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Abstract

Spiral segments have several advantages of containing neither inaection points, singular-
●

ities nor curvature extrema. The object of this note is to consider how to join two circles

with one circle inside the other by use of T-cubic and PH quintic spiral segments. It enables

us to rediscover all the results on how to join a straight line to a circle; two circles with a
●

broken back: two circles with an ∫; two non-parallel straight lines.
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1　Introduction

Meek & Walton have considered a possibility of a PH (Pythagorean hodograph) quintic

spiral to join (i) a straight line to a circle, (ii) two circles with a broken back C, (iii) two circles

with an ∫, (iv) two non-parallel straight lines and also (v) two circles with one circle inside the

other(4).

The object of this paper is to鮎st consider a possibility of a T-cubic spiral to the case (v),

next to examine a PH quintic spiral to the last case (v) treated without a su氏cient analysis and

Bnally to show that the case (i) is the limiting case of (iv) with the radius　- ∞) of the larger

circle. Now we consider two circles Oq, &i centered at Co, C¥ with radii ro, n, and such that

fii is completely contained inside SIq- By d, we mean the distance between the centers of the

two circles.

2　T-cubic spirals

We assume that the a T-cubic spline meets Qq at t - 0 and Q¥ at t - 1 and that the larger

circle Qq is tangent to the X-axis at the origin, i.e., its center is (0,ro). The required T-cubic

spline z(t) - (x(t),y(t)),0 ≦ i ≦ 1 is given with A: - (ro/ri)1/4(> 1) by
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2.1

x(t) -竿<(k2-2/ccos芸+cos(9)r-3k(k-cos呈)t+3fc2 s-冨

y(t)-竺誓-2(fc-cos呈)t+3k sin宣
where

;n　2(0)-(0,0), (ii)ォo)-i/ro,

2.2

(iv) ′(0) 1(1,0), (v) ′(1)||(cosO,sin6)

Now, the curvature K{i) is

2.3　　　　ォ(*) -

ri{(k2-2kz+l)t2-2k(k-z)t+k2}2'

iii)ォ(i)-i/n

o<z{-cos呈)<1

In addition, the center (pi,gi) of the smaller circle Q¥ is given by

♂  _   〈  _  ♂, _ ♂

p1-等(k6+k2cos盲+kcos6-3cos芸sin亘
2.4

♂

q1 -号{(1 -cosO)k2+(cos豆-cos誓)fc+3cos<9}

Find a root of k′(t) - 0 to obtain a condition for the T-cubic spline (2.1) to be a spiral of

monotone increasing curvature:

2.5
k(k-z)

k2-2kz+l
≧1⇒Z∈l/M

Then szi is completely contained in ^o since

(2.6)　9{(ro-nf-d2}-(sr(k2)(z2-1){2k2z2-2k(k2+l)z-kA+4k2-1}>O

where

2.7 9d2 - r至上16ifeV+ ¥Qk¥k2 + l)z3 +8k2(k2 - Ifz2

-16ks(k2+l)z+9fc8-8/c6+ uk4-sk2+9}

Here the derivative of 9d with respect to z is equal to

(2.*　　　　　16k2至(k-z)(kz-1)(k2+4kz+1)(≧0),　∈[l/M)

In practical determination of the cubic spiral (2.1), we have to solve (2.8) for z (i.e.,0) for a

given distance d between d, i - 0, 1. Then, we have the following theorem:
●　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　●

2.9

Theorem 2.1 //

9fc4 + 10fc2 + 17

3(/c2 + 1)
(r｡-rl)≦d<(r｡-ri), k-(r｡/n)1/4,

then the T-cubic spline (2.1) is a spiral of monotone increasing curvature joining the two circles

with one circle inside the other.
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As in [4], require 0 < 0 < tt/2 to replace (2.10) for k > ヽ乃with

2.10
9/c8 -4fc6 +2/c4 -4k2 +9-4ヽ乃k3(k2 + 1)

3(fc4 - 1)

(Vo-n)<d<ro-v¥

Figure 1.1 is a numerical example of the two circles and the cubic spiral segment with
●

(ro,ri,d) - (4, 1, 2.9) where 6ォ1.03645(< 7r/2) and the spiral meets the smaller circle approxi-

mately at (1.74559, 0.729055). Figure 1.2 is a numerical example of the two circles and the cubic

spiral segment with (ro,ri,rf) - (9, 1,7.55) where 6ォ1.7811(> 7r/2) and the spiral meets the

smaller circle approximately at (2.50566, 1.87791).

