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§0. Introduction.

The purpose of the present paper is to treat conformal transformations of

generalized Berwald spaces (esp. Wagner spaces) and to show the following three
theorems.

Theorem A. A generalized Berwald space (esp. a Wagner space) remains to be a

generalized Berwald space (esp. a Wagner space) by any conformal transformation.

Theorem B. The condition that a Finsler space he conformal to a Berwald space

is that the space becomes a Wagner space with respect to a gradient αM

Theorem G. The condition that a Finsler space be conformal to a locally Mi読howshian

space is that the space becomes a Wagner space with respect to a gradient αAx) and its

h-curvature tensor (in the sense of the Wagner space) vanishes. (In the above statement

"h-curvature" may be replaced by "(v)h-torsion".)

ReOently, M. Hashiguchi (one of the authors) [7] treated the conformal theory of

Fmsler metrics and obtained the respective conditions that a Finsler space be conformal

to a Berwald space and to a locally Minkowskian space. These conditions were.

however, given in terms of very complicated systems of differential equations, for which
●

appropriate geometrical meanings have been wanted. Theorems B and C give an

answer about it by showing that the spaces in question construct a special class among

●

Wagner spaces.

A Wagner space is the generalized Berwald space defined by V. Wagner [12], where-

as a generalized Berwald space was defined by M. Hashiguchi [6] in a broader sense

than Wagner's. On the other hand, Y. Ichiiyo (the other author) [9, 10] obtained the

notion of a {F, H) -manifold from the study about Finsler spaces modeled on a Minkowski
●

space and showed that such a manifold is 〕ust a generalized Berwald space in the standard

sense of M. Hashiguchi s. The generalized Berwald spaces contain various interesting

examples [8,9] and are thought to be important Finsler spaces.

Inァ1 we shall first treat conformal transformations of a Berwald space. The

consideration suggests us a typical transformation of a generalized Cartan connection,

●
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based on which Theorems A and B are proved (ァ2). Such a transformation is a

generalization of the so-called one-sided projective transformatioねof a linear connection

[5, 13] to the Finsler case, and is characterized as a transformation of a Pinsler connec-

tion preserving vectors parallel in direction. Theorem C follows from the fact that such

a transformation preserves the ^-curvature tensor (resp. the (v)h-torsion tensor) under

some conditions (§3). We shall provide 隻 4 to state the relations between our theorems

and the corresponding ones in [7] and to improve one result about two-dimensional

Landsberg spaces.

This paper is a continuation of [7], and we shall usually retain the terminology and

notation of [7] without comment, which is essentially based on the recent standard book

[11] by M. Matsumoto.

The authors wish to express their sincere gratitude to Prof. Dr. M. Matsumoto for

the invaluable suggestions and encouragement, who has organized the symposium of

Finsler geometry every year and stimulated their joint studies.

§1. Berwald spaces and Wa皇tier spaces.

1.1. An a凪nely connected Finsler space defined by L. Berwald [2, 3] is also

called a Berwald space, which, is the space whose connection coe鮎ients (in the sense of

L. Berwald [1] ) depend on position alone. Such a space is also the one whose connec-

tion coe鮎ients (in the sense of E. Cartan [4] ) depend on position alone. V. Wagner

[12] generalized the notion of the Cartan connection and called a Finsler space a gener-

alized Berwald space if it is possible to introduce a generalized Cartan connection in

such a way thaもthe connection coe鮎ients depend on position alone. A generalized

Berwald space and a generalized Cartan connection introduced by V. Wagner have

been called a Wagner space and a Wagner connection respectively in our papers [6,8].

1.2. Let L(x,y) be a Finsler metric function, whose Finsler metric tensor is

given by gif-(]?/2)(fl(/>. A甘insler connection is generally denoted by the coe凪cients

(Ffa, 2Vj[, Cjk). As shown in [6], a Wagner connection is characterized by the following
four axioms.

(Cl) It is metrical, i.e.,

(Clh) gm-0,　(Civ) <7ォU-0.

