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Abstract

We estimate the error under the L---nonn for the Galerkin method to solve two point

boundary value problems. And, by using those error estimates, we consider adaptive mesh
●

re丘nement procedures such as the value of the error under theエーーnorm is less than a given

positive number ♂.

1. Introduction

In this paper we consider the following linear two point boundary value problem :

Ly-一意(a(x)Jg)+b(x)y-f(x¥　∈/-[0,1],
γ0-γ1-0

where for some r≧1

(i)

ii)

flU)e Cr(/),

b(x)牀Cr-1(I),

0<a<>≦a(x)≦α1

o<b(x)　J　"

(1.1)

For the Galerkin approximation Babu馳a and Rheinboldt have presented a posteriori

error estimates under the energy norm and adaptive mesh re丘nement procedures which are

based on those estimates ([11-[4]). In this paper we estimate the error under theエ∞-norm

and consider adaptive mesh re丘nement procedures such as the value of the error under the

エ00-norm is less than a given positive number ♂.

On the interval ∫ we consider a partition

A : 0-Xo<xi<x2<...<xn-i<xn-l,

and introduce the notations

Ii-[xi-i, Xi]

hi-Xi-Xi-i

h^-max hi.
1≦i≦n

1=1.　n,

If Pr denote the collection of all polynomials of degree not greater than r, then continuous

piecewise polynomial space ･#左is defined as usual by
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･M左-(u∈C-(I)V¥h∈PrilAi-l,-,n;w(O)-w(l)-O}.

Alsoontheinterval/(/⊆/)wedefine

(u,V)j-Jjuvdx

and

u¥¥eu)rrll/2

LetA,,∈･M左betheGalerkinapproximationtothesolutiony｡of(1.1)determinedby

therelation

(ayと.r,V′)i+(by△,r,V)l-(f,V)l,

forallv∈Jt左.

Thenitisknownthatthefollowingerrorestimateholdsattheknots([5]):

Theoreml.LetC｡,r-max¥(y｡-y｡,r){xi)¥.Ifv｡∈Hk+1(I)withl≦k≦r,then

O≦i≦n
thereisaconstantCsuchthat

C△,,≦CW*+1)mnh急+ry

wheretheconstantCisindependentofh△butdependentona,b,kandr.

Inthecaseγ≧2,itisknownfromTheorem1thattheGalerkinapproximationγ△,㍗

superconvergestotheexactsolutionγattheknots.

Fromnowonweassumethat

(i)γ≧2,

(ii)V｡∈Ck+l(I),1≦k≦r.

2.Errorestimates

Inthissection,foreachsubinterval/,-,weestimatetheerrorundertheLa-norm.

Thoseerrorestimatesplayimportantpartsinadaptivemeshre丘nementprocedureswhich

wewilldescribeinnextsection.

Firstweobtainthefollowingerrorestimate:

Theorem2.ForeachsubintervalUofagivenpartitionAthereisaconstantCsuch

that

yis)-y空地W)≦¥>(
｡k+1)¥¥m,>h皇-r+llyi*+1)ILW)hタ+1)/hi,0≦S≦k+l,
wheretheconstantCisindependentofAbutdependentona,b,k,rands.

Proof.LetybetheLagrangeinterpolationpolynomialofdegreektothesolutiony｡of

(1.1)oneachsubinterval/,-.Then

btfs)-yisU当L)≦C′II3*k+l)¥当/,)hき0^5≦k+1.(2.1)

Alsoitfollowsfrom151that

¥¥y｡-y△L-(A)≦C′′(y(
｡k+l)mnh急'+¥¥y｡(*+1)||z.-(/.)/zぎ+1),
and

y -y｡ wL-Ui)≦ C'"{ lyムk+l)Unhま+r+¥¥yムk+l)h-ut)hぎ+1).

Applying Markoffs inequality to the above (2.2) gives

2.2
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19w-㌘貼-(I,)≦C′〝(y(
｡k+l)1¥mnhま+r+bS*+1)IU-</,)ft?-*1)/fcf,o≦S≦k+1.
Fromthisand(2.1),itfollowsthat

btfs)--y㌘r¥¥L-(∫,)≦HyムS)-(s)¥当',)+‖y(s)-y㌘貼'ui)

≦C{Uk+1)Lwh急+r+yム*+l)-(ム)h㌘+1)/hE,

andtheproofofTheorem2iscomplete.

