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1. Introduction and Summary

Let v. k. A and t be positive integers with v≧k≧t and let [t/2] be s. Let P be a p-set

ffl, .., αv} and肇a A｡-set {Bu …, BA } (a collection ofyfe-subsets of P). Theelements of

P will be called points and the elements of肇will be called blocks. (P,懇) is defined to be

a t-{v, k, A) design if each /-subset of P is contained in exactly X blocks. Let P{h) be a

set of /z-subsets of P and Ph(i)(i-¥,
(芸) )theelements ofPw. LetMh (h-0,..., k)

be the incidence matrix for (p.肇) defined by

Mh(Ph(i), Bj)-
1

0

if PhU)⊆Bj
otherwise.

In order to state Yoshizawa's Proposition [5], we need the following row vector a*

U-l,..., v). a,--(βad, …, βMo)), the十th coordinate β (/)-
(去
1 ifaieBj
otherwise.

He proved that the real vector space spanned by di-a, (1≦i, j≦v) is an eigenspace for

MIMt (1-0,..., t-1).

In this note we shall prove two propositions one of which is an extension of Yoshi-

zawas.

Proposition 1. Vh- Wh,hMh {see Cameron [1]) is an eigenspacefor MIMi (/-0,..., t-h).

Proposition2. Let (P,肇) be a t-(v, k, l) design (i.e., Steiner system) such that for any

block B of 23, the set of points outside B, with blocks of the form B'-(BnB') where B′ is

a block with ¥BnB'¥-t-l isa 2-(v-k,k-t+1, c) design for some integer c. Then

Wi,2M2 is an eigenspace for the adjacency matrices of the Steiner system (P　懇).

We shall use the same notations as in [1] and [3].

2. Proof of Proposition 1

For / j n-0..... ¥v 2], define C& tobethematrix withrows indexedbythe /-subsets

of P9 columns indexed by the /-subsets of P, and with (Pi(a). PAb)) entry equal to 1 if

¥Pi(a)f]Pj(b)¥ -n, and 0 otherwise.

We proceed in several steps to investigate (whMh)Mi Mi for wh e Wh,h-　Note that h
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h

MhMI- 2 Ah+i-jCii.
.7-0

MhMIwillbeamatrixwithrowsindexedbythe/z-subsetsofPandcolumnsindexedby

the/-subsetsofP.IfPh(a)isan^-subsetofPandPt(b)isan/-subsetofP,then(Ph(a),

Pi(b))entrywillbeequaltonumberofblocksof軍whichcontainPh(a)UPdb).Thus,if

Ph{a)^Pi{b)¥-/,the(Ph(a),Piib))entryisAh+l-j.

Then

h
MhM{-∑Ah+j-lC孟l.
j-0
Form,i,defineMLtobethematrixwithrowsindexedbythem-subsetsofP,

columnsindexedbytheblocksof33,andwith(Pm(a),Z?&)entryequalto1if|pm(a)nBb

-i,and0otherwise.NoteMi-Mi.

Step2.Weshowthat

･2)CiLML-ア{P){k-p)Mt

p=j¥J/¥1-1I

C孟iMiwillbeamatrixwithrowsindexedbythe/z-subsetsofPandcolumnsindexedby

theblocksof乳IfPhia)isan/z-subsetofPandBbisablock,then(Ph(a),Bb)entry

willbeequaltothenumberof/-subsetsofPwhicharecontainedbyB6andmeetPh¥a)

inexactlyjpoints.Thus,if¥Ph(a)nBb¥-P,then(Ph(a),Bb)entryis

h

C孟M,-∑
p-j

Step3. We show the following

Lemmal. If whe Wh, h. then whM%-(-1T'pI';) whMh.