(C2) The deflection tensor D vanishes identically, i.e.,
I                            ●

D孟-yJP言h-N芸-0 ･

(C3:s) It is semi-symmetric, i.e.,
●                   ●                 ●                 ●                 ●

'T言ft - F)k-Fkj - tfsk-Slsj

for some convariant vector field ss¥

(C4) The (v)v-torsion tensor Sl vanishes identically, i.e.,
●                  ●               ●

Sh-C)k-G芸,-0.
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WeshallcallthistheWagnerconnectionwithrespecttos*.FromTheorem5of

[6]we血臥ve

Proposition1.1.GivenacovariantvectorfieldsjonaFinslerspace,thereexistsa

uniqueWagnerconnectionwithrespecttosjwhichwedenoteby(Fik(s),iV|(s)>C^).

Thecoefficientsaregivenby

●●(1.1)FH')-r*サ+*>)*サ'>

(1.2)Ni{s)-Gl+D%sr,

(1.8)0)k-1/29tf9Mr),

where(r**
jk,G{9C^k)arethecoefficientsoftheCartanconnection,andJOj.J,D{芸are
expressedas

/(1.4)DYu-mi+h芸ォ,

(1.5)B¥芸-B孟r+sf8*

byconformalinvariantsUyk,B[rdefinedin[7],

1.3.LetLbethemetricfunctionofaBerwaldspace,andletusconsiderwhether

theBerwaldspacemaybecomeaWagnerspacebyaconformaltransformationa:

(1.6)王-e｡L.

IntheFinslerspacewithZaWagnerconnection(F*.k(s),iV|(s),Cl-h)isgivenby

I●●(1.7)F)k(s)-r*)h+D芸hrS‥

●(1.8)NUs)-Gl+Dilsr,

●(1.9)G芸h-1/291r9Mr)'

WeshallexpresstheseintermsofL.SinceDyk,B%芸areconformalinvariants.

anditholdsthat

一一●●(1.10)

(1.ll)孟-a孟-B孟ar

wherear-∂α/おtheabove(1.7)and(1.8)become

●●(1.12)F)k{s)-r*)k-V)iaf+Dyksf,

(1.13)Nl(s)-Gg-Biraf+ma.

respectively.Ifwechooseαassr,wehavefrom(1.4)and(1.5)

●●(1.14)芸*(o)-r*5*+8504,

(1.15)弼(a)-Gl+yiak.

Ontheotherhand,(1.9)becomes

■ll■●●(1.16)C芸-Gth-

Sincer*jkdependonpositionalone,Fik(α)dependonpositionalone.Weshall
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callaFinslerspaceaWagnerspacewithrespecttoSjifitispossibletointroducea

Wagnerconnectionwith,respecttosjinsuchawaythatthecoe鮎ientsF*
jk(s)depend
onpositionalone.Inthiscasesjshoulddependonpositionalonebyvirtureof(C3:s).

Theaboveconsiderationtellsus

Proposition1.2.ByanyconformedtransformationαaBerwaldspacebecomesa

WagnerspacewithrespecttothegradientαAx).

§2.ConformaltransformationsofWa虫nerspaces.

･2.1.AgeneralizedCartanconnectionisbythedefinitionofM.HashiguchiaFinsler
∫
connectionsatisfyingtheaxioms(Cl)and(C4).Theaxiom(02)isimposedinthe

standardcase,butnotinthispaper.Bygeneralizingthetransformation(1.14),(1.15),

(1.16)of也eCartanconnection,wecanobtain

Proposition2.1.LetageneralizedCartanconnection(F*^,iV|,Cl-k)begiven

inaspacewithaFinslermetricL.IfforaconformaltransformationZ-eαLweput

(2.1)F)k-F芸*+8jaA,

●(2.2)N芸-N孟+y¢αk,

(2.3)

thecoefficients(Fik,N呈,Cl:k)defineageneralizedCartanconnectioninthespacewiththe

FinslermetricZ.

Theproofiseasilyobtainedbycheckingtheaxioms(Cl)and(C4).

2.2.TheoremAfollowsdirectlyfromProposition2.1asfollows.If･*.k

dependonpositionalone,Fikdependonpositionalone,too.AFinslerspaceis

calledageneralizedBerwaldspaceifitispossibletoinもroduOeageneralized(〕artan

conneOtioninsuchawaythatthecoe鮎ientsF*-kdependonpositionalone.Thuswe

haveprovedthatageneralizedBerwaldspaceremainstobeageneralizedBerwald

spacebyanyconformaltransformation.

