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The solutions of the Bessel equation

豊+嘉一(1-sB/X2)y-0

are discussed in detail. The modified Bessel Functions K,(X) and ′y(X) arethe two independent

solutions of above equation whenthe order is purely imaglnary, 1.e., L･-is. The value ofthefunc-

tion Kie(X) is real while the value orthe function lie(X) is complex for real ∫ and x. Hence a new real

function Mi.(X) is introduced in place of the complex function Iie(X).

Some series expansions for Kis(X) and Mis(X) aregiven. The possibility to computethe value

of these functions and their derivatives bythe use of their series expansions are discussed and a

practical procedure with the accuracy or the eight decimal places is presented. Short tables f♭r

Ki.(X) and MiB(X) and their rdatedfunctions are given.

Some related formulas with His(X) are also collected.
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§l Introduction

A special formof the modified Bessel functions lv(X) and Kv(X) when v is imaginary,

plays important role in the. analysis of some kinds of boundary value problems in the potential

theory(1).

J. Dougall(2) has glVen three expressions of Green's function for several regions COn･

structed in the cylindrical coordinates. The expression of theや-form, one of them, for the

reglOn bounded by two parallel planes and a cylinder is glVen aS fbl】ows:

V- SpilSin(pnz/C)sin(pnz′/C)にcoshs(n- lダーp,I) tis(pnaf/(cr藍～pna/C)ds･ (.･1)

where

f(r) - IIs(p7Ta/C)KEG(p7Tr/C) - Its(p7Tr/C)KL,(p7ra/C).　　　　　　(1. 2)

The other expressions of the z- and r-forms are often used to analyze some practical problems･

However the expression of theや-form has not been used because that the method to compute

the functions Its(X) and KIs(X) has not been established yet.

In the previous paper(3), the authors discussed the possibihties to compute the va)ues of

Kis(X) starting from the integral representation for this function and proposed a procedure

based on such an algorithm. However the algorithm is too time<Onsumlng for some kinds of

combination of s and x. Further, We must established the method to compute the values of

lb(X) if we want to use the expression of the p-form.

In this paper, the possibilities to compute the values of these functions and their derivatives

by the use of the series expansions are discussed and a practical procedure with the a∝uracy

of the eight decimal places is presented. Functions Its(X) and Kis(X) are the two independent

solutions of the Bessel equation

砦+盟-(1一意)y=o･　　　(.･3)

It is well known that ILs(X) and I_紘(X) are also the two independent solutions. Hence which

set should be adopted is a problem.

When s and x are both real, the value of Kis(X) is real while the value of Its(X) is complex

and the imaginary part of tis(X) can be expressed by Kね(X). Since the function having a

complex value is unwieldy, we introduce a function Mis(X) which is a real part of lb(X) muti･

plied by n/cosh(S7[), the relations between Iね(X), Kis(X) and Mb(X) are

lie(X) - Mis(X) -i
cosh(S7T).I ,__､ _.Sinh(S7T)

7T　　　　　川､　′　　　　　　7【

Kis(X) ,
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I_.･S(X) -些塑MLs(X)i + -垂些sAKis(X),
7T                lr

KL･S(X) - hi:hL(2Inj (I-ls(X) - Iis(X))I

(1.5)

(1.6)

Mis(X) - i6(芸h/ah (I-L･S(X) I tis(X))･ (1.7)

The reasons of introducing the function Mis(X) are 1) by the real functions of KIs(X)

and Mss(X), the expression of the p-form involving the complex functions I.ls(X) and I_ls(X)

is simpIified in the form taking the above expression as an example

f(r)f(r')
テ南Tc7㍍行霜76 d s

g(r)g(r')
) Jl.In,,M-I,,. ';L'ti品'si ) : ^･.;"JTa-(.:,

coshs (7卜lP-p'i)

coshs (7卜Jダーp′ J ) 77ナこ二二7二TTy三三tl._TI主,Tv-ラフ二二rr- ds

g(r) - Mis(p7Ta/C)Kfs(p7rr/C) - M.･S(pTlr/C)Kis(pTla/C),

where

(1.8)

(1.9)

and　2) in the region of oscillation, the amplitudes of envelope of K,･S(X) and M.S(X)are com-

parable to each other as foHowlng form:

Kis(X)- J笠e-sn/2sin(n/4-S+slog,25/X)),

Mis(X)- J告e-sn/2cos(n/4-S･slog(23/xn･

(1.10)

(1.ll)

The procedure presented here is made to compute both values of Kis(X) and MIs(X), Simultane-

ously. It is because that since the contents or computations or these two values are almost

the same as each other, therefore if we make the procedure to compute these two values simul-

taneously, the amount or computations can be redLICed to a large extent. It is also because

that fわr the problems we aim to analyze the two values are usually necessary.

The well known recurrence technique for the calculation of Bessel functions is not appli-

cable rbr this case because that the orders or Bessel functions are not real.

The derivatives of the functions Kis(X) and Mss(X) with respect to the variable x arealso

discussed. These derivatives are necessary to analyze the problem with Neuman-type boud-

ary condition. In general if the Bessel function with real order is glVen, the derivative of

the Bessel function can be derived by the use of recurrence formula. However it is not ap-

plicable for this case therefore the procedure to compute the two values of K'ls(X) and M'is(X)
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must be provided separately.

At the end of this paper, some important formulas for Kis(X) and Mis(X) aregiven･ In

these formulas, the Fourier-type series expansions are involved. This fact shows that these

functions have the large possibility to be used for the analysis of various boundary value

problems.

§2　Series Expansions of the FtlnCtions Kis(X) and MEG(X)

2.1 Series Expansion Available f♭r Large Order

It is well known that the modified Bessel function of the second kind Kv(X) is defined as

follows:

Kv(X) 可Z_V(X) -Iv(X))
2sin (VIE)

and the modified Bessel function of the first kind lv(X) is expressed6) by

･V(X)=葦琵il I (X/…≧_4哩+_.,.　_ + (X/2)6

γ+1 I 2!(1+γ)(2+γ) I 3!(1+γ)(2+V)(3+γ)

Since T(V+ 1)r(1 -V) -vn/sin(vn), we obtain

･V(X)-誓誓H(-V)(X/2)vil I

and for v-is, where s is real, we obtain

IIs(X) -

Here, we put

Hence we obtain

and

sinh(37r)

SIT
ll(-is)(X/2)is 1+

叫_1 J_2_

1+γ

(X/2)4

2!(1+γ)(2+γ)

!X/2)4塑空+_.,. .､′^

･ト(2･2)

･一･ (2･3)

l+is '2!(I+is)(2寸is)

H(-is)-A+iB,

F(S･ X)-1･#･

I,･S(X)
sinh(s IC)

S7r

I_ls(X) -

(X/2)4

2!(I+is)(2+is)
+･･･-C-iD.

