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Abstract

We shall extend an inequality of Ray-Chaudhuri and Wilson for ～-designs with

●

group action.

A'

1. Introduction and Summary

Throughout this paper X denotes a finite set of v elements called points and

denotes the set of all subsets of X containing 5 points ; members of this set are

called 5-subsets of X.

Let 93be a subset of (普) (whose elements called blocks). A t-(v, k, A) design

(or simply a /-design) is a pair (X,懇) satisfying the following requirement :

any ^-subset of X is contained in exactly X blocks.

The cardinality of懇will be called b. Note that the number of blocks which

contain all of i points is

hi-Av-r

A-i,

k-

t　-

Itiswell known (cf, Wilson [6]) that for / + j ≦ ty thenumber ofblocksofa /

-¥v, k,A) design (X,野) which contain i given points but are disjoint with any of

a set of j otherpoints is

v-A.言工')/(芸二言)･
.Noticethat b< - bt-and b - bo - bo-.

For i -　0,1,2�"�"�", thehigher incidencematrix N{ ofa /-design (X,野) is
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X b whose rows are indexed by the /-subsets of X and whose columns are

indexedby blocks, with the entry in row S and column β being 1 if S ⊂ β and 0

otherwise.　An automorphism group G of /-design (X,懇) is a group satisfying

the following: (1) GactsonX,(2) Bg∈懇forallg∈ G,β∈乳3 if*∈β,

thenxg ∈ fig. Herewenote that if G acts on Xy then G acts on嘗j for any s.

Suppose that a finite group G acts on X and that P is a normal subgroup of G. Let

clp denote the set of points in fl fixed by P. Then, fip is G-invariant.針G denotes
theset of orbits of G on fl.　Noda [4] and independently Kreher [3] proved

the following
●

Proposition 1. Suppose that (X,懇is a 2s-(v, k,A) design which admits an

automoゆhism group G. If v ≧ k + s, then the following holds ¥

33/G| > |(号)/G

This result is an extension of the following proposition which is proved
●

ヽ

by Ray-Chaudhuri and Wilson [ 5 ].

Proposition 2. Suppose that (X, 33) is a 2s-(v, k, X) design withひ≧ k + s.

Then

]酎≧昭))･

But their proof suffices for the version stated below.

Proposition 3. Suppose that {X,懇) is a 2s-{v, k, X) design with v ≧ k + s.

Letp be aprime number which does not divide bsifor O　≦ i ≦ 5. Then we have

over p-element field Fp>

rankNs- ;蝣

The purpose of this paper is to generalize Proposition 1 as follows.

Theorem. Suppose that (X,令) is a 2s-(v, k,A) design which admits an

automoゆhism group G. Let p be a prime number which does not divide bsz for

0 ≦ i ≦ 5 and letP bea normalp-subgroup of G. If v ≧ k + s, then the following

holds¥
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%p/G　≧ I(号)p/G

The above inequality is also an extension of Yoshida's inequality for 2-design

[7 .

2.LemmasandPropositions

ToproveTheoremweneedsomelemmasandpropositions.Inthissectiong

denotesa｣-elementfieldFp

Lemma1.IfamatrixAwithentriesinKisnon-singular,thentheinverseA-i

isexpressibleasapolynomialofthematrixA.

Proof.Weomitaproof.

Lemma2.LetNbeamxnmatrixofrankmwithentriesinK.Then

rankN-rankNNI

Proof.WeusethefactthatrankNNt-rankiVW.Sowemustshowthat

rankN-rankN*N.Itisclearthatthereexisttwonon-singularnXnmatrices

U,Vsuchthat

UN'NV--(V�"�"�"<?..)(1)

whereforeveryja5=｣蝣0●

Letvuv2,...,vnbetherowvectorsofUN*.Thenby(1)weseethatvuv2,

yViarelinearlyindependent.SincerankUN*-m,wecanfindm-ilinearly

independentvectorsv¥-+i,vi+2,‥‥vnin{v,:+i>‥vn).LetWbethe

matrixwhoserowvectorsarevu...,v(,v¥+u...>v'm.NotethatWis

non-singular.By(1)weseethat

WNV-昌diO)蝣

FromthisitisclearthatrankWNV-rankN-i.Hencei-m.

InordertostateHigman'sresultweshallfollowthefirstsectionofHigman

[2].LetRbeacommutativeringwithidentity,andX,YyZ,befinitenon-empty

sets.WedefineMr(X,Y)tobethetotalityofmapsA¥XXY->Randwecall

AanXbyYmatrixoverR.IfA∈Mr(X,Y)andB∈MR(Y,Zhthen

AB∈Mr{X,Z)isdefinedby
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AB(x,z)-∑,∈yA{x,y)B{y,z)(x∈X,Z∈Z).