Especially,if(FL,N{,C)k)satis鮎stheakioms(02),(03:s)moreover,(Fjk,

N呈,C*
jk)satisfiestheaxioms(C2),(C3‥S+α).Hence,astherestofTheoremA,wehave

Proposition2.2.ByanyconformedtransformationαaWagnerspacewithrespect

tosjbecomesaWagnerspacewithrespecttosj-αj･

2.3.TheoremBisprovedbyconsideringtheconverseofProposition1.2as●

follows.LetusassumethataspacewithaFinslermetricLisaWagnerspace

respecttoagradientaAx).ByProposition2.2aFinslerspacewithL-e-αLbecomes

aWagnerspacewithrespecttothevanishingcovariantvectorfield,whichisnothing

butaBerwaldspace.ThustheconverseofProposition1.2holdsgood,andTheorem

Bhasbeenproved.
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§3.One-sidedprojectivetransformationsofFinslerco血nections.

3.1.ForamomentweshallleaveFinslermetricsandconsideranyFinslercon-

nection(F{
jk,N{,Cl
jk)onadifferentiablemanifoldM.ItisnotedthataFinslerconnectionisalsogivenbythecoe鮎ients¥r)k,N¥,G)k),where■

●●(3.1)r)k-F)k+G)彬NT

Let0-(#*(｣))beadifferentiatecurveinMand｣-(#*(｣),yl(t))beadifferentiate

curveoverCinthetangentbundleofM.TangentvectorsX(t)alongGarecalled

parallelindirectionalongCwithrespecttoC,ifthesystemofdifferentialequations

●(3.2)Xi+r)k{x,y)Xi虎+C)k{x,y)Xiyh-xxi

issatisfiedforsomeA,whereadotmeansd/dt.

Suggestedbythetransformation(2.1),(2.2),(2.3)ofageneralizedCartanconnec-

tion,weshallconsideratransformationofaFinslerconnectionasfollows:

●■●(3.3)F)k-F}k+S)sk,

(3.4)N孟-Nl+y%,

(3.5)ta-I,1
'jkjk,

wheres&issomecovariantvectorfield.AssumingtheG望-conditionQl-k2/-0forthe

givenFinslerconnection,itiseasilyseenthattheabovetransformationofaFinsler●

connectionpreservesvectorsparallelindirection.

Conversely,iftwoFinslerconnections(Fik9Nl
k,Cl
jk)and(Fik,iV|,C{.k)makeanyvectorsparallelindirectionatthesametime,wehaveinthesamewayasin[5,13】

二(3.6)rjk-rjk+Sjsk>

■■■■.I●●●(3.7)0)k-0芸A+S言k,

whereォ*-(rj*-rJ*)/サ.言>-(^hk-Ckk)ln-Assumingtheaxiom(C4)fortheseFinsler

connections,itisshownthat(3.7)becomes(3.5)andskisacovariantvectorfield.If

●weassumetheaxiom(C2)∫andtheC9-conditionmoreover,theC^conditionyJGl
jk-Ois

alsosatisfiedby(C4)andwehave(3.4),andtheC9-conditionyields(3.3).Thuswe

haveproved

Proposition3.1.Letusassum占thattheusedFinslerconnectionssatisfytheaxioms

(C2),(C4)andtheC<fcondition.TransformationsofaFinslerconnectiongivenby(3.3),

(3.4),(3.5)arethemostgeneralonespreservinganyvectorsparallelindirection.

EeturningtogeneralFinslerconnections,weshallcallatransformationofa●

Finslerconnectionby(3.3),(3.4),(3.5)theone-sidedprojectivetransformationwith

respecttosj.

