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Abstract

We mentioned the including relations among the built-up systems which are (n)-built-up and

(ft)-diagonal-built-up and etc. in our previous paper [3]. In this paper, we show that each

inclusion of those is proper.

1.Notionsandnotations

LetAbeancountableordinalorthefirstuncountableordinal.WewilluseGreek

lettersα,β,γ,…,forordinalnumbersinA.WhenαislimitordinalinAandα<Afor

alli<co,thesequence(αi)i<coisafundamentalsequenceforαif∝i<∝i+1αfora

<a>andUrnat-
i<c｡αWewritea[i]forαAssumethatafundamentalsequencefor
eachlimitordinalinAisgiven.WecallP:A一蠎A*-asystemoffundamentalsequences

forAif

P(β) -

Ax.βx if β is limit ordinal, where (βi)i<a> is the fundamental

sequence for β,

Ax.γ　ifβ-γ+1,

Ax.0 ifβ-0.

We shall write α[x]p or simply α[x] for (P(a))(x) whenever α < A and x < co. We define

notation ∝廿β recursively, i) if αM - β then we write α -*β ii) if αM -tt β then we

write αすβ. We also use α〒βifeither αすβ or α-β･

Definition 1.1. (1) P is (n)-built-up ifa[x + 1]すαMfor every limit ordinal α < A

and x<co.

(2) P is (n)-diagonal-built-up if ∝[x + 1]丁子甘∝[x] for every limit ordinal α < A and

X<CO.
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(3) PisLW(usedbyL∂b-町ainerin [5]) ifα[1] ｢→∝　and∝[x+ 1]すα[x]forevery

limit ordinal α<A and O<x<co.

(4) P is nice ifa[x+ 1]扇子a[x] + 1 for every limit ordinal α<A and x<co.

Let (n)-BU, (n)-DBU, NICE, LW be the class of all (n)-built-up, (n)-diagonal-built-up,

nice and LW systems of fundamental sequences for A, respectively. In [3], we showed

that the following relations holds;

●

where S->S'means that S'contains S. We asserted in [3] that each arrow means that

S'contains S properly, but we did not prove properness. We will prove this in the next
section.

2. Proof of Properness

By means of an example which is not S system but S¥ we show properness of

inclusion S -+ S'.

Lemma 2.1. The system offundamental sequences for oj-2 + 1 determined by the

following is not (k)-built-up but (k + l)-built-up;

(O¥_x]-x,

oj-2[x] -

for x≦k+l,

co+x for x>k+1.

Proof. Only co and c0-2 are limit ordinals in c0-2 + 1. We can easily check that

co[x+1]TTナco[x] for x<co, then we show that cd-2[x+ 1]丁字ヤ(D'2[x] for all

x<co. We distinguish three cases. Case 1) x<k+1. c0-2[x+1]-x+1 and α)･2

[x]-x,and(x+ l)[/c+ 1]-x9thenc0-2[x+ 1]すけc0-2[x]. Case2)x-k+ 1. c0-2

[x+l']-Q)+x+l-<jo+k+2and c0-2[x]-x-k+I. co+fe+2 becomes k+1

by applying "[fe+ 1]" k+3 times. Namely, c0-2[x+ 1] TFナ<x>'2¥_x]' Case 3) x>k
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+1. (D'2[x+l]-co+x+l and c0-2[x]-co+x, and (co+x+1)[/c+1]-co+x,

then c0-2[x + 1]甘丁子c0-2[x]. Hence, this system in (k + 1)-built-up. It dose not hold

that c0-2[/c + 2] -*->c0-2[/c + 1] because αr2[k+2] -co + k + 2-j◆co > co-Ilk + 1] and

co[/c] - k < co'2[k + 1], Namely, this system is not (fe)-built-up.

Lemma 2.2. The system offundamental sequences for co　+ 1 determined by the

following is not (Oydiagonal-built-up but nice;

(cD-(n + l))[x] -co-n+2-x,

co2[x] -

for x-0,

co'x+x for x>0.

Proof. Remark that each limit ordinal in co　+ 1 has the form co-Cn + 1) for n < <x>

orαr. (win+l))[x+1]-(D-n+2-x+2and(co-n+2-x+2)[x+1]-co-n+2-x+1

-co-(n+ l)[x] + 1, then (a>-(n+ l))[x+ 1]許すco-(n+ l)[x] + 1. Assume that x>0.

ar¥x+1]-co-(x+1)+x+1 and co-(x+1)+x+1許す(D'(X+1)許すco-x+2-x+2

前でco'X+2-x+1-co [x]+1, then α>2[x+1]言アナ(D2[_x¥+1 for x>0. co2[l]-

W+ 1 1→cor→2- 1 + 1 -co2[o] + 1,namely,coHll r→a>2[o] + 1. Hence,thissystem

is nice. Since co [1]｢Poj>ar[O] and α)[0] -0< 1 -a)2[o], it dose not hold that

co2[l] ｢P ar[O]. Hence, this system is not (O)-diagonal-built-up.