Proof. Let the P^(/)-coordinate of wh be y{au..., ah¥. Let the i-th coordinate of whMh

beriBandletthef-thcoordinateofwhMVlbehb.Wehave

nB=XT2r{ai,...,atp,aP+i,...,ah}

{aw,ap}{ap+w;cth}

-∑′⊥∑-∑′′′,γ#1,…,ap,ap+i,...,αh-1,αh),

iai,-,aP}h-p{ap+i,-,Cth-1]cch

wherethesum∑′istakenoverallp-subsetsofBandthesum∑′′istakenoverall(h-p)-

subsetsofQ-Bandthesum∑′′′istakenoverall(h-p-1)subsetsofQ-Bandthesum∑′′′′

istakenoverallelementsofQ-BU(αp+lfα,_i}.SinceWh,h-{w∈Wh¥wBLih-O},it

followsthatforany{an,α-1∈P(h-1),∑r(α1,...,αh-1,α,}-0,wherethesum∑istaken

ah
overallelementsofQ-{a¥,...yαサーi}.So

nB--h圭piap+i写ニーil{ai荒p,冨oγ(α1,...,αh),

wherethesum∑istakenoverallelementsofB-{α1,…,α>}.Byeasycalcuationwehave
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nB-岩flB.
It follows that

whMh-一岩whMFl-(-1)*-'( JwhMh.
This completes the proof of Lemma 1.

Step4. By (1), (2) and Lemmal, we have

J=｡ p=j言X二言)(-ir(芸¥whMhforwh∈w,h,h.
In order to rewrite the above expression we need the following

Lemma2.　真(言X二言K-1>h-pl芸)-(-!)*一�"'(冒)(号二)蝣
In this proof we use the combinatorial identity (see Riordan

(3)　　　　三二三)- 2 (-1)*(nニk)(芸)･

Sinceex窒H?X窒　wehave

(-1)h-j真(言X二言)<-ir>Q-(-i)-(冒)真¥p-j)¥l二言K-Dh-p
lf we set r-p-j, then we have

(-1)*一鼻(冒)(ラ-1)<-サー'( H芸)I(V)(<k-1二')(-1)r.

By(3),therighthandsideoftheaboveequationisequalto

proofofLemma2.

h
Nowitfollowsthat(whMh)MiTMi-∑Ah+i-A-1)
-1¥h-j
J-0

k-h

l-h

wk-h¥

i)¥l-h)
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We complete the

whMh for wh^ Wih,h.

This completes the proof of Proposition 1.

Remark. Easily we can prove Proposition 1 by Peterson's Result [3]. Peterson's Result is

the following.
●

Result. If wh∈ Wh,h and h<L then whC去.-(-1)h-j
(?)
whBh,i.

But it seems to me that this method does not apply to the proof of Proposition 2.

3. Application of Proposition 1 to Steiner systems

Let (P,肇)be a t-(v, k, 1)design (Steiner system S(t, k, v)). De丘ne At tobe the

adjacency matrix, corresponding to i : That is, Ax is the matrix with rows and columns

indexed by blocks, and with (Ba, Bb) entry equal to 1 if ¥BanBb¥ -% and 0 otherwise. Let

/ be the (Ao, Ao) identity matrix. Then we have

Lemma3.　　MIMi-岩QAh+Ql, for /-0 t-l.
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Proof. See Cameron [1].

Now let us prove Proposition 2. Note that

M2At-i-(At-i-1)(言二w言二^JMi+CMS.

By Lemmal, wiMi-{-¥Ti
(冒)
W2M2 for wie Tf2,2. It follows that W21M2 is an eigen-

space for At-i-　Propositionl shows that W2,2M2 is an eigenspace for MiMi (1-0,..., t

-2). Using Lemma3 we obtain that W2,2M2 is an eigenspace for At (/-0,...,/-1).

Thus we complete the proof of Proposition 2.

Remark. Let us give an example of the Steiner systems satisfying the assumption of

Proposition 2.

The example (Cameron [2]) is the non-degenerate Steiner system S(t, k, v) such that the

sets, B'-B, where B is a fixed block and Bf is any block with ¥Bf)B ¥-t-l, form a

Steiner system S(t-1, k-t+1, v-k) on the points outside B, for all B.
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