(A +iB)elslog(X/2)(C-iD),

sinh(sn)

SIT
(A -iB)e-Lslog(X/2)(C+ iD).

Substituting (2. 7) and (2. 8) into (2. 1), we obtain

トト(2･4)
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KIs(X)

MIs(X) =

i sinh(37r)
(I_ls(X) -tis(X))

- -÷(sin∝(AC･BD)+cosα(BC-AD)),

(n/2)

cosh (sn)

tanh (87T)

(I_ls(X) + tis(X))

(cosα(dC+月か) -sin∝(βC-｣か)),

where α -s log(X/2).

When s}j i }>X, F(S, X)I I and n(is) is expressed as follows

11(is)= (is/e)is(2冗is)1/2 -(27Te)1/2e-sn/2e i(冗/4~slogS-S)

from the Stirling's formula.

Hence, we obtain for s≫1≫x

Kis(X) -(27T/S)1/2e~sn/2sin(n/4- S + s log(2S/X)),

MIs(X) = (27r/S)I/2e-sn/2cos(n/4- S + s log(2S/X)).

(2.9)

(2.10)

(2. ll)

The method of computing the values of KIs(X) and M.･S(X)given above is discussed later.

This method is available for the region of oscillation of KIs(X) and MIs(X), i.e., S>X.

2.2　The Hankel Asymptotic Series

From Erdelyi7), we get

〟-1

Iv(I)-(27rZ)ll/2[ezt∑ (- 1)m(V, m)(22)-m+0(Iz｢M))
m=0

M-1

+ie~I山川( ∑ (V, m)(2Z)-m+0(lzI~M))], -n/2<argz<3n/2, (2.14)
m-0

where

(V, m)- 2-2m(4V2- 1)(4V2-32)(4V2-52)...[4V2-(2m-I)2]/m!.　(2.15)

From the definitions of Kis(X) and MIs(X) and substituting v-is into (2. 14) and (2. 15), we

obtain

Kis(X) - (7t/2X) 1/2e-X 1-
4S2+I. (4S2+1)(4S2+32)

l!8X (8X)22!

(432+ 1)(4S2+32)(4S2+52)

(8X)33 !
･-i (2･16)
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Mis(X)
cosh (S7t)
(n/2X)1′2exil十等諜･iqx鍔±33i･-i (2･17)

2.3　0ther Asymptotic Expansions

The followlng aSymPtOtic expansion are glVen in reference7)

KIs(X)-2-1/2(X2-S2)-1/4expl-(X2-S2)I/2-ssinll(S/X)]

･[貰(-2)mbm,(如÷)(X2-2)-m/2･o(X-M)]･ X,S,0, (2･18)

where

b｡-1, bl-÷-去(1-X2/軒1,

3
b2-Tl8-義(トX2/S2)-1+芸(1-X2/S2)2, (2.19)

〟-1

Kis(X)-2'1/2(S2-X2)-1/4e-sn/2 × [ ∑ 2mbmT(m+ 1/2)(S2-X2)~m/2

m-0

×sin(m7T/2+scosh-1(S/X)-(S2-X2)1/2+17/4)+0(X~M)], S>X>0, (2.20)

CO

Kis(X)だ1T/3e-sn/2 ∑ (- 1)mCm(eX)sin((m+ I)7T/3) × r(m/2+ 1/3)(X/6)-(m'1)/3,

m-0

fors>X, S,X>0, 8-1-S/X, 8-0(X~2/3),　　　　(2.21)

where

co(X)-1, Cl(X)-X, C2(X)-X2/2.ふC,(X)-筈+昔,

C4(X)-(X4-X2･去)去,C5(X)-蛋+蛋+意･ (2･22)

The expression of MIs(X) corresponding to (2. 18) is

MIs(X) -1/2(X2-S2)ll/4exp((X2-2)1/2+ssin-1(S/X))

〟-1

× [ ∑ 2mbmr(m+ I/2)(X2-S2)~m/2+o(X~M)].  (2.23)
m=0

§ 3　Numerical Computations Based on the Hatlkel Asmptotic Series

Tt is clear that the individual terms of(2. 16) and (2. 17) at Grst decrease and begin to in･

crease after number of terms exceeds a certain number Nm･ The number Nm is determined as

the maximum value or 〟 which ful別s the condition
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(3.1)

(3.2)

]･ (3･4)

〔-<1.
4∫2+(2Ⅳ-1)2

8xN

Nm-[0･5+X+Jx2+X-S2]･

n5;TN-(4S2+ I)(4S2+3

nfl n!(-8X)n

"5㌢(4S2+1)(4S2+32)…(4S2+(2n- 1)

nfl n !(8X)n

寸.

(7r/2X)I/2ex
cosh(SIC)

an upper limit on the accuracy obtained by the use of(3･ 3) and (3. 4). From pre-

numerical experiments, we can roughly conclude that this method based on the

(3. 5)

X≧1.5S+8.0 for s≦6,

X≧2.Os+5.0 for s≧6.

or the Hankel asymptotic series (3.3).

0.5　　　1　　　1.5　　　　2　　　　　3　　　　4　　　　5　　　　6　　　　　7　　　　8

NtIttleriCalComputations Based on the Series Expansions Ayailable for Large

Order

estimation of a complex series F(S, X) and other is the estimation of the Pai function
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asymptotic series (3･ 3) and (3. 4) yields the accuracy or eight decimal places for

Table 1, the number of terms necessary to obtain the accuracy of eight decimal places by

use or the Hankel asymptotic series is glVen.
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In this section a method based on (2. 9) and (2. 10) is discussed. It consists ortwo parts,
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4.1 Estimation ofa Complex Series F(S, X)

A complex series

F(S, X)-1+誓･ラ (X/2)4 (X/2)6

!(1+is)(2+is) '3!(1+is)(2+is)(3+is)
+-　(4.1)

converges for any real s and x althroughit increases rapidly as x increases. As the number

of terms n increases, the values of individual terms increase at first but they begin to decrease

when n exceeds the value

no-[(Js4+X4/4-S2)/2]1/2

In Fig. 1, the numbers of the terms necessary to obtain the accuracy of ten-decimal places

are shown. Tn the figure the numbers don't depend on s strongly, hence we put

10　　　　20　　　　30　-

nLJrTtber Of term

Fig. 1. Numbers of terms necessary to estimate F(S, X) withthe

accuracy or ten decimal places.

n- 6+[2X]　X<5.0,

n-10+[X]　X≧5.0.