0　　　　　　　0.5　　　　　　　1　　　　　　1.5　　　　　　　2　　　　　　　2.5

Figure 1.1. Circle to circle transition with T-cubic spiral
●

0.5　　　　　1　　　　1.5　　　　　2　　　　　2.5　　　　　3　　　　　3.5

Figure 1.2. Circle to circle transition with T-cubic spiral
●
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3.1

with

3　PH quintic spirals

The PH quintic segment z(t) - (x(i),y(t)) is given by

x′(t) - u(ty-v(ty, y′(t) -2U(t)V(t)

(3.2)　U{t)-ao(l-t)2+2al{l-t)t+a2t¥　V(t)-60(l-<) +26i(l-t)t+&2*

We require it to satisfy the following 6 conditions:
●

(i) (x(0),3/(0))-(0,0), (ii) z′(0)ll(1,0), (iii)ォ(0)-0

3.3

(iv)ォ(l)-l/rl,　　(v) k′(i)-O,　vI　′(0)II(cos6,sin9)

Since it has eight parameters, we choose ao - a¥ as an additional one for a unique determination
●

of it to have

x(t) -

y(t) -

(3.4)

7ritsin9{3(32cos29 - 24cos9 - 7)t4 + 70(4cos9- 3)t2 +735}

960(1 + cosヴ)2

7ri｣3(l -cosO) {3(4cos6> - 3)t2 +35}

120(1 + cosヴ)

Then, the curvature km) is given by

(3.5)　　　　　　ォ(*) -

where

(3.6)　　′(*) -

(-ri/2 *

1024i(l + cos6>)2

ri {(25 - 24cos6)t* + 14(4cos6 - 3)t2 +49}'

7168(1 +cos9V(1 -舌2) {(25 - 24cosO)｣2 +7}

n{(25- 24cos8)t4 + 14(4cos9-S)t2 +49}d

(- nh(t))

(≧0), 0≦t≦1

Thus the quintic segment (3.4) is always a spiral of monotone increasing curvature. In addition,

the center (pi,#i) of the smaller circle Qi is given by

Pi=

91

rxsinO(321 - 58cos0 - 36cos26)

(3.7)

120(1 + cos宙)2

ri(91 + llcosβ+ 18cos2β)

60(1 + cosβ)

(- γ1飢(♂))

- ri92{9))

Here, we assume that the segment (3.4) meets the larger circle Oq at t - m (0 ≦ m < 1) with

the angle ij) from the X-axis to the tangent vector z{m)l lz{m)¥¥. Then, (3.4) gives

(3.8) (8(4cos9-3)m4+56m2,(32cos20-24cos6サー7)m4+ 14(400361-3)m2+49)

侶cos¢ sill¢)
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from which follows

3.9

With help of Mathematica (if necessary),

(3.10)　　　K,(m)(=土) = 1
ro r1

0r

(3.ll)

4sin(0- f)+3sinf

7sin芸

4sin(0-f)+3sinf

7sin芸 〉

7/2

With α - myyk, β - (7/m2 - 3)/4, a combination of (3.7) and (3.9) gives

(3.12)　　　　　sm2 - 2

4-α!(1+β)2　.中　. ♂
sin-　=　αsin-

1 -a'2i3

from which we have the implicit formulas for 8,ip in terms of m on m ∈ (ra(fc), 1) with m(k

a unique root ofm2 +7 - 8/cral/4 in (0,1)) as:

♂ = 2arccos

¢ - 2arccos

(3.13)

7(1-m2)

8k2 - 7m3/2 - m7'2

4k
4k2 - 7m3'2 +m7/2

Then, the center (po?90) oi Qq> is given by

7mri sinβ
Po=

qo=

960(1 + cos宙)2
{3(32cos ♂-24cosβ-7)m4

･70(4cos6 - 3)ra2 + 735j - rosinip

7m3ri(l - cosヴ)

120(1 + cosヴ)
{3(4COsβ-3)m2+35| +rocos¢

3.14

Here, we consider the distance d between the centers (po,qo) and (pi,#i) for m ∈ (m(k), l).