3,2.Weshallinvestigatehowthetorsiontensorsandthecurvaturetensorschange

byanone-sidedprojectivetransformation.FromProposition3.1of[7]ordirectly

fromthedefinitions(2.ll)-(2.18)of[7]wehave

Proposition3.2.Byanone-sidedprojectivetransformationofanyFinslerconnec-
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tion, the torsion tensors Tj%9 R)k crnd the curvature tensor R孟jk are changed as follows:
●

(3.8)　　T)u-T)k+毎　芸sk),

(3.9)　　R芸k - R)k+竿ikW ∂sj/∂xh-(N芸(m) V餌-N)) 8k} ,
●

(3.10)　R芸y* - i2*y*+@/4{8孟∂ォy/∂∬ '-(FU彬) Vm+C芸.(#?<,) yLNf)) sk),
●                ●              ●                ●

and the others G)^ PU9 SU9 P孟jk and S孟jk remain unchanged.

If the Finsler connection is positively homogeneous, (3.9) and (3.10) become

(3.9′　　　　　　　　　R)k -R芸k+y,サ&. ∂sjlbxk]

(3.10')　　　　　　　Rhk - Rw+B拍ik¥ ∂sj/∂a*

respectively. Especially, in the case that the transformation is with respect to a gradient
●                            ■

Sp Rjk and R孟jk remain unchanged also:
●

(3.9〝　　　　　　　　　　　　R)k -R芸k ,

●

(3.10〝)　　　　　　　　　　鞄k - R完ih

3.3. Theorem C is obtained directly from Theorem B if we pay attention to the

last case in Proposition 3.2.

A locally MinkowsJcian space is a Berwald space whose h-curvature tensor R^jk (in

the sense of the Cartan connection) vanishes. In the previous paper [7] we called

such a space a Minkowski space brie且y, but in order to avoid the Oonfusion with the

global one by Y. Ichijyo, we use the above terminology.

Now, let us assume that a space with a Pinsler metriO L is a Wagner space with

respect to a gradient αj(x), which, becomes a Berwald space with Z by the conformal

transformation L-e-αL as shown in 2.3. Let Rljk and Rljk(a) be the respective h-

curvature tensors of the Berwald space ( in the sense of the　去tan conne｡tion) and of

the original Wagner space (in the sense of the Wagner Oonnection).

The Berwald space is a loOally Minkowskian space if and only if RLk-09 which is
●

equivalent to R孟f*(a)-O because of (3.10〝). Thus Theorem C has been proved. (In a

Berwald space R孟;-fc-O is equivalent to R}k-0.斑enGe, in Theorem C the ^-curvature
●

tensor R^jkiα) may be replaOed by the (^)A-torsion tensor R)k(a) because of (3.9〝)･)

§4. Some remarks on仙e previous paper [71

4.1. In Theorem 4.7 of [7] the condition that a Finsler space be conformal to a

Berwald space was given as the existence of a solution a of the system of differential
●

equations
●                      ●

(4.1)　　　　　　　　　G芸kl-B芸klar - 0 ,

which expresses, in terms of the Berwald connection; the condition that the coe用Lcients
●

Fjk(-a) of the Wagner connection with, respect to -ay depend on position alone. Thus

Theorem B restates Theorem 4.7 of [7].

4.2. In Theorem 4.8 of [7] the condition that a Finsler space be conformal to a
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locally Minkowskian space was given as the existence of a solution α of the system of
●

the differential equations (4.1) and the following (4.2) :

(4.2)　　　　　R)k-▲ゥMWα ¥ i T)'1? TDM α,α;} -0.

The left-hand member of (4.2) is the (v)h-tomion tensor Rjk{-α) of the Wagner connec-

tion with respect to -αi written in terms of the Berwald connection. Thus Theorem C

restates Theorem 4.8 of [7].

4.3. Wandering from our subject,､ we shall remember two theorems of [7] that

ダa two-dimensional Landsberg space remains to be a Landsberg space by a non-homothetic

conformed transformation, the main scalar I is at most a point function (Theorem 4.5) and

if a two-dimensional Berwald (esp. locally Minkowshian) space remains to be a Landsberg

space by a non-hornothetic conformed transformation, the main scalar is constant

(Theorem. 4.6).

In a two-dimensional Landsberg space, however, it is known that the main

scalar becomes constanもif only it is at most a point function. So, the conclusion of

Theorem 4.5 should be replaced by "the main scalar I is constant ¥　Hence, Theorem 4.6

is contained in Theorem 4.5 and is omitted.
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