Lemma 2.3. The system offundamental sequences for or + 1 determined by the

following is neither (0)-diagonal-built-up nor nice but LW;

(co'Cn+ l))[x] -oj-n+x,

(D2[x] -

for x-0,

(O'x+x for x>0.

Proof. Firstly, we showthat this systemis LW. (co'(n+ l))[x+ 1] -co-n+x+ 1

and (co-n+x + l)[x] -co-n +x -{co-(n+ !))[>], then (co-(n + l))[x + 1] -^(a>'{n + 1))

[x]. (<a-(n+ 1))[1]｢→(co'(n+ l))[0]alsoholds. Letx>0. a>2[x+ 1] -(0-(x+ 1)+

x+ 1 and (co'{x+ 1)+x+ 1)寸oj'{x+ 1) and (co-(x+ l))[x] -co2[x], then co2[_x+ 1]

ナ(D2[x¥. Since co2[l]-co+1 and (co+1)｢→co and　α>[1]-1-co2[o], then

∽Tl] ｢→∽'[0]. Hence, this system is LW. Secondly, we show that this system is not

(O)-diagonal-built-up.ォ2[1]-<x>+ 1 and (eo+ l)[0] -co>ォ2[o] and co[0] -0

< co [0], then it dose not hold that α>2[1]廿co2[o]. Namely, this system is not (0)-

diagonal-built-up. Lastly, we show that this system is not nice. co2[l] ｢→co > co2[o]
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+1andα-1<∽'[0]+1,thenitdosenotholdthatα>2[1]｢→∽:[0]+1.Hence,

thissystemisnotnice,

Lemma2.4.Thesystemoffundamentalsequencesforco+1determinedbythe

followingisnotLW,notniceandnot(j)-diagonal-built-upforj<k,butis(k)-diagonal-

built-up;

(co-yn+l))[x]-co-n+x9

co[x]-(0-{x+k)+x+k.

Proof.Wefirstshowthatthissystemis(fc)-diagonal-built-up.{co'(n+l))[x+1]

-00-n+x+1and(co-n+x+l)[x+k~]-am+x-(co-(n+!))[>],then(co-(n+1))

[x+1]丁子甘(coin+l))[x].co2¥_x+1]-co-(x+l+k)+x+l+kandco-(x+1+k)

+x+1+k77才(O'ix+1+k)and(co-(x+1+/c))[x+fc]-w(x+fe)+x+k-ar[>],

thenco2[x+1]前甘co[x].Hence,thissystemis(fc)-diagonal-built-up.Next,weshow

thatthissystemisnotLW.a>[x+1]ナo)'(x+2)>a>2[x]and(cd-(x+2))[x]-co-

(x+1)+x<ar[x],thenitdosenotholdthat(02[x+1]すco2[x].Hence,thissystem

isnotLW.Wenextshowthatthissystemisnotnice.ar[x+1]許す(D'(X+2)>co2

[x]+1and(co-(x+2))[x+1]-a)-(x+1)+(x+1)<ar[x]+1,thenitdosenothold

thatα>20+l]許すco2[x]+1.Hence,thissystemisnotnice.Lastly,weshowthat

thissystemisnot(/)-diagonal-built-upfor;<k.or[x+1]-co-(x+1+k)+x+1+k

andα)-(x+l+k)+x+l+k-^co'(x+1+k)><x>2[pc]and(cd-(x+1+k))[x+j~¥

-o)'(x+k)+x+j<co[x]9thenitdosenotholdthatα>2[x+1]-^+fco[x].Hence,

thissystemisnot(/)-diagonal-built-up.

Lemma2.5.Thesystemoffundamentalsequencesforco+1determinedbythe

followingisnotLWbutnice;

(a)'(n+l))[x]-co-n+2-x,

co2[x]-(0-x+2-x+1.

Proof.(co-(n+l))[x+1]-co-n+2-x+2and(co-n+2-x+2)[x+1]-co-n+2-

x+1-(a)'(n+!))[>]+1,then(co-(n+l))[x+1]すけ(co-(n+1))M+1.co2tx+1]

-o)'(x+1)+2-x+3andαr(x+1)+2-x+3言宇ヤco-(x+1)and(co'(x+l))[x+1]-

co-x+2-x+2-cd2[x]+1,then<x>2[_x+1]前でcoLx]+1.Hence,thissystemisnice.