Using the value ngiven by (4. 2), F(S,X) is computed by

."A V､_.. 4,　　　(X/2)2pF(S,X)-1+ ∑

pelP!(1 +is)(2+is)(3+is)･･･(p+is)
(4.3)

4･2　Estimation of Pai function of Purely Imaglnary Variable

A method to evaluate the Pai function will be to use Stirling's formula. The formula is

glVen8) as follows

H(I)-r(Z+1)=(I/e)I(27TZ)

+

I/2ll ･Tiz･

1 63879　　　　　52 46819

妬き~首藤+ 248r8義024

1　　　139　　　　　571

5347　03531

209Ao Vl8Y8'8,025 + 7 52,4167'V9V6i,0026 - 90 -2,9占i5.一言i誠)zl

When I-is, we get

H(is) - (27rS) I/2e~sn/2eL(n/4-slogsIS) 1-

･-]･ (4･4)

1　　　　571　　　　　52 46819

288S2 I 24 88320S4. 7 52467
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-i(読+5%一議 63879　　　　　5347　03531
18880∫5　■ 90　29615　61600∫

When s is small, (4. 5) does not yield highaccuracy. Then it must be reduced to the form which

yields high accuracy when we use the Stirling's fわrmula.

From the recurrence fわrmula or Gamma function, W¢ obtain

H(l'S) -
Il(7 +is)

(1 +is)(2+is)(3+is)(4+is)(5+is)(6+is)

Il(7+is)

(720-1624S2 + 17534-S6)+is(17641735S2+2ls4)
(4.6)

where the part of Gamma function n(7+is) in (4. 6) is computed by the Stirling's formula

(4. 4). In this case, the argument is complex z-6+is hence additional complex division is

neCeSiary ･

This method yeilds as highaccuracy as required if we use the recurrence formula repeated-

ly. Another method of evaluating the Pai function is to use the Taylor series expansions.

Followlng fわrmula is glVen by Luke9)

CO

lT(I+I)]~1- ∑a.zn, Izl<∞,
n=0

1.00000　00000

0.57721　56649

-0.65587　80715

-0.04200　26350

0.16653　86113

-0.04219　77345

-0.00962　19715

0.00721　89432

-0.00116　51675

-0.00021　52416

0.00012　80502

-0.00002　01348

-0.00000　12504

0.00000　11330

-0.00000　02056

0.00000　00061

0.00000　00050

-0.00000　00011

0.00000　00001

0.00000　00000

-0.00000　00000

0.00000　00000

-0.00000　00000

-0.00000　00000

0.00000　00000

-0.00000　00000

0.00000　00000

0.00000　00000

-0.00000　00000

0.00000　00000

00000　00000

01532　86061

20253　88108

34095　23553

82291　48950

55544　33675

27876　97356

46663　09954

91859　06511

74114　95097

82388　11619

54780　78824

93482　14267

27231　98170

33841　69776

16095　10448

02007　64447

81274　57049

04342　67117

07782　26344

03696　80562

00510　03703

00020　00020

00005　34812

00001　22678

00000　日813

00000　00119

00000　00141

00000　00023

00000　00002

(4.7)
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Using (4. 7), we obtain

14

H(is)-T(is+1)-( ∑ (a2.+isa加.1)(-S2)")-1･
n=0

(4.8)

In Table 2, the values obtained by above three methods based on (4. 5), (4. 6) and (4. 8) are

compared with the exact values. In the table the absolute values or Pai function are listed to

the decimal places where the discrepancy appears.

Table 2　Comparison of three methods to compute the Pai function of imaginary vairable ll (is)

by (4･5) by (4･6)

0.82

0.521

0.2909

0.15318 9

0.39001 924

0.93619 6951

0.21758 75548

0.49549 18299

0.11125 55578 66

0.24724 61355 48

0.11945 60541 104

by (4.8) Exact values by (4.9)

0.82617 76142

0.52156 40468 65

0.29098 51478 2

0.15318 96187 9

0.39001 92404 4

0.936i9 69505 1

0.21758 75548 18

0.49549 18298 882

0.11125 55578 647

0.24724 61355 477

0.11945 60541 1036

0.82617 76142 76045 23

0.52156 40468 64939 8

0.29098 51478 15861

0.15318 96187 9124

0.39001 924

0.93619

0.217

0●5

The absolute value or Pai function is computed accurately by

lH(is)I2-r(1+is)T(1-is)
7lS

sinh(ITS) I

0.82617 76142 76045 232

0.52156 40468 64939 849

0.29098 51478 15861 831

0.15318 96187 91234 621

0.39001 92404 47059 543

0.93619 69505 16372 486

0.21758 75548 18708 343

0.49549 18298 88537 677

0.11125 55578 64641 210

0.24724 61355 47541 997

0.11945 60541 10345 570

(4.9)

The computing times orthe three methods based on (4. 5), (4. 6) and (4. 8) are less than 1,4

and 2 msec, respectively, according to the results directly measured. Hence we can conclude

as fわllows

H(is) must be computed by(4.6) for　2.0<S<7.0,

S≧7.0.

(4. 10)

In Fig. 2, the behavior of lI(is) is shown.

4.3　Compensation or Cancellation

Now we can obtain the values of K.･S(X) and M.･S(X) from the values of F(S, X) and lI(is)

Computed by the methods discussed heretofore. The values of KIs(X) and Mls(X) are accurate

for s>x or for a region of oscillation. However for large x, the values of KIs(X) are not accu･

rate because of a violent cancellation. The reason of the violent cancellation in the compu･

tation of Kls(X) is easily understandable from Fig. 3. After the oscillations end, MEG(X) in･

creases rapidly while Kis(X) tends to zero monotonously as x increases.
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b.I ▲. 幡��2��"絣�

st2.0 

0.ー0.2Re l 

■0 -0.1 白絣�

tlTIPr 

0 ��ｲ�7B���

.=0.2 

I.00.80.60.4 

Fig. 2. Behaviors oflI (iJ). Fig. 3. Behaviors ofKis(X) and Mis(X).

Such a cancellation can be roughly estimated by comparing the values of K.･S(X) and

Mis(X). The estimations of the number of decimal places lost by cancellation are listed in

Table3.

Table 3　The number of decimal places lost in the computation orK.･8(X) by (2.9).

0.5　　1　　2　　　3　　　4　　　6　　　8　　10　　12　　14　　16　　18　　20　　22

0　　　0　　　0　　　0　　　0　　　0　　　0　　　0　　　0　　　0　　　0　　　0　　　0　　　0

1　　　0

1　　0

1　　1　　　0

2　　　2　　1　　0

3　　　3　　　2　　1　　0

4　　　3　　　2　　1　　1　　0

4　　　4　　　4　　　2　　　2　　　0

6　　　5　　　4　　　3　　　2　　　1　　　0

6　　　6　　　4　　　4　　　3　　1　　0

6　　　6　　　4　　　3　　　2　　　0

6　　　6　　　5　　　2

6　　　6　　　3

8

Range computable by (2. 16)

From the Table 3, the numbers of decimal places to be compensated are at most six for

s<9 and nine for s>9. Hence ifF(S, X) and H(is) are evaluated at the accuracy of seventeen

decimal places, the cancellation will be compensated and the accuracy of eight decimal places

will be obtained.
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To evaluate the complex series F(S, X) with highaccuracy, We have only to continue the

computation beyond ngiven by (4. 2) until the required accuracy is obtained. A method

to compute the values of H(is) with highaccuracy will be to modify the method based on (4. 6),

i.e., to apply the recurrence formula of Gamma function repeatedly.

examined :

H(is)
T(N+ I +1'S)

(1 +is)(2+is)(3+is)･･････(N+is)'

r　∫<ll

r s<20

for

S<25

S<30.