Case 1 (ra-> 1): Lettingm- 1+u, then

5                 5

po-pi-∑cLjU g0-91-∑biul
i=O z=0

α0-rosm中一risinβ

♂  .

al-哉sin sin誓)
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♂

a2-義(11sin　4sin誓)
7γ1

α3=

α4=

96cos3蔓
ir

♂     3∂

-14sin盲+23sinす

128cos3召
1

♂     3β

-21sin亘+20sin-オー

α5 =盲α4;

uQ - 7*1COS-0 - 7*OCOS-0

b¥ - -7ri sin

b2 -等(8cos6>+l)tan2芸
&3 - ^(-24cos6>+ ll)tan2
7ri,一　.1 .,､　ウ0

-4cos#+3)tan2-b4=寺(
h--h

Since

3.16)

we obtain

3.17

i

tan -
2

64/c2v局- (m2 + 7)2

7(1-m2)

0　　4滞=了
utan
2　　　　　　7

(m-1)

Hence we have

(3.18)　po-pi一等(fc2-!)3/2, qo-qi一軒fc4+4/c2-3) (--1)

from which follows

(3.19)　　　　d一号V9ksilOJfc2+行(m-1)

Case 2 (m - ra(fc)): Lettingm - ra(fc) gives (po-Pi,g0-9i) - (O,ro-ri), i.e., d- 77)-n

m -サm(k)). Since d is a continuous function ofm on (ra(fc), 1), the intermediate value theorem

assures the existence of the solution m for a given d and so
●

Theorem 3.1 //

(3.20)
9ks+10k2+17

3(k4-1)
(r｡-ri)<d<(ro-㍗.), k-(ro/n)1/4,

then the PH quintic spiral (3.4) of monotone increasing curvature joins the two circles with one

circle inside the other.
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1　　　　　　　　1.5　　　　　　　　　2　　　　　　　　　2.5　　　　　　　　　3　　　　　　　　　3.5

●Figure2.CircletocircletransitionwithPHquinticspiral.

InpracticaldeterminationofthePHquinticspiral,wehavetosolved-p(pisagiven

distancesatisfying(3.16))formbyaniterativemethod,forexample,bisectionone.Figure2

isanumericalexampleofaPHquinticspiraltransitionjoiningtwocircleswithro,ri)-4,1

whend-2.9requires●

m,0,VO-(0.41086,1.52119,0.205919),(pi,qi;po,qo)-(2.40284,1.45438;1.08671,4.03852),

andthespiralandthecirclesmeetapproximatelyat(1.90457,0.123028),(3.40161,1.40480).

Corollary3.1(Ul)-Thecurvesegmentzim,0≦i≦1isatransitspiraljoiningthe

straightline(thepositivepartoftheX-axis)andthecirclecentered(pi,q¥)bywitharadiusr¥.

ThisCorollaryisofmuchusetotheanalysisofalltheremainingcases(ii)-(iv)in[4].Given

anothercircleuqcenteredCointhesecondorthirdquadrantwitharadiustqlthen

i)fortwocircleswithabrokenbackC:Zo(t)-ro(-fi(t),f2{t))isaspiraljoiningthe

negativepartoftheX-axis(attheorigin)andOqwithcenteredroト91(0),92(e)):

(ii)fortwocircleswithanS:zo(t)--^o(/i(*)?/2(*))isaspiraljoiningthenegativepart

oftheX-axis(attheorigin)andftocentered-ro(gi(0),g2(0)).

Fortheabovecases(i)and(ii),wehavethesamedeterminingequationsin9withthegiven

distancedbetweenthecentersofthetwocircles,respectivelyas

(3.21)(n+rofgi(df+(n-ro)252W2-d2,(n+ro)2(91(8)2+gi(0)2)-d2

Next,giventwonon-parallelstraightlines(whicharetheX-axisandy--(x-m)tanα,m>

0,0<α<可weconsideraspiral:

(3.22)z3(i)-¥l+r冨sa-sinal

ina-c｡saJ宝針b--(a--)tanα
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where for the curvature K>i(t),i - 1,3 of zi(t).

(

(3.23)

(ii

)ォi(0)-0,ォ(l)-0,i-l,3; ki(1)--ォ3(1)(-1/r)

) *i(o)I (i.o), 4(o)I COsα-smα)

) *i(l川(cosO,sinO), 4(1)II (cos(0　α),-sin(0+α))

As in [4], let 0 - (tt-α)/2 to have 2i(l)トZ｡(l). Therefore, the desired spiral (a pair of spirals

z¥ and zs) joining the non-parallel straight lines is obtained by 23(1) - zi(l) from which

#77(3.24)-(-/!(!)+/2(1)tanO)-
サsin(3<9/2) - 23 sin(f9/2)}

480 cos 6> cos3(o/2)

Here, a value of r (or a parameter m) is left for a curve designer to use.

0.5　　　　　　　　1　　　　　　　　1.5　　　　　　　　　2

Figure 3. Straight line to straight line transition.

Figure 3 is an example for straight line to straight line transition with α - 7T/3 where m - 2

and then rォ0.70139, (a,b) (the starting point of the spiral zs)牝(1, 1.73205) and the join of

the two spirals is about (1.2440, 0.436422).
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