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END CONDITIONS FOR FLEXURAL VIBRATION OF UNIFORM BARS

(2nd Report—Frequency Equations and Mode Shapes
for Cantilever and Simply Supported Beams)

Takemitsu ToMI and Masan ARITOMI

It was presented in the first report that some of the end conditions for free flexural
vibration of uniform bars should be obtained by the theoretical analysis.
This second report describes analytical techniques for obtaining the frequency equations

by use of the results in the previous work.

Following such analytical techniques, the frequency equations and vibration mode shapes

for cantilever and simply supported beams are presented.

It is also shown that some modi-

fied expressions of mode shapes for these beams can be obtained.
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R& (76) K&y

Pn(x) = —6‘3& {cosh An% +C0S Apx

— }/% (sinh A,x +sin lnx)}

...... (79)
BELHN, (75) RBLvr (76) Xrbid
Pa(x) = ‘4‘"’ {cosh Anx+COS Az
_ “H(;DM ; ,
T+ (=1)"cos A (sinh /I,‘x+s1n/l,.x)}
...... (80)

BREB, kL, =123, E¥35,

ZD&HITLT, RFEEYITBL TR, REDE-
FERRRADS (79) e B0 ROBMRTEhL IN B3,
ZIT (14) D 04/(A04) DALLT, 43) Ao
FLEHERAT AL

Q(x)= ——{cosh Ax+cos Ax

_ (cosh Al+cos Al

sinh Al +sin /U) (sinhAx+sin /Ix)}

BELND, 272U, FRIIBERE » 3B EXK, B
BREHHLT, $RTO2ITHLTRLTADT, %
T A % A LEERILLCDH B, 72 (T4 KT
04/(A04) DEZBIZ, (43) ROELRHERTS &

Qox)= {cosh Ax+cos Ax

_( sinh A/—sin Al
cosh Al+cos Al

) (sinh Ax +sin Ax) }
Ligh, 361E/, (14) RT 04/(A0y) DL Z 2
~ 44 EQ(DE@%%:&FH?%’L&;E

px)= {cosh Ax+cos Ax

"sinh Al—sin Al ! .
1/ sinh A7 +sin Al I sin AT Sinh A% +sin Az) }

285, 8D KX, B2 ABLvr @3) XL, F~<T
DIRBIRBIH L THEATE %25, ZnHD5 5 (8D
H& 82) NIEKH»S b, BELURAASFAINT
Wa?, Lel, TTTRLAERIZNASINTNRY
HHEMD bk 04 TREINTED, ZOEABRER
LIZB B RBEETHELELS, DX,

REO-bAEE2, HHEHED:bhAR 04 TERELTE

FiE, BEESRE 04 2WELT, EHHDOba
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_ 04 g ;
Px)= S {sinh Ax +sin Ax

+ /1_064. (cosh Ax+cosAx)}  eeeeee (84)
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OYFMEE AT, &) B nFhd 04 THEHEZ
HECHRBETEAZLLBBATH A,

4.6 RHIEOOEBHBEE

&%z, (7 RN2EHALTEERE RO-BEIC
2T, BRMICERT LHERZRNTBL., 2D
RFEIEhicBuTiy, 26k @6) ROEBFEHENH
ERHXNTEY, L, 22T (7D XNEHEH
L72BEIZo0 T, ZD|RBFEZRDTHID, ZD
72DIZIRRD L iz,

y _(n=:1) (n=3)

yz=tanh izl \

yi1=sin Anl / \|

(n=2) (n=4)
X 2

FTizbhb, @6) X (77) RCEEMXI B L5 T
X7 22T KD S B, sindd=(—1)"*tanh A,/
DORREHEA LT, RBIEEH Ad 2ROTHB,
T A BHEHICELD, yi=sindq & ys=Ztanhi,;l
LERECE > TRT LR 2D L 51785, KT 3,
P—EPRT, 1 REBTRLTH B, n=1 D%
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L O IELEENSTRELSS, Db Ad DEMBEK
LTWE, Ad=2~3 &7sNi¥, y,=+xtanhi,] DfE
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DOfEIC2 NI, BEESERZELMIC sin ld=£1,
ER/$ X

cosdd=0 e (85)
TEHLLTHINZ EZ2FEBR LTV,

ALz iz 36) ROBHEHER cosdd=-1/
coshzl IZoWTHWABDLITTHD, AJd=2 1oH
LTt cosh A MFERICKE LB 728, (G6) R
cos =0 THEBILTO LW, LiddosT, ZORE
DTS AIREIEAR Al O, @5 K&b