A rbllowlng method is

(4.ll)

(4. 12)

where

A procedure based on (4. ll) can compute the values of H(is) accurately to at least 15 deci･

mal digits for O<S<30. By the use of (4. ll) and by evaluating F(S, X) with highaccuracy

the revised computation were carried out. The results are glVen in Table 4 together with the

values obtained by the Hankel asymptotic series (2. 16). For small s less than about 10, the

cancellations are compensated by 5 or 6 decimal digits and the range where the accuracy of

Table 4　The values ofKi.(X) computed by severalmethods･

by (2.9) by revised (2.9) by (2.16)
by a method uslngan

integral representation

0.33495 853

0.18986 305

0.10850 043

0.62401 86

0.36074 28

0.12201 5

0.41775

0. 14432

0.502

0.176

0.1

0.62401 847

0.36074 271

0.12201 479

0.41774 012

0.14432 424

0.50214 132

0.17569 102

0.21788 8

by (2.9) by revised (2.9)

0. 1085

0.6240 1

0.36074

0.12201 5

0.41774 02

0.14432 424

0.50214 132

0.17569 108

0.21788 865

0.33495 853 E-1

0.18986 305 E-1

0.10850 042 E-1

0.62401 847 E-2

0.36074 217 E-2

0.12201 479 E-2

0.41774 012 E-3

0.14432 424 E-3

0.50214 132 E-4

0.17569 108 E-i

0.21788 865 E-5

by (2.16)
by a method usingan

integral representation

0.48966 527

0.31859 102

0.16387 417

0.75060 449

0.32161 473

0.13213 430

0.52781 2

0.7981 7

0.115

0.2

0.13273 431

0.52781 218

0.79817 117

0.11554 514

0.16303 194

0.22636 742

0.31100 7

0.3

0.132

0.528

0.79817 2

0.11554 516

0.16303 194

0.22636 742

0.31100 591

0.48966 527 A-3

0.31859 103 E-3

0.16387 417 E-3

0.75060 449 E-i

0.32161 473 E-I

0.13213 431 El4

0.52781 218 A-5

0.79817 117 E-6

0.11554 514 E-6

0.16303 194 E-7

0.22636 742 8-8

0.31100 591 E-9
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8 decimal places attained is enlarged and is connected continuously to the range computable

by(2.16).

However for s larger than about 10, the situation becomes different. In this case, the

range exists where the accuracy of 8 decimal places is not obtained by revised (2. 9) and also

by (2. 16). The range is expressed by following simplified form

x<2.Os+5.0

(4.13)
X>S+ll.

In this range, the accuracy lS reduced to 5 or 6 decimal places.

The computation of Kis(X) in this range is computed by Debye's asymptotic expansion

(2. 18) which is discussed in next sub-section･

For the values of MIs(X), the cancellation does not occur. In Table 5, the values of real

part of tis(X) Computed by (2･ 10), (2･ 17) and method based on an integral representation

are shown･ The real part of.Ils(X) is equal to Mis(X) if it is multiplied by 7E/cosh(sn) as stated

in introduction.

Table 5　Real part oflis(X) computed by (2･10), (2･17) and method based on an integral representa-

tlOn.

by (2.10)

0.22816 1621

0.48834 1972

0.11306 1254

0.27247　6070

0.67249 8918

0.16862　6619

0.42763　5832

0.10937　5002

0.28160　8852

by (2.17)

0.228

0.488

0.11306

0.27247

0.67249　9

0.16862　663

0.42763　583

0.10937　499

0.28160　885

by (2.10) by (2.17)

0.51518　4791

0.11731 5663

0.28025　8537

0.68802　3969

0.17189　8908

0.43479　9165

0.11098　7301

0.28531 6075

0.515

0.1173

0.28026

0. 68802

0.17189　89

0.43479　917

0.11098　730

0.28531 607

by a method using an integral

representation

0.22816 1621 E 1

0.48834 1971 E 1

0.11306 1254 E 2

0,27247　6070 E 2

0.67249 8917　E 2

0.16862　6619　E　3

0.42763　5831 E　3

0.10937　5002　E　4

0.28160　8852　E 4

by a metllOd using an integral

representation

0.51518　4790　E 1

0.11731 5663　E 2

0.28025 8536 E 2

0.68802　3968　E 2

0.17180　8908　E　3

0.43479　9164 E　3

0.11098　7301 E　4

0.28531 6074 E　4

by (2.10)

0.21109 0816

0.43539 4202

0.97868　4534

0.23080　8550

0.56039　5570

0.13872　0851

0.34816 2792

by (2･17)
by a method using an integral

representation

0.212

0.435

0.9788

0.23081

0.56039　7

0.13872　09

0.34816　28

0.21109 0816 E 2

0.43539 4201 E 2

0.97868 4532　E 2

0.23080 8549 E　3

0.56039　5568 E　3

0.13872　0851 E 4

0.34816 2792　E 4
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§ 5　Possibilities of Methods Based otL the Other Asymptotic Expansions

5.1 Debye's Asymptotic Expansion (2. 18)

The steepest descent method to obtain the coe爪cients bm in (2. 18) is elucidated by

several authors7)10)ll). W. Sibagakill) has glVen the coe氏cients from b｡ to b4 aS follows

b0-1, bl-÷(1-÷^)･ b2-去(÷一争･若人2),

b3-去(

b4-読(

5

2･

35

8

%･%M -%M)･

晋A･豊A2 -%7人3 + i;681,3FA4),

where A-(I-X2/S2)-1

If we write the m-th coe氏cient in the form

リjj

b--ふBm･･(-A)〟,

We obtain the recurrence formula

Bo,o=1, Bm."-0　(forn>morn<0),

Bm+1,.+1 - (2k+5)

(2m+l)(k+3)
((2k･ l)Bm,n.(2k･5)礼.1)｣

k-m+2n.

The expressions (2. 18) and (2. 23) can be written as fわllows

K`S(X,=塙exp( -β-ssin-I(S/X))ll --i-bl ･ib2 -7,'15-b3 I

Mis(X) -
cosh(sn) Y 2β
J意exp(β+ssin-I(S/X))il I ㌻bl･宕

1･3･5･7

β4

b2･#b3i･ (5･5)
where P-(X2-S2)l/2.Asthese series are asymptotic expansions, in practical calculation

the series must be stopped when the terms no longer decrease. In Table 6, the numbers of

terms necessary to obtain the accuracy of eight decimal digits by (5. 4) are shown.