Sinceco2[x+1]ヤ0)'{x+1)>co2[x]and(co-{x+!))[>]-0-x+2-x<co2[x]?itdose

notholdthator[x+1]すco[x].Namely,thissystemisnotLW.

conisdefinedrecursively;i)coo-1,ii)con+1-co{wn¥Theexampleinthenextlemma
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is (/c)-diagonal-built-up5 where k > 1, but dose not have the following property;

for all limit ordinal α and β in A and

for all x< co?

lfα-pβ then α石門,β.

So the condition "/c - 0 or 1" can not eliminate from the lemma 2.3.(2) in [3] '7/P is (k)-

diagonal-built-up for some k- 0, 1, α甘β and m <s, then α一㌔β.".

Lemma 2.6. The system offundamental sequences for so + co + 1 determined by the

following is not (k + l)-diagonal-built-up but (k)-diagonal-built-up for k > 1;

(Wα + β)[>] -

eo[x] -

(e｡ + co)[x] -

Wα+βMifβ≠0,

col,ォ[*]ifβ-0andaislimit,

Wγ'xifβ-0andα-γ+1,

cDx+kifx<k,

(ox+l-fcifx>k,

co2-kifx-O,

｣oifx-l,

eo+xifx>1.

Proof.Sinceeachlimitordinalαin£｡,α[x+1]｢→a[x]holds(cf.[l][2][3][4]),

α[x+1]前甘α[x]alsoholds(cf.[1][2][3]).Assumethatx<k.eo|>+1]-COJC+l+k

andeo[x]-wx+k-(a>x+1+k)lx+k]-cox+k-(x+k)andcox+k-(x+k)77才CDJC+fc.

(x+k-1)丁稚COJC+fc,(x+k-2)首相･-首相co-eo[x].Assumethatx-k.s｡

[x+1]-COJC+1+卜-co�"and(cow)[x+/c]-cox+k-e｡M-Assumethatx>/c.e｡

[x+1]-cox+1+1_t首相o)x+1_t-e｡M(cf.[4]).Hence,eo[x+1]諭6｡[x]forall

x.Forx≧1,(eo+co)[x+1]丁子す(eo+co)[x]iseasy.(e｡+co)[l]-e｡andeo[/c]

-g>*+*-co2k-(e｡+co)[O].Hence,(e｡+o>)[x+1]首相(e｡+co)[_x']forallx.After

all,foreachlimitordinalαing｡+co+1,α[x+1]首相α[x].Thissystemis(/c)-

diagonal-built-up.Whereas,itdosenotholdthat(80+o)[l]77ナ(e｡+co)[0].Indeed,

(fio+^)[1]-｣oand%[fc+1]-cok+1+1-k-coo">(so+co)[0]and㌦[k+1]-wk+l

co2k-(g+co)[o].Hence,thissystemisnot(k+l)-diaganal-built-up.

Theorem.Eacharrowinthefigureillustratedtheprevioussectionmeansproperly

containing.●
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Proof. Recall that (O)-diagonal-built-up, and hence LW, nice and (n)-diagonal-built-

up for each n < co, for the first uncountable ordinal exists, but (n)-built-up system for the

ordinal does not exist for all n<co([3]). Considering this fact, this theorem is

immediately consequence from Lemmata 2.1-2.6.

We can see by Lemmata 2.1-2.6 that any arrow can not be added in that figure. In

this sence, that figure is complete.

3.Otherremarks

Wecanconstructa(n)-built-upsystemQforAfromagiven(n+l)-built-upsystem

PforA.Arrow-notationinPandQwillbewrittenエand且,respectively.We

defineQasfollows:

(Q(α))(*)-(P(α))(x+1)forallα<A.

Letαbeanarbitrarylimitordinalind.Wewillshowthat中+1]¢手中]¢･

ォ[*+l]e-aCx+2]pandaMe-a|>-+-1]p.SincePis(n+l)-built-up,a[x+2]F

n-+ta[x+l]pholds,namely,a[x+2]p[n+l¥-[n+l]p-a[x+l]p.Thatisa[x+1]

[ォ]�"�"�"[ォ]-a[x]-,namely,a[x+1]
Je÷a[x].Hence,Qis(n)-built-up.Inthesame

wayasabove,wecanconstruct(rc)-diagonal-built-upsystemforAfromagiven(n+1)-

diagonal-built-upsystemford.
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