ThenMR{X,X)isatf-algebra.

If^,J>arepartitionofX,Y,respectively,thenwesaythatA∈Mr(XY)

hasproperty湧JOifforallS∈.♂,T∈9,

∑t&TA(s,t)isindependentof5∈S.

IfA∈Mr(X,Y)hasproperty(湧J>),andS∈&,T∈2,wesetd(A)(S,T)-

∑t｣TA(s,t),forsome5∈S.Higman[2]provedthefollowing:

PropositionLIfA∈Mr(X,Y)hasproperty(j^J>)andB∈MR･(Y,Z)has

property(｣,&),thenAB∈Mr¥X,Z)hasproperty(甥V)and

♂(Aβ)-♂(A)♂(β).

Corollary.2t-{A∈Mr{X,X)¥Ahasproperty(磨`♂)}isasubalgebra

ofMR(X,X),andthemapdisanalgebrahomomorphismof21ontoasubalgebra

旦ofMp(P'-P)

3.ProofofTheorem

OurproofissimilartothatofTheorem[1].NowweshallproveTheorem.

SincePisanormalsubgroupofG,(嘗and懇pareG-invariant.

Also(号)-(号and懇一懇pareG-invariant.Henceweseethat

(号V-&'us2GU･･･UcG%p-βlGUp2GU･･･URG
pi>

(嘗)-(官-s,
*m+iUcGU･･･Uc,G(C¢(号').

懇-33P-A+,GUA7+2∪･-UBi+l'G(61+J¢sn,

whereS2Gand/?/aretheG-orbitsofS{andfij,respectively.Clearly5/

(m+1≦i≦m+m')isanunionofP-orbitsandsoisBfi(/+1≦i≦/+/').

Nowwenotethefollowingtriviallemma.●

Lemma3.p¥¥Sp¥foranyS∈(号)-(誉)pandp||pf

foranyβ∈慾一懇P.

Henceweseethatp¥S{G¥(m+1≦i≦m+m').

Also,weget/)||B<G¥(1+1≦j≦/+/').

LetA/sbethehigherincidencematrixofthe^-design(X,93).

ThefollowingLemma4isimportantforourproof.

Lemma4.Thenumberofl'sineveryrowofthesubmatrixNs¥ァgxpjG

(1≦i≦m,1+1≦j≦/+/')isamultipleofp,whereNs¥sGxfiigisthe
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restriction of mapping Ns on S{G x/?/

Proof. See the proof of Lemma 10 [ 1].

Similarly the following holds :

Lemma 5.The number of Vs in every row of the submatnx

N* /?/×s,G(1≦j≦1,m+1≦ i≦m+my) isamultipleofp.
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Let^-{｣G,&G,-,Sm+m'G¥and3-{βRG
H2yBL^G}.&and2

arepartitionsof(号and乳respectively.Itiseasytoprovethefollowing‥

Lemma6.ThehigherincidencematrixNsofthet-design(X,懇)has

property(?,J).AlsoN8*hasproperty(J>,^).

Bytheabovelemmawemayapply&inProposition4toNsandNs.

Fromnowonweconsiderintegralmatricesasoneswithentriesinthe

p-elementfieldFp.LetLグ-{Sl(-CG¥
^m)>-is,m+i-,s,G¥
m+m/>^1-{β蝣c...
19>βf}and｣2-(A+iG'**,A+tfC}.FromLemma4,6(N8)
hastheform

･(#.)-(i::o>(2)

whereAnisa^ibyi?imatrix,andA22isa^2by--?2matrix.FromLemma5

fiiN**)hasthefrom

e(Naf)--Bx10

¥B2iR>2(3)

whereBnisaJ>iby-ダimatrix,andB22isa碧2by♂2matrix.Byapplying

Proposition4,weobtainthatNgNs*hasproperty

anddiMfiW)-tiNiNs*).(4)

PutM-NsNg*.FromProposition3andLemma2,itfollowsthatMisnon-

singular.ByLemma1〟ll-∫(〟),where/(〟)isapolynomial.ByCorollary

M-1has{?,♂)property.ByapplyingProposition4toI-MM-¥weobtainthat

♂(∫)-♂(〟)♂(〟-1).(Thenotation"J〟denotestheidentitymatrix.)Itisclear

thatd(I)-theidentitymatrixofsizem+in9.Thusd{M)isnon-singular.From

(2),(3)and(4)itfollowsthatAnBnisnon-singular.ThenrankAuBn-m.

Anmusthaverankatleastm.SinceAnhassizemx/.wehave
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∽ ≦ ∫ which proves Theorem.
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