This table shows that for instance when s=l and x=10, we must estimate b. to b13 tO

obtain the accuracy of eight decimal digits. The applicable region or (5. 4) is slightly wider

than that of the Hankel's asymptotic expansion (2. 16) previously discussed. Considering

the fact that the computation of bn becomes too time-consumlng aS n increases, the computing

times are always larger than that of (2. 16).

The merit of the Debye asymptotic expansion is the wider applicable region and this point
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Table 6　Numbers of terms necessary to obtain the accuracy or eight decimal digits by Debye's

series (2.18) or (5･4)

1　　　　2　　　　3　　　4　　　6　　　8　　10　　12　　14　　16　　18　　20

10

12

14

16

18

20

22

24

26

28

30

35

40

is emphasized when the highaccuracy lS not required.
The part of the region where the accuracy of eight decimal digits is not obtained by (2. 16)

or revised (2. 9) is covered by these Debye's asymptotic expansions.

5.2　Asymptotic Expansions Available for x～S.

The asymptotic expansion (2. 21), which is also derived by Debye, is available for x～S.

The higher coe凪cients C.(X) are given by Airey2) as follows:

C6(X)-義-憲.芸1両,1

C,(X) -品一芸･憲一131366-,
13g

A ,.^　　　X9　　　X7　　　71X5　　]21X3　　　　7939X
C9(X)- ,.=J,loon- ,:"n +.:∴l^Joln,. - ∴n-11芸ハ+

(5.6)

Vy＼`~′　　362880　　30240　■　604800　　907200　■　2328480000 I

for the calculation, C2, C5, C8 etC. are not necessary.

This asymptotic expansion (2･ 21) is not suitable for the calculation with high accuracy.

Because even for the case ofs=X, it is the most suitable case of(2. 21), the series is as follows

KLs(X'- ÷e-/2(6/X,1/3dIil -,(i)義(6/X,5′3･,(号),お6/X'2), '5･7'

the convergence of (5･ 7) is very slow unless the variable x is extremely large. For example,

for the case s -X -30, only 4 signithcant decimal digits are obtained by taking account of the

coemcients from C｡ to C9.

5.3　Asymptotic Expansion Available for s>X.

Another asymptotic expansion involving the Debye's coe侃cients bn (2. 20) is available

in the region Of oscillation･ From the simple consideration, it is found that the convergence

characteristic of this expansioln is almost the same as that of (2. 18). Hence the data in Table

1
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9

8

7

7

7

6

6

6

6
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5
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‖
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8

7

7
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_

0
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日
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0
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6 are used also for this expansion if we exchange s and x in the table.

It can be proved that the hmiting form of this expansion for s}>x is coincides with (2. 12),

i.e., the corresponding limiting form of (2. 9). However this expansion is inferior to the

series expansion (2. 9) at computing time, the applicable region and the complication of

making program. For the calculation with low accuracy, this expansion will become available

as used for evaluation of Ka in the previous paper3).

§6　Derivatives of Kis(X) and Mis(X)

If the Bessel functions of real order are known, the derivatives of the Bessel functions

can be computed by the use or recurrence formula. For the case or pure imaglnary Order,

however, the recurrence formula is not applicable because the Bessel functions of complex

order is i:I appear. Hence the procedure to compute the derivatives of K.･S(X) and MIs(X)

mtlSt be provided.

6･l Series Expansions for K'ls(X) and M'is(X)

From(2.4) and (2. 6), we obtain

I,ls(X) -i垂些旦裏H( -is) (X/2)lsG(S, X),
X

G(S, X)-F(S, X)'F(S, X)′意

-1･(l+i)盟+(1+意)

×
(X/2)6

3!(l+is)(2+is)(3+is)

(X/2)4

2!(1 +is)(2+is)

+･･･-E+iF.

I(1･%)

where

Hence

･,Ls(X) -i讐(A･iB)elslog(X/2, (E･iF),

･lls(X) - -i讐(A-iB)e-･'S･og(X/2,(E-iF),

Substituting (6. 3) and (6. 4) into the definitions of KIs(X) and Mis(X), We get

K'is(X)ニーX(cosα(AE-BF) - sin∝(BE+AF)),

M'is(X) - - tanh(sn)X(cosα(BE + AF) + sin∝(AE - BF)).

For the region Of oscillation, i.e., S>X, we obtain

K'is(X)二一
(27rS) 1/2

X
e~sn/2cos(1r/4-S + slog(2S/X)),
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M;.S(X) =挫ヱe-sn/2sin(n/4- S + slog(2S/X)).
X

The derivatives of the asymptotic expansions (2. 16) and (2. 17) are

K'is(X) - (n/2X) 1/2e-X

一再胃憲一

M'is(X)

[
-(I+1/2X)

辛
1- +
4∫2+1. (4∫2+1)(4∫2+32)

l!8x l　　　2!(8X)2
･･-チ

(6.8)

4∫2+1 2(4∫2+1)(4∫2+32)

2!(豆-xT豆

cosh

-I/X

1

1/2ex

[(
I-I/2X)

4j憲+ 2}壁土!-)- L41三±312

2!(8X)2

3(4S2+ 1)(4S2+32)(4S2+52)

3!(8X)3

1+
4∫2+1 S2+I)(4S2+32)

l!8X '　　2!(8X)2

3(4∫2+ 1)(4∫2+32)(4∫2+52)

3!(8X)3

6･2　Computation of K'ls(X) and M'.ls(X)

For the region of oscillation, i.e., S>X, a method based on the series expansions (6. 5)

and (6. 6) is available. This method is consists of the two parts, one is the estimation of the

complex series G(S, X) and the other is the estimation of Pai function of imaginary variable

lI(is).Although the convergence of G(S, X) is slightly slower than that of F(S, X) previously

discussed, the estimation of G(S, X) can be carried out by almost the same method used for the

estimation of F(S, X).

Similarly to the computation of K.･S(X), the computation of K'.･S(X) becomes dimcult because

of violent cancellation in the region Of monotonous decay, i.e., X>S. For x}js, Hankel's

asymptotic expansions (6. 9) and (6. 10) are availabel. For the remaining part ofs<X, revised

method based on (6. 9) and (6. 10), which is to estimate n(is) and G(S, X) with high accuracy,

is necessary.

