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We consider queueing systems with Poisson input and exponential servicing times,
●                                                                  ●                                                                   ●   ●

which called servicing problems of machines with several repairmen. If the nuやber of
machines and repairmen increase under the condition that the ratio of machines to

●

repairmen is constant, either one of a coe侃cient of loss for repairmen, loss for machines or
●                                                                                                                                                                       ●

both coe侃cients of loss decrease to zero compared with the constant and the servicing factor
●    ●

in the system.

ァ1 Introduction.

We start with the equations of the birth-death process. On specializing the coe鮎i-

ents of the equations in §2, we obtain queueing systems with Poisson input and exponential

servicing times. As the steady-state solutions or limit probabilities are exist, we define

the coe鮎ient of loss for machines, for repairmen. Also we illustrate interesting numerical

examples. Inァ3, we expose an asymptotic behaviour of coefficient of loss for machines.

for reparimen when the number of machines and repairmen increase under the condition

●

that the ratio of machines to repairmen is constant.

●

In conclusion, there are three cases under that condition;

1 coefficient of loss for reparimen tends to zero, but that of loss for machines decreases
to some positive value,

2　0pposite case of lc

等　both coefficients of loss tend to zero.

From these results, it is not always advantageous to both sides concerning about the coef-

●

ficients to manage many machines by many repairmen cooperatively.

●

Palm (1958), Malcolm (1955), Fetter (1955) charge costs on a machine working, bemg

serviced, idling, etc., and compute the table for the economically optimal number of

machines per repairmen. But we do not refer to the costs here.

{En; n≦0} denote states in the system. Let Pn(t) be probability that at time t the

system is in the state En. We postulate the following (a), (b), (c);

(a) the system changes only through, trasitions from En to En+1 or En_ if n≧1, but

from Eo to Bx only,

(b) at any time t the system is in state Em the probability that during (t, t+h) the

transition En-En+x occurs equals入nh+o(h), and that of En-En+i (n≧1) equals unh+o(h),

(c) the probability that during (t, t+h) more than one change occurs is o(h).
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Accordinglywegetdifferentialequationscalledthebirth-deathequations;

1P'
n{t)--(入t+(*サ)pォ(t)+人形-iP<,-i(ォ)+/*w+iPw+i(ォ)(n≧1),

(2)P'
｡(t)-一入oPoW+Mt).

Inthenextsection,wespecialize九unintheaboveequationandobtainanappropriate●

●●descriptionofservicingproblems.

ァ2Servicin皇Problem

Weconsiderautomaticmachineswhichnormallyrequirenohumancare.However,

atanytimeamachinemaybreakdownandcallforservice.Thetimerequiredforservicing

themachineistakenasanindependentrandomvariablewithanexponentialdistribution.

Machinesareservicedbyseveralrepairmen.Amachinewhichbreakdownisservicedimme-

diatelyunlessthereparimenareservicinganothermachines,inwhichcaseawaitingline●●●

isformed.Let

m;totalnumberofmachines3

●γnumberofrepairmen,

入arrivalrate,i.e.1/んisthemeanofthedistributionofrunningtimes,

a;servicingrate,i.e.Ijaisthemeanofthedistributionofservicetimes.

●ThemachinesworkingindependentlyarecharacterizedbyA,andfiwiththefollowing

properties.Ifattimetamachineisinworkingstate,theprobabilitythatitwillcall

forservicebeforetimet+his九h+o(hj.Conversely,ifattimetamachineisbeingserviced,

theprobabilitythattheservicingtimeterminatesbeforet+handthemachinerevertsto●●

theworkingstateisfih+o(h).TheratioA,///iscalledtheservicingfactor.

WesaythatthesystemisinstateEnifnmachinesarenotworking,i.e.beingserviced,●

which,r-nrepairmenareidleforn≦r.Butforn>rthestateEnsignifiesthatrmachines

arebeingservicedandn-rmachinesareinwaitingline.Hencethissituationisdescribed

bythebirth-deathequations(1),(2)with

(3) 入-(m-n)九　A*サ-

na (n≦r),

ra　(r<n).

It can be shown by Karlin and McGregor (1955) that the limits lim Pn(t)-p舛exist.
tヰ00

They satisfy the system of linear equations;

4　　　　　　　　m九p｡ -〝pl ,

(5　　　　{(m-n)入+n^}^ - (m-n+1)九pn-1+(n+l)upn+1 (1≦n<r),

(6)　　　{(m-n)入+m}pn - (m-n+l)九P*-i+r/*Pu+i (r≦n≦m).

Let us define a coe鮎Ient of loss for machines by

w average number of machines in waiting line
(7)-=

m number of machines

∑Z-An-r)pn
EZZ】
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●

a coe鮎Ient of loss for repairmen by

(8)
average number of repairmen idle　∑芸≡o(r-n)pM

~　　　　　　　　　　　　　　　　　　　　　　　　　　　~　　二_　~

number of repairmen

●   ●

Numerical examples reveal surprising facts.

Example 1 (cf. Feller (1970), Palm (1958)). ･ Probabilities for入7ォ-0.1, m-6, r-l.
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Example 2 (cf. Feller (1970), Palm (1958)). Probabilities for九Iu-O.l, m-20, r-3.
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Number of Machines
●

Number of Eepairmen

Examplel Example2

6　　　　　　20

1　　　　　　3

23

Coe鮎Ient of Loss for Repairmen 0.48451　0.40420
Coe瓜cient of Loss for Machines 0.05494　　　0.01694

A comparison of numerical example 1 and 2 proves that for machines with A/^-0.1
●                                                                                                                                                                 ●

20 machines per 3 repairmen are ever so much economical than 6 machines per a repairman.