Let

/*, - -Adx
a(x)dy*

dx)+b(x)yA,r,xe/,,

17

ai-min¥a(x)¥.

x∈Ii

Then,byusingC△inTheoremlandaposteriorierror/-/A,r,weobtainthe

●followingresult:

Theorem3.ForeachsubintervalItofagivenpartitionAthereareconstantsCiand

Cisuchthat

llyo-y^ruui)≦7trh^-f△L'U,
�",)+藷･C△,r
l

1I¥yo-y△U-(′Z,≦官有訂hf2f-f△¥¥L2(′CzC△･r,

wheretheconstantsCiandCiareindependentofhibutdependentonaandb.

Theorem3isprovedbyusingthefollowinglemma:

Lemma.Letebethelinearinterpolanttou∈CHI)attheendpoints0and1.Then

wehave

u-e¥¥mi)≦おU｣2(/),

Hu一紬(I,≦‡uwmiy

ProofofTheorem3.Let^-vq-y｡andebethelinearinterpolanttoy｡atthe

endpointsXi-iandxt.Then,byusingSchwarz'sinequalityandLemma,

l旧性ii)-(a｣′,E′)iMbt,K)n

-ur,r-e′hMbZ,K-ehMaK′,e′)iMbt,e)h

-(/-/△?-e)/,+Ur′e'),Mbど,e)i,

≦/-/A,¥¥LHJr-eL2</<>+｣lU(/<)WeliEUi)

1
≦有hdf-f△J-,>｣ォ/,>+tlU<MIkIU<w,

and

r iiEUi)≦ isrl*"-'△ ¥¥LHIi)+蕩C△,r･
1

Also (2.3) and Lemma imply that

l Iは¥L-Ui)一　圧-elL-(/,)+ll e||L-Ui)

≦ fhi rimit)+C△,r

･言霊I?IU(M+C△,r

2.3
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1

<-2/6at蝣hr W f-fiAmu+ CzC,A,r.

Hence

1

ll紬ui)≦云有訂hr ¥¥f-f△,r L2(/,-)+ C2C△,r,

and the proof of Theorem 3 is complete.

3. Adaptive mesh re丘nement procedures

Now we consider adaptive mesh re丘nement procedures such as the value of the error

under the L∞-norm is less than a given positive number a.

Set

ah, A)-去h¥3/2日f-f△ '¥¥LHli).　　　(3.1)
First we divide the interval ∫ into some equal parts and compute the Galerkin approxima-

tion. Next, according as the inequality

C(左△)≦∂　　　　　　　　　　　　　　(3.2)

holds or not for each subinterval /,-, we execute the fractionalization of the subintervals.

For example we divide only the subintervals /, such as

C(Ij, A)-maxC(/*, A)><5
1≦i≦n

or all the subintervals /,�"such as

C(左△)>∂

into two equal parts. We repeat the fractionalization till the (3.2) holds for every subinter-

vals/,-.

In the following, we assume that (3.2) holds for every subintervals左　Then

¥¥y｡-y｡,r¥¥L-(∫)_<∂+C2C｡.,≦(l+C2Ch左~1)♂.

Theorem 4. For each subinterval /,�"of a given partition A there is a constant C such

that

CUu A)≦C( yik+1) ¥mnh急+r+yy+i)¥州,)hぎ+1),

where the constant C is independent of A but dependent on a, b, k and r.

By using Theorem 2 this theorem is simply proved. It is known from Theorem 4 that

(3.2) holds for each hi su氏ciently small.

Theorem 5. For a given partition A we assume that h△ is sufficiently small. Then

there is a constant C such that

C△,,≦C･ ♂ ･ h左-1,

where the constant C is independent of h｡ but dependent on a, b and r.

Proof. Let G(x, I) be the Green's function for (1.1). Then it follows from [5] that there

is an integer j such that

Ca,,-- ¥ (yo-yァ,r)(xj)¥

n

≦禁黒目Gixj, ')-v¥¥E(it)¥¥yo-yァ.r ¥E(Ii).
By using v such as Lagrange interpolation to G(xj　�") on each subinterval /,-, there is a
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constant d for each subinterval /, such that

G(xj, m )-v¥¥E(jt)≦ Gthl

from which follows

n

C△,,≦ ∑ GiMh｡-y△,r¥¥E(Iih
1-1

Also using Theorem 3 gives
●                                                       ●

bo-γ△ ¥¥E(Ii)≦去(2応∂+c,c△,).