Table 7　The values ofK′tS(X) Computed by (6･5), (6･5) revised and the asymptotic expansion (6.9).

by (6.5) by (6.5) compensated

by (6.5)

ー0.28028　390

-0.11962　743

-0.49013　30

-0.76421 6

-0.11253

-0.160

by (6.9)

by (6･5) compensated

ー0.11962　742

-0.49013　281

-0.76421 536

-0.日251 596

-0.16038　296

-0.22414　345

by (6,9)

-0.118　　　　　E-4

- 0.489　　　　　E-5

-0.76419　　　E-6

-0.11251 6　　E-7

-0.16038 296　E-8

-0.22414　345　E-8
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Similarly to the computation of KIS(X), the region exists where the accuracy of eight deci一

mat places is not obtained by (6. 9) or revised (6. 5). For the computation in this region, the

Debye's asymptotic expansion must be used.

In Table 7, the values of K'ls(X) Comupted by (6. 5), revised (6. 5) and aysmptotic expansion

(6･ 9) are shown･ In Table 8, the real part ofI'is(X) Computed by (6. 6) and (6. 10) are shown･

The computation of the real part of Ills(X) is easier than that of the imaginary part oft'ls(X), i.e.,

K'ls(X) because that the cancellation does not occur.

Table 8　Real part of I'ie(X).

∫=0.05

X

by (6.6)

2.0

3.0

4.0

5.0

6.0

7.0

8.0

10.0

0.15909　2294

0.39543　5383

0.97617　8470

0.24340　7377

0.61353 1564

0.15606　4230

0.39993　0508

0.26713　0162

by (6.10)
by a method using an integral

represen tation

0.155

0.3945

0.9759

0.24340

0.61352　9

0.15606　41

0.39993　048

0.26713　0157

∫=0.5

X

by (6.6) by (6.10)

0.40520 0882

0.99932　7464

0.24849 9254

0.62473　8060

0.15857　2968

0.40565 1736

0.27025　0555

0.403

0.9987

0. 24848

0.62473

0.15857　28

0.40565 168

0.27025　0555

∫=2.0 X �'茶b綯��by(6.10) 

4.0 ����3田���c��0.135 

5.0 ���33scC�##"�0.336 

6.0 ��繝#�C#3�cb�0.8199 

7.0 ���#��ピ�3湯�0.20186 

8.0 ��經�3����#��0.503176 

10.0 ���3##3C�S�b�0.32234145 

0.15909　2294 E 1

0.39543　5382　E 1

0.97617　8468　E 1

0.24340　7377　E 2

0.61353 1562　E　2

0.15606　4230　E　3

0.39993　0507　E　3

0.26713　0161 E　4

by a method using an integral

representation

0.40520　0881 E 1

0.99932　7462　E 1

0.24849 9253　E 2

0.42673 8056 E　2

0.15857　2967　E　3

0.40565 1735　E　3

0.27025　0554　E　4

by a method using an integral

representation

0.13969 1060　E　2

0.33764 0222　E　2

0.82042　3064 E 2

0.20187　8398　E　3

0.50318 1127　E　3

0.32234 1505　E　4

§ 7　Methods based on Integral Representations

To check the accuracy of the values obtained by the methods heretofore discussed, diBer･

ent computing methods based on the integral representations are provided.

From WatsonlO)

･V(Z)-÷!.nezc｡secos(vo)dO一票当:e-gCOSh-V･dt, (largzl <n/2)･ (7･1)

Hence

0

　

0

　

0

　

0

　

0

　

0

　

0

3

　

4

　

5

　

6

　

7

　

0

U

 

0
l



S･ MURASHIMA, T. KIYONO : Modified Bessel Functions of Purely Imaglnary Order 109

K.･S(X) -

Mis(X) -

isin(SIT)

7r/2

cosh(37r)

1　(7t

(I-is(X) -IIs(X)) - ∫:e-XCOSlltcos(st)dl,  (7･2)

(I_ls(X) +I`S(X))

excosocosh(sO)dO - tanh(STE)

The derivatjves of above functions are

K'is(X)- -
.t'I:
coshte-xcoshEcos(st)dl,

e-xcoshtsin(st)dt.　　　(7.3)

(7.4)

M,･･S(X) -這両ionexcosocosh(sO)cosOdO･ tanh(sn)にe-xcosh･sin(Sりcoshtdl･ (7･5)

Although there are some other dilrerent integral representations, they seem to be unsuitable

for numerical calculation.

A method to compute the values of Kis(X) based on (7. 2) is already presented in the previ-

ous papers). As discussed in the paper, the methods based on this integral representations

are too time-consumlng in the reg10n Of oscillation. Hence we state the methods brieRy.

A method to evaluate the values of K'is(X) based on (7. 4) is provided by modifying the

procedure Ki,,(S, X) discussed in the previous paper.3)

The envelope of the integrand of (7･ 4), putting tL2n-51-2･

g(Z) -cosh(%Z)expi - xcosh(%Z)i , (7.6)

vanishes more slowly than that of Kis(X) because of the factor cosh(i), however, for large i,

the double exponential factor is superior to cosh(i), hence the situation of rapid decay is not

changed. Therefore the main process in the procedure needs not be modi丘ed except for the

cut off point b (the part larger than this can be neglected). The cut off point is determined as

therootor

g(Z)/a(0) - 10-N,

Or

cosh(%Z)- l I Nloge"/X･logicosh(%Z)i /X,

This is not SOlved explicitly, hence we use the fbllowlng Virtual iteration

c.-1+Nloge10/y-1+2.3N/X,

C.+1 -Cn+logcn/X,

C-limc何,

〝一◆∝:I

(7.7)

(7.8)

(7.9)
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b-%loge(C ･JP二手)･

It is sufficient for almost all s and x treated in this paper to apply this iteration only once or

twice.

The other integrals having double exponential factor in (7. 3) and (7. 5) can be estimated

by the use orthe idea in the paper. The丘nite integrals in the right hand side or(7. 3) and

(7･ 5) are suitable forms for the Gauss Legendre quadrature formula. For example, the use

of 12-point formula yields the accuracy of eight decimal digit for fairly large range of s al]d x.

§ 8　PracticalProcedure and Computing Times

Based on the discussions hitherto given, aS an useful procedure for the analyses of potent

tial problems by the use of the expressions of the p-form, a followlng Procedure is provided

(seeFig.4)

10　　5　　　20　　　　　30

Fig. 4. Computable area ofKis(X) by various

series expansions.