Because the number of machines per repairmen has increased from 6 to 62/3, but at the

same time, the machines are serviced more e鮎iently. Generally, one of the coe鮎ients of

loss decreases to zero, the other to some positive value. But in a critical case both decrease

to zero. We will prove this in theorem 4, §3.
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ァ3Asymptoticbehaviourofcoe氏cientsofloss

Fromequations(5),(6),pjrandwjmcanberewrittenasfollows.

Lemma1.

(9,÷-(1-嘉子IS-pn+

w=｡叢p-

(10)意.1-等惹)spn+(

n=r+lト意)p‥

andforarelationbetweenpjrandw/m,

ll W　　九+p r　　　　　入+/lc r__--_旦=1-　　r_
EZZ】　　　t^^wT^K

[ffi

^^^^^^^^^^H^|^^^^^Bwl　翫
エーニー_二二二二= 1-

¥+u r m

Immediately lemma 1 follows that

fS^^mm】

^HZ】

九+〝　γ

Theore班2. If mfrX九+p)l入, then plr<wlm,

mfr<(入+u)九, then plr>wlm,

andか　mlr-(入+u)l入then plr-w/m.

Next we consider the case that m, r increase to infinity. Preparations are needed for
it.

Lemma 3. Let m9 r - ∞ with mjr-c is constant. If the constant c satisfies (c>l)

(12)　　　　　　　　c>(入+p)l九,

then

(13)

蝣srr-l-i'a*

--¥ォ/こ‡)

～

(14) Ifc<(入+p)入then the left of (13) increases to infinity.

(proof) Set the function of r;

･15)　Tt(t)-∑完-1 (cr¥fcr¥ (チ n-r

･16)　Ur)-∑cr詫rm) (‡ n-r
with c-mlr, respectively. It follows easily that, letting a-(c-1)入/i">
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r-n-1

25

(17

18)

Txr-2
'-1 1　ト÷)-･(ト

ォ-o Q>ト1+竿%)-(1+÷忘) '

ur)-ゑan-r '1--L忘)...ト
1

~1､一′~　α-1ー

1　　　　1　α′-1
｢二

r-n a- l a･

n-r-1

To prove the lemma, let us see how 2¥(r) and T2(r) behave as r 千 ∞.

1｡ If a>l, then止msupTx{r)≦二一㌧.
r+∞

Becauseof(17),TJr)<∑芸-1
=o

2- If a<l, then limsup T2(r)≦
グー00

α

l-a

for r≧1.

Because of (18) , T2(r)<∑crn=r+l an a

- 7吉(l-a<'-1>f
3- If a≧1, then lim T2(r)-∞.

･SZ他

Because, for each l宝k≦(0-1)r,

for r≧1.

1 X ¥.       1 A. ¥ ./,  *-1

T2(r)>a+a*(ト㌃忘).-+a*ト一意)- 0-7一志)･γ

Letting r 千 ∞ with fix h, we obtain

liminf T望(r)≧a+a2+ - - - +ak
タ｣･>∞

This holds for arbitrary Jc, henOe lim T2(r)-∞.
r=nv

4- If a≦1,thenlimT^r)-∞.
r-+∞

It can be shown similar t0 3-.

Now we prove the lemma using the results of 1--4-. Note that the left of (13) equals

Ti(r) T包(r) and the condition (12) is equivalent to a>l. From 1-, 3-

0≦ hxnsup TMJUr)≦ limsup ^(rj/liminf T2(r) - 0.
r. ∞                  r-◆詛�"一詛00

Consequently lim T^jT^r) - 0 , i.e. (13) holds.
r-*oO

similarly since c<杢票is equivalent to a<¥ ,
●

liminf Tx{r)T2{r)≧liminf ^(rJ/Umsup T2(r) - - ･
r-* ooう･ 00

Hence lim T^jT^r) - ∞　Those proved the lemma.
r-サDO
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Finally we obtain the asymptotic behaviour of plr, wjm as follows.

Theorem 4. Under that mlr-c is constant,ゲ

九+〟
(a) c>　　r thenp¥rJO, wlmJ　ト

!>　-

入+〟

Xc

九+〟
(b) c< I[-　thenp¥r¥ト一一一生二,wlm↓0,

人+〟

入+〟
(c) c- Ir thenp/r-w/mJ 0

as m, r-∞ respectively.

(proof) First we solve the steady-state equations (4), (5), (6) explicitely. They are

･-ftョ(i) ('≦n<r), Vn-Po読手(芳)(‡) <'≦n^-),

where p｡ is determined by ∑m opn-l. Using the notation in the proof of lemma 3, the

sum pn from 0 to r-1 is

rLl仙　　　Ti(r)

ォ=O T.M+TJrUI

To prove (a), we observe that the condition is equivalent to a>¥. Note that a-(c-1)九/FL

and from lemma 2.

㍗-1

γ-1

∑pn≦
ォ-0

cr

Ur)
Ur)

J 0.

Consequently Km∑pn-0, lim ∑ pn-1. AIsO pr-
r->∞w=0　　　　　　　　∞ n=r l+KM+TJr) ~　Ur)

≦ JOas

r†∞Hencetheequations(9),(10)oflemma1yieldthat

W-,A+/ulim--0,lim五-1-｢㌃･

＼
(b)isprovedsimilerto(a).

For(c),itmeansthata-l.Recallthat,ifa-l,

÷-意-(トサーl)p,

bylemma1and]imTl(r)-limT2{r)-

r-サoor->｡｡∞bytheproof304-inlemma3.Sincelim.pr-O,
itholdthatplr-wlmJ0asr千∞whicharedesiredresults.
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