-3)∈G5n(3) i/ (a,b,c)≡(0,1,1) or(1,0,0).

Proof. In thecase(3)let c- l,p-2and q-n-3. If(a,6)≡(0,1),then3≦ b<

a<n-2,t-n-Iand(P3)holds. Sincec<p< b< a<titfollowsfrom Lemma7(3)that

d(a,6,1;2,n - 3) ∈ G5n(3). The other cases follow from Lemma 7(5).　　　　　　　　口

By the same consideration the next follows from Lemma 7(5).

Lemma9.Letn≡1andc>0.Thenwehave

(1)d(a,b,c;l,n-2)eGSn('S)if(a,b,c)-(0,0,0),(0,1,l),(l,0,1)or(1,1,0).

(2)rf(a,6,c;l,n-3)GG5n(3)t/(a,6,c)-(0,0,1).

(3)rf(a,6,c;2,n-3)eG5n(3)if(a,b,c)-(0,1,0)or(1,0,0).

Theorem 2. DGn(3)-Fn{%).

Proof. Let D= {a,b,c} ∈ Fn(3) with c > 0. Then D ∈ DGn(3) by Lemmas8-9. Hence

the assertion follows from Lemma 2.　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　□

4　DGn(n-2)

Finally we shallshow that DG′直い2) - Fn(n-2) foi･ any n > 3. Since it is known already

for the caseofn ∈ 【3,5], we consider the case n ≧ 6. Any member in Fn(n-2) is classi鮎d into
the three classes as follows:

(4.1) DJiい- 1;fc)=[n-1】＼{k¥, wherek∈【n-2】

(4.2) Dn{n-2;k)-[0,n-2]¥{k}, wherekG[0,n-3]

(4.3) DJn-3)= 【0,72-3】.

At first weshallprove that Dn(n-2;0) - 【1い･2] ∈ DGJn-2). For any t ∈ 【n- 1】 we
define an ft-sequencec^^) by

d3(t)=(n-2,n-3,�"蝣�",t+1,t3,t-1,�"�"�",2,V

Further for n - Am- 1 or n - Am we define an n-sequence d2(m) by

d2(m)-(n-2,n　蝣3,--,2m+l,(2m)2,(2m-I)2,2m-2,- ,2,1).

Lemma 10. Let m be any positive integer.

(1) ifn-4m+1 tfiend3(t)∈GSJn-2)foranyt ∈ 【772,3ml.

(2) ifn-Am+2 thei-d3(t)∈GSn(n-2)foranyt∈ ra,3ra-fll.

(3) ifn-4m-1 om-4m thend^(t)≠GS.n　　2)foranyt∈[･'卜1】.

(4) ifn-4ra-1 om-Am,then^(m)GGSn(n-2). ⊂コ
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The assertions (l)-(3) in the above are proved in tl-e first author [5, Theorem 2.llJ. (4) is

sh州,n by Hasselbarth Criterion. The above lemma proves that [n - 2] G DGn(n - 2).

Lemmall. LetD-{di,d2,�"�"�",dk)∈Fn(k)withdi ≦　-2andputp(D)-¥n,dx+

I,d2+I,--,4+1}- IfD∈DGJk), thenp(D)∈DGn+1(k+l).
Proof. Let G be agraph of order n whose degree set is D. Then p(D) is the degree set

of the gi･aph G + 〟i, thejoin ofG and the complete graph ∬i ofordei･ 1. This completes the
●     ●

proof.　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　□

Let n - 6. From Lemma 1.5 in [5] we see that D6(5;1),D6(5;3),D6(4;0),jD6(4;2), and

Dq(3) are in DGq(4). On the other hand it is seen easily that the following 6-sequences are graph-

ical: {5,42,32,l},{5,32,22,l},and {4,32,22,0},{4,22,12,0}. So D6(5;2),｣>6(5;4),Aj(4;1) and

A>(4;3) are in DG6(4). Hence we have DG6(4) = F6(4).

Theorem3. DGn(n-2)-Fn(n-2)foranyn>2,

Proof. We prove by the induction on n. As the assertion is true foi･ n ≦ 6, let n > 6. We

use thenotations in (4.1)-(4.3) and Lemma- ll. Note that DJn-1¥k十i) = KA,_i(?7-3;k) for

anyk∈ 【0,n-4】and Dn(n-1;n-2)-p(Dn-i(iい-4)).SoDn{n-1¥k)∈ DGJn-2)forany

k ∈ n-2] by theinductivehypothesis and Lemma ll. Furthei･ DJn-2-0) ∈ DGa(n′-2) from

Lemma 10. Therefore we see that ifD in Fn(i-2) dose not contain zero, then D ∈ DGn(n-2)･
Hence the theorem follows from Lemma 2.　　　　　　　　　　　　　　　　　　　　　　　　　　　　□
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