Kis(X) -0 and MIs(X) -undefined,

Kis(X) - K｡(X) and MIs(X) -7TI｡(X),

Kis(X) is computed by (2. 9),

MIs(X) is computed by (2, 10),

4) for x>1.5a+8.0 and x>2.Os+5.0

Kis(X) is computed by (2. 16),

MIs(X) is computed by (2. 17),

5) for x<2.Os+5.0 and x>S+ll

KIs(X) is computed by (2. 18) or (5. 4)

Mis(X) is computed by (2. 23) or (5. 5)

6) for otherwise, Kis(X) is computed by revised (2. 9)

Mis(X) is computed by revised (2. 10)

胡
0
,
5

一

こ

　

く

X

 

y

)

　

X

r

　

一

⊥

　

　

r

b
 
L
e
 
L
e

ヽ

ノ

　

　

　

ー

　

　

　

ヽ

ノ

1

　

2

　

3



i

S. MURASHIMA, T･ KIYONO: Modi丘ed Bessel Functions of Purely lmaglnary Order 111

Above procedure is made to compute the values of Kis(X) and Mis(X) simulataneously.

lt is because that the contents of computation of these two values are almost the same as each

other and in the problem we aim to analyze, the two values are usually required. As stated

already in the computation of MlS(X) the cancellation does not occur. Hence the values of

MIs(X) obtained by revised calculation of(2. 10) are accurate to about 15 decimal places.

The computing times or above procedure on Facom 230-60 or Data processlng Center

at Kyoto University are Shown in Table 9. The unit fわr this table is ms.

Table 9　Computing times of both values ofKis(X) and Ml,Jx).

(ullit:ms)

§ 9　Behayiors of Kl･S(X), M,･S(X), Its(X) and their DeriVatives

9.1　Exact Tables

The exact tables of Kis(X) and Mis(X) accurate to 8 decimal digits are nlade for a fairly

large range of s and x. For the region of oscillation, the values are computed by revised(2. 9)

and (2. 10). Hence the values must be accurate to 14 or 15 decimal digits. However they

are rounded to 8 decimal digits, Considering the accuracy obtained in the other reglOn.

The values in the region Where the accuracy of 8 decimal places is not obtained by series

expansion are computed by a elabo】.ated method based on the integral representation.

The short tables of K',･S(X) and M'is(X) are also provided by similar method to that ofKIs(X)

and M.･S(X).

The short tables oflis(X) are provided. The real and imaginary parts oflis(X) are obtained

by multiplying the values of MIs(X) and Kts(X) by cosh(S7T)/7r and sinb(SIT)/7T, respectively, as

stated in Introduction.

All these tables are shown in Appendix.
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9.2　Three Dimensional Representation

A three dimensional representation of the behavior of Kis(X) is shown in Fig. 5. A cor･

responding representation of Mls(X) is shown in Fig. 6.

9.3　Zeros of Functions KIs(X) and Mis(X)

It has been proved l) that Kv(X), with real x, has zeros only for pure imaginary values ofv.

There are no zeros of Kv(X) if v is real or complex.

We state here the solutions of the equation

KIs(X) -0.
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As K.･占(X) is an even function ofs. ( 9. 】) de丘nes a family of curves

x-xn(S) (9. 2)

in the x-s plane, which are symmetric with iespect to the x-axis. These curves cannot cross

or touch each other except possibly at x-0, and none of them can have points Of maximum

or minimum values or stop at ally Otller Value of x. It has beeh shownl) that for any real

x, K.･S(X) regarded as a function of s has an inもnite number of zeros. Thus the curves de点ned

by (9. 2) extend themselves to in点nitely in the s direction of the x-s plane, So that for any value

ofx a line parallel to s-axis crosses an inhite number of curves.

The Arstfifteen zeros in the interval x<15, 0<S<20 are shown in Fig. 7. As shownin

the figure, the s-axis js tangent to all curves at the orlgln, and for anygiven s, X-0 is an accum-

1ation point for the zeros. For all roots it is always rsE>X.

Hence the roots exist periodically ln the graph or logarithmic scale as shown in Fig. 3

the ratio ofa zero to an adjacent zero is nearly equal to constant as follows.･

xn.1(S) = elm/sxn(S).　　　　　　　　　　　(9.3)

The corresponding function MIs(X) has similar properties to that of KIs(X) with respect to its
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Zeros.

The zeros ofME･S(X) are shown in Fig. 8.Asshown in the figure, they fall on themiddle

of the adjacent zeros of KIs(X), in other words the oscillations of KL･S(X) and Mis(X) differ in
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phase by one-forth of period in logarithmic scale. The zeros of Mis(X) are nearly equal to

the solution of一

意Kis(X) -0,　　　　　　(9･4)

but not exactly･ The exact values of the zeros ofKis(X) and Mss(X) are shown in Appendix.

§ 10　Some lmportant Formulas relatedwith the Functions KIs(X) and MEG(X)

In丘mite integrals

r(o･5･鳴(26円a･β'V'pS:e~aLKv(βt)tP-ldt

-r(FL+V)r(FL-V)2Fl[V+FL, V+0.5; p十0.5; (α-β)/(α十β)]

-[(α十β)/(2a)]2V'2り｢(p+V)r(p-V) 2Fl(V+p, FL;2V寸2/J; 1-β2/α2) (10.1)

Re(p±V)>0, Re(α+β)>0.

For α-0, we have

∫: Kv(Pt叶ldt -2P-2β-V,(誓),(T)

Re(FL±V)>0, Reβ>0.

7T/2

cosh(7TS/2) '
K,･S(i)dt -I

Hence

2Q･lav-Q･1,(V･ 1)にKp(at)Jv(βtVQdt

PvT
V-p+Ft+I

2Q+lT(V+ l)αV+1~Q

PvT

∫:

1-〟+〟+γ

V-クー〃11

tKis(i)dt
冗S/2

orALlg＼リ"v sinh(7TS/2)

γ-〟+〟+1 V-クー〝+1

2　　'　　　2

Re(α+iβ)>0, Re(V-p+1±p)>0.

Kv(cw)Iv(βt)i-edt

1-p-IL+V llP+IL+v 1-p-IL+V

2　　'　　　2

Re(V-p+1±FL)>0, α>β.

2g･2,(. -p)にKp(at)Kv(βt)i-Qdt

(10.2)

(10.3)

;γ+1; -β2/∝2

(10.4)

γ+1;β2/α2

(10.5)
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cry-1βV2Fl

×r

1+Ⅴ+〟-〟 1+γ-〟-〟.

2　　　'　　　2

1+V+p-p 1+V-FL-P

1-〟; 1-β2/α2

1-V+ILIP

Re(α+β)>0, Re(p±p±V+1)>0.

∫:
K.?S(i)dt

Macdonald!s and Nicholson!s formulas

∫

CO

0

7T2

4cosh(sn)

I-V-IL-P

) (10･6)

(10.7)

expl-i/2-(22 I Z2)/21]Kv(Zz/i)号-2Kv(I)Kv(Z),　(10･8)

argz<冗, argZ<n, arg(Z★z) <÷,

5:[-i/21(X2･X2,/2t]Iv(xX/i,号-i22Ii'V芸vv'(xx', flo:r≡y:, (10･9,

にexp[-i/2-(X2･X2)/21]Kis(xX/i)与-2K`S(X)Kis(X), (.0･10)

にexpl- i/2- (X2 ･X2,/2t,Mis(xX/i,号- †22K7lss('xx,';lLss('xX,'ff.orr ,X<'三(10･11,

KIs(X) -K_ls(X), MIs(X) -M_ls(X).