Thus we multiply Gih¥ on both sides of the above inequality and fine out the whole sum of

all i such that

n                                                    n

∑ GthUy｡-y｡,r¥¥E(Ii)≦(2､石打∂+CiC｡,,) ∑ Gih㌻ー1/2.
1-1　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　1-1

Hence

n                                n

(1-Ci ∑ Gihr1/2)C｡,,≦2ノ云~∂ ∑ Gih;~1/2.
t-1　　　　　　　　　　　　　　　　　　　　　　　　　1-1

Here
n                  n            n

∑ dhlr-1/2≦(∑ G誓)1/2(∑ h誓r~1)1/2
I-1　　　　　　　　　　　　　I-1　　　　　　　I:-1

n

≦C′(hi'-2 ∑ hi)1/2
t-l

-C′h左｣.

Thus for h△ su氏ciently small

C｡,,≦C･∂ ･ h左｣,

and the proof of Theorem 5 is complete.

Remark 1. It is known from Theorem 1 of [5] and the proof of Theorem5 that the

constants C of Theorem 1 and 5 depend on not only the values of α and ∂ but also the value

max||&r+1)(x,�")iw) of the Green's function G(x,�") for (1.1).

0≦x≦1

Remark 2. It follows from the proof of Theorem 3 that there is a constant C (which

depends on α and ∂) such that

r iu-<′l,≦忘hr ¥f-f△,r ¥¥mii)+ C'C△･　　(3.3)

Also if we replaceノ6 of C{Ii, A) by n9 then the inequality of Theorem 5 remain valid.

Hence

Cui, A)-⊥hf2¥¥f-f｡,北Hit)
Lna%

is the principal term of (3.3), and can be also used in adaptive mesh re丘nement procedures

as same as C(/z, A).

4. Numerical examples

We illustrate some computational results for two sample problems. We choose ㍗-2

and ♂ -10 ¥ and divide the intervaH into sixteen equal parts at丘rst. There are various

methods of the partition such as (3.2) holds for every subintervals左In this paper we use
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the following method :

Step 1. We divide all the subintervals /,- such as

C(左△)>10∂

into two equal parts till

C(左△)≦10∂

for every subintervals /,-.

Step2. We replace lO<5 by √壬す∂ and divide the interval / into the same way as in Step

1.

Step3. We replace仰∂ by 8 and divide the interval / into the same way as in Step 1.
We summarize the numerical results of the following problems in Table 1 and 2 :

Example!.　-ey′′+y--1  (｣>0),　x∈/-[0, 1],　y(0)-3'(l)-0.

The function

･x/Ve~　　　,-*/斤

γo=
el/斤+1　/蝣u+1

-1

is the unique solution and has boundary layers at the endpoints of I. The numbers of the

knots which are contained in interval (0,斥) are respectively 10, 9 and ll.

Example2.　-v"+y-(l-4α )e2ax+(α2-¥){¥+ea)eα蝣+ea,　　∈/- 0, 1 ,

γ(0)-y l)-0,

where the solution is

yo-(eax-1)(eax-ea).

Tablel

｣ n c*
m ax C {左△)

1≦i≦n
m ax hi

l≦t≦n

m m h i

l≦i≦n
e

io- 86 0.118C- 5) 0.866C- 4J 2■4 9-io 0.117C- 4;

10" 130 0.117C- 5) 0.893C- 43 2■5 9-14 0.122C- 4)

10" 188 0.38K - 6) 0.927Cー4) 2-5 9-17 0.126Cー4)

α n c * m ax C (左△)

1≦i≦n

m ax hi

l≦i≦n

m m h i

l≦i.≦n
p.

1 29 0.132C一7) 0.949C- 4) 2｢4 2"5 0.130C- 4;

2 83 0.326C- 8) 0.936C- 4) 2■4 2-7 0.128C- 4J

3 195 0.168C- 7J 0.986C- 4) 2■ー5 2-9 0.134C- 4

In these tables we use the notation

e-　max max
l≦i≦n O≦j≦100 l(yo-γAノ)(x,-i+揺)l･

If we use the method to divide the subintervals /, such as

CUi, A)>3

into two equal parts till

C(左△)≦∂
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for every subintervals /,- then the numbers of intervals used in the partitions are, respecti-

vely, 90, 138 and 204 for Example 1 and the same numbers as Table 2 for Example 2.

And if we replace C(/ォ, A) by C(Ii, A) in Remark 2, then we obtain the better results

than the ones in Table 1 and 2.
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