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Abstract

In the present paper we shall consider a problem of convexity (or concavity) preserving

approximation of plane convex (or concave) data by use of simple rational splines of con-

tinuity class C.

1. Introduction and Description of Method

Parametric cubic splines are of much use for an approximation of plane curves and

data which are not represented as graphs of a single-valued functions. However, they
●     ●

do not always preserve desired properties, for example, convexity or concavity of origin-

al curves and data. In the present paper we shall consider a problem of convexity (or

concavity) preserving approxmation of plane convex (or concave) data by use of a sim-

pie rational spline of continuity class C defined on a partition: -∞< ro<.-.< <- <+

∞　Forp >-1, the spline∫is defined as follows:

(i) s(?) isalinearcombinationoft,r,t/(1+pt) andr/(1+pr) on [t�", ri+1]

(0主i≦n-1) with r-r.+/Ar.(△r.-r.+1-r.) andr-1-i
(1)

(ii)　　tftto, rj.

For p=0, the spline coincides with the well-known cubic spline, and it reduces to a

piecewise linear function asp--1+ under the condition that ∫′(I)卜≦K (rc ≦て三

* ) for a positive constant K independent ofp.

Now, for given data (*,-,yt) (0 -こi主n) chosen in order, the splines u and v of the

form (1) can be fitted to the points (t{, *,-) and (t. v.), respectively, i. e.,

ui(-u(r.))-xi and　サf(-v(r,.))-y{ (0主i主n)

where r｡-Oand △r.-j(△*,)2+(A,,)2ll/2 (O^こi三n-1).
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Since u (or v) is dependent on n + 3 parameters, there are two additional conditions to

(2) required for a unique determination of it. In what follows, #[*¥+i, rJ and #[r,-+i,

TサTi-ii are the first and second divided differences of data values: xh *f+i and x--i, xh

*t+i, respectively. Then we take these to be end ones:

(i) fortheclosed data:

uo{k)-un^¥ v｡ik)-vnik) (*-1, 2);

(ii) forthe open data:

Bo(u) (- (2+p)u′o+ (!+/>)ォ′ - (3+2p)u[Th to]) -Bo(v) -0

(3)

(4)

An-1(u) (- (2+p)u′n+ (l+p)u′n-l- (S+2p)u[Tm Tn-1])-An-1(v)-O. (5)

The resulting curve F: (u(t), v(*)) (To-≦T≦O is the parametric rational spline

one. Our method is situated between the parametric cubic spline method (p-0) and the

piecewise linear one connecting the data poinst by use of piecewise straigh lines ¥p-

+) where the former of continuity class Cr is not always convex (or concave) even to con-

vex (or concave) data and the latter of continuity class only C is always convex (or

concave) to covex (or concave) data. For our method, we have

Theorem. For each i (0≦i≦w--l), suppo∫e that

[rォ+i, Tily¥-Tj+i> Th r,-J-*l-vi. tj> Tj-MTi+i> rJ

>0(or<0) (j-i,i+l). (6)

Then the parametric rational spline curve F is uniquely determined under (2) - (3) (or (4) - (5) for

(3)), and it ∫ convex (or concave) on [ *"., r.+1] forp greater than and suがciently close t0 -1 where

for the do∫ed data, {x^y) - {xn+jiyn+j) and △Tj- △r.. (j--1, 0, 1 ), and for the open data,

the convexity {or concavity) condition (6) is not required in the ca∫e when (i,j) - (0, 0), (n- 1 , n).

2. Proof of Theorem

Before we proceed with analysis, we shall require the following three lemmas.
●                                                          ●                                               ●

Lemma 1 ([4]). Let∫beoftheform (l). Thenwehave

∫,-+i . (2+/0､′ 1 . 1) (千+
△r,-　(l+P ＼△Ti' △r.--1

(3+2*) ,s[Ti+1, r,] _ s[Tit r,-.!]

(1+p) ＼　△Ti　'　△*¥-1

/

Si-I

Ar,_j

)　　(1三i≦n-1)　　(7

Lemma 2. Let ∫ be oftheform (l) ∫atisfy the end conditions (3) or (4) - (5). Then we have

forO≦i≦n-1:

A(s) (- (2+p)si'+i+ (l+p)si'- (3+2p)s[ri+1, r.])
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-A*v[r.+2, r.+ll rj+oid) (d-l+p)

BAs) (- (l+p)s'i+1+ (2+p)s - (3+2p)s[r,.+1, r.])

-Atv[r.+ll rit r^+Oid)

where for (4) - (5), An-x(s) -Bo(s) -0.

Proor For (4)-(5), from (7) we have

si　≦K(0≦i三n)

(8)

(9)

10

25

with a positive constant K independent ofp ([1], p. 21). For (3), we also get the same

estimation (10) since then the determining equation for s′i (0主i≦n) is given by (7) (0

三i三n-1) and∫′0-∫′. Letting d (-l+p)-Oin (7),by (10) wehave

∫蝣'/- (也+互生r/-J -)/(I.A f　　　　　　　　　　　　　　　　¥　T-

△Tj　　　　△TJ-1 ′' ､△Tj　△TJ-1

+0{8) (1≦j≦fl-1

from which follow the desired asymptotic expansions (8) and (9).