Integralwith respect to the order

K.[(a2 ･b2 -2abcosp) l/2] -÷‡:KL･S(a)KIs(b)coshl(a - p)S]ds･

Kz･S(a)cos(sy)ds - ÷e-ocosh`y'･

7t

Kis(a)cosh(ns / 2)cos(sy)ds - ｢rcos(asinh(y))I

Kis(a)sinh(ns / 2)sin(sy)ds - ÷sin(asinh(y)),

EK仰q,(a)K…,(b)e(n-C'qdq - KL"-',(C)e-EB-EA,

where A,B,C, are the angles of the triangle whose sides are of lengths a, b, C.

f(X) -嘉二:: [Iv(xi) + I-V(xt)]√訂d砕V(vt)JVf(V)dv,

(10. 12)

(10.13)

(10.14)

(10.15)

(10.16)

(10.17)
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f(X)
cosh(S7T)

2g にごMis(xl)J-gdtにKis(vt)J-df(V)dv,  ( 1 ･ 1 9)

f(X)-封:のew(X･,,/2K"X･(,(a)dtrのe仰V'′2K仰V,(a)f(V)dv, (10･20)

xf(X) --封:Kit(X)isinh(nt)dlにKit(V)f(V)dv･　　(10･2.)

Series Expansions

From McLachlan, we obtain

i:zKv2(kz)d2 --%iK,V2(zk) -(1 +育ち)K2V(kz)〉　(10･22)

and

∫

(:0

I

zKv(kz)Kv(lz)dzLk21lKv(kz)KL(lz) -kKv(lz)K'V(kz))･ (10･23)
Supposed that γm is the m-th root of the equation K'ls(X) -0 and αm is the m-th root of the equ-

ation KIs(X) -0, We obtain the following orthogonality relations:

5;xK･･S(vmx,Kis(VnX,dx-1憲Kis(vm,2 :≡:, (10･24,

xKis(αmX)Kis(αnX)dx -

0           m*n

÷K;S(αm)2　　m - n･

(10.25)

Using above relations, We can obtain the followlng Fourier type series expansion formula:

OD

I(X)-∑ an Kis(γ〟X)　for 1 <X< -
〝-1

2γ2.ド
an=(S2-γ2n) ｣

xf(X)Kis(γ〝X)dx

Kfs(γn)

(10. 26)

(10.27)

where a. lS

§ ll Conclusion

Possibilities to compute the modified Bessel functions of Grst and second kinds of purely

imaginary order Iis(X), Kis(X) and their related functions are discussed based on their series

expansions. The methods tq compute the values of IIs(X) and Kis(X) accurately to eight

decimal digits for fairly large range of s and x are established, althoughthe methods presented
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here will have some marglneS for improvement and re負nement.

For the convenience of practical use, the procedures presented here is made to compute

the values of K,.S(X) and Mis(X), Which is introduced to express the real part of Its(X) multiplied

by n/cosh(S7T), Simultaneously.

tfa procedure to compute only the value ofKIs(X) or that of M.･S(X) is necessary the re･

making or the procedure is easy.

The behaviors of KIs(X) and I.S(X) are clariBed in detail bygiving the short tables fわr

Kis(X) and Mis(X) and some graphical representations.

It is hoped that the studies of applications of Kis(X) and IIs(X) to the analyses of boundary

value problems are developed to a great extent.

The computations in this paper were carried out on the Facom 230-60 0f the Data Pro･

cesslng Center at Kyoto University,　　　　^
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APPENDIX

TAtiLES OF MODIFIED BESSEL FUNCTIONS OF PURELY IMAGI NARY

ORDER Kis(X), Iis(X), MIs(X) AND THEIR RELATED FUNCTIONS

CONTENTS

Tables of cosh(SIT)/n and sinh(sll)/1C....…‥…119

Tables of Kis(X)

Tables of MIs(X)

Tables of derivatives of KIs(X) and Mss(X) …… 129

Tables of zeros of K.･S(X)

Tables of zeros of MIs(X)

DEFINITIONS

cosh (S7T)

KIs(X) -

MIs(X) =

Mis(X) -i

M.･S(X) +i

i sinh(sn)

n/2

cosh (sn)

sinh (SIT)

(I_is(X) - tis(X))

(I_ls(X) + I.･S(X))

sinh(∫7r)

7r

cosh(∫n:)

7r

0.318309886E 00

0.318466979R 00

0.318938411E 00

0.319724650E 00

0.320826469E 00

0.322244958E 00

0.334147468E 00

0.383236218E 00

0.470460979E 00

0.604501533E 00

0.798696316E 00

0.107236972E 01

0.145275518E 01

0.197770491E 01

0.269945707E 01

0.368983333E. 01

0.504738656E 01

0.690720750E 01

0.945436865E 01

0.129423376E 02

0.177182044E 02

0.242572177E 02

0.332100777E 02

0.0

0. 100016450E-01

0.200131621E-01

0.30044432 7E-0 1

0.40 I 053590E-0 1

0.502058704E-0 1

0.101653070E 00

0.213421684E 00

0.346427986E 00

0.513907502E 00

0.732526192E 00

0.102403888E 01

0.141745420E 01

0.195192098E 01

0.268062442E 01

0.367607791E O1

0.503733957E 01

0.689986915E 01

0.944900869E O1

0.129384227E 02

0.177153450E 02

0.242551292E 02

0.332085522E 02

0.454676917E 02

0.622498130E 02

0.852264412E 02

0.409978500E 03

0.197219201E 04

0.948718502E 04

0.456378889E 05

0.219540032E 06

0.105609236E 07

0.508030841E 07

0.244387087E 08

0.117561855E 09

0.565528646E 09

0.700783181E 13

0.375263546E 16

0.200950497E 19

0.107607315E 22

0.576228190E　24

0.308565387E　27

0.794855334E　30

0.204752389E　34

0.527436113E　37

0.135865987E 41

sinh (∫n･)

7r

0.454665774E 02

0.622489991E 02

0.852258467E 02

0.409978376E 03

0.197219199E 04

0.948718501E 04

0.456378889E 05

0.219540032E 06

0.105609236E 07

0.508030841E 07

0.244387087E 08

0.117561855E 09

0.565528646E 09

0.700783181E 13

0.375263546E 16

0.200950497E 19

0.107607315E 22

0.576228190E 24

0.308565387E　27

0.794855334E　30

0.204752389E 34

0.527436113E　37

0.135865987E 41
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S･ MURASHIMA, T･ KIYONO: Modified Bessel Functions ofPurely lmaglnary Order
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