Anl= 2”2‘ 1 7T, (n=2,3,4, Y e (86)

TRhINB I LITE,

LA TIDEE, yi=tanhiy, H LI y:=
—tanhA,] OphiL yi=sind O LD ZEIL,
86) ROELUED WRIICTSHEEL T, 2BFEET
AbhirThsb,. LrLshs @8 RickhiE, —1
<cos Ad<0 D&MD BHDT, ZOREKREHET S
RER1ECBEIN, RPHEEHR AL OEISHEET
B, LOWEEINI AJ DR, ZITE 86 KT
ERILI &V RIS,

ok 0N REEALZHEICR, -1
cos Apl<<0 D2 ERBT IDBEDH 5 Z LS, 36)
D cos Agl-cosh Al = —1 ZIRBBOFENRICEA L7z
BAITHNT, RERETHILIICELNS, Lr
L, 86) ROELUEZFERATIE, FEMII -1<
. cosAnl<0 DEEBANBELIZD, ZOKR B6) K
DOlE% EETARY, 0N ROEHFHPHER2HEA
LT, BRBRZIEHNBNLDLEELS,

FoTIOREFEIEYIZo0TIE, B86) KD A i
s 2ECUERERTNIE, 2 R EORBBITN S
AEEMERK os 1E, (4) X b
“ET_(2n—1)'m* / ET

o @ Y

Wp=2z"

Dk sk TEAbNB,. 1Bk, 01D ADHE
2 REEHEHERNL LERAT3H4I2I, WEO
PPEW- T, MNEHEZEET NI,

wiz, 86) ROEZE @0) RARATHIE, cosial
=0 Ligh/%, &— Mg o) IGELHEC

@n(x) '=.-'—3—‘2‘L’ {cosh A,x +cos Axx— (sinh Azx

+sindx)}, #=2,3,4,- Y e (88)
D& HIZRBETE 3,
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PGB, BX |, @iTAkE EL BURID
b o OER%Z L0, —RSHEMEZRIEY LAFIE
YHSEEIRERE T 5 L &, ZDRBEITERDOIENRK
Fehs, (1) RBX (2) XNzEATIE —BROIC
RHONBZ EERNI, ZLTER, IWHDEK
?T?‘Diﬁﬁbﬁﬁﬁiﬁ@iﬁ&’éﬁﬁ LT, BEROERS
RICE LI-BE, BEE — F LHREM: & OISR
508, L HBREICTE B T L EBRNT,

h, AgEgEFETIE (1) X (2) XEFATH
¥, ERDhAEERLT E— FER @(x) OFR
L LT, ZRERBEOFEET S LERITUNS,

VWE, RYDOEHEARLL, AWZBRELT,
WA % BEEAICER D, x #i%E13 b OEREI5FICE
B, ZDLEABRDbAR LEFNACEKIRIER 04
L0y TEbLL, THZOLEDFFEE—2 P ER
BRODBAEEEZ, My & Ry TRbLYTLE, Wl
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BT B7hiI o) IRDX 1285, 2720, n
=1,2,3, 00 IR E — FRERET AIRBREE L,
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=0 OEREDORDYIT

cos Axl=(—1)"
DFTHEhIND, T, BRIRBRE 2 1THIGT 554
KL LT
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DEHICKEARS Raw TRETAILDLTES,
(3) F#EH oFa, EEHHERL cosil-
cosh Al=—1 DIERFORD IZ
sin Ad=(—1)""1tanh ., ¥ L<IZ
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D TERbAND, T/, BIRBRB 7 IZHET 58
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M= (1" (ERRN s, BIL
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