Let ≠ and ♂ begivenby

* (*) - (ト2t) (1+ St)I(1+pt) +rt/(l+pt)'
d(t) -2 d t(3+3pt+p2f)I(1+pt):

with ♂-1+βandr-¥-t.

Then we have

Lemma 3. For p greater thaねand ∫u伊ciently do∫e to- ¥, we get the inequality.

d(i)+d(r)¥+0(8)畑(i)≠ r +6 r)≠(t)¥主0

(o三.g≦l,㍗-1-～).

Proot The above inequality is equivalent to

¥t(1 +pi) 3 (3+3pt+p2p2) +r(1 +pt) 3 (3+3pr+pV) !
+O(d) [t(l+pr) (3+Spt+p2f) ¥(l+pr) (ト2r) (1+ dr) +rt¥

+r(l+pt) (3+3pr+p r ) ¥(l+pt) (1-2*) (1+ St)十rtH主0

(o主t主1,r-l-i).

Since

(ll

12

13
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t(1 +pr) 3 (3+3pt+pY) +r(1+pt) 3 (3+3pr+p2r2)

主(3/4) ¥t(l+pr)3+r(l+pty主(3/4) (*4+r4)≧ 3/32

(0≦t≦l,r-l-t), 14

we have the the desired inequality (12) for p greater than and sufficiently close to -1.

Now we are ready to prove our Theorem. Since uj - xj ¥j-i, i+1 ), we have

u( T ) -xtr+xi+it-
(1 +β)

(3+2P)

/

rf (1+了両)Mu)

-(1+了吉)&(ォ)}Arf. (0≦t≦1,r-トt)

with t-t.+j△　　(0主i≦ォーl).

By a simple calcuation, on [r',-, r?+i]

u'(t)-x[t.+1, r.]-

ォ�"　o-

(1 +β)

(3+2*

(1 +P)

(3+2P)
¥A(u) ≠ W+BM) ≠ to!

U*ォ) 0 (*)-^(ォ) 0 (r)|/Ar,

15

Hencewehaveon [Tit r.+1] (for (3),0主i主n-l and for (4)-(5),l三i主n-2):

△T蝣¥u(r)v〝(r　-ii〝　o*′(Ol-[*[r,+lf rj-

1+2∂

≠(O+BAu) ≠(r)¥] ¥Mv) d(i)-BM d(r)¥ - ¥Mu) e(t)

-Bi{u) d{r)¥ ¥y[Ti+1, r.]- 1+2∂

¥Mu) x

¥Mv) ≠{t)+Bi{v) ≠ r)

- U,-U>)*[r,.+i, TH-AMj[Ti+1, r.]| ditJ+ lBMyi^i+h rJ

-BAv)x[Ti+1, r.]} 0(r)+O(d)畑(i) ≠ (r)+e(r) ≠ (t)

(o≦_E≦l,r-l-t).

Since F is convex (or concave) on [*"., r.+1] if and only if

u′(O*〝(r)-n〝(r)v′(I)主0 (or主0) on K-, Ti+i¥,

(18)

(19)

by means of Lemmas 2 and 3 we have the desired result from (18) on [r., r.+1] (for

(3).O主i三n-l and for (4)-(5), l主i三n-2), i.e.,forthecloseddata,on [toi rJ

andfortheopendata,on [rOf rx] and [Tn-i, rJ we have from (4) and (5)

△rolォ'(r)サ〝(r)-u"(r)v'(T)¥-¥Ao(v)x[Th rO]-Ao(u)y[rlt ro]¥ 8(t)
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and

△¥u'(T)v〝^)-u"{T)v'{T)¥-¥Bn-1{u)y[rn,rB_J

-Bn-1{v)x[rmTn-{[¥O(f)(t-Tn-1+tArn_1>0主;<1).(21)

Hence,wehavethedesiredresulton[rO,rjand[Ta-ltrjbyuseoftheasymptotic

expansions(8)and(9).

ThiscompletestheproofofourTheorem.

3.NumericalIllustration

Ifthedata(*f>y,-)(0-t≦n)isderivedfromasufficientlysmoothplanecurve

ipi*).q{-))(o主6三L),i.e.,xi-pォ)andy{-q(<rt)(0≦二i三n),thenthesimilar

erroranalysisin[2]givesforp≠0:

Iu'i-p'iI,I

whereh=maxIa,蝣霊iI

i≡p¥O{h2)(A-*0)(0主i三n)

0<.i<n-1

Thustheerrorwouldbesmallforasmallvalueof¥p¥,whilethemethodwithp-0

FIG. 1
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FIG. 2

FIG. 3
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FIG.4

( the well-known parametric cubic spline one ) does not always give convex approximation

even to convex data. Therefore, in practical computation, it would be sufficient to decrease

the parameter p, starting at zero, until a picture of the spline curve is satisfactory ([3]).

In order to illustrate an application of the above stated method, we take four examples

where solid circles mean the data points given counterclockwise. The data in FIG. 2 is

obtained fromj - 1/(2-*) ( *-0, 1, 1.7, 1.8). Numerical results show that our method

gives visually pleasing curves of continuity class Cr.
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