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Abstract.

The object of the present paper is to show that hyperbolic and trigonometric splines

admit bases of β-splines characterized by convolution processes of exponential and trigo-

nometric functions, respectively.

1. Introduction

Among the various classes of splines, the polynomial spline has been received the
●

greatest attention primarily because it admits a basis of β-splines which are accurately

and efficiently computed. Recently it has been shwon that trigonometric and hyperbolic

splines also admit bases of 5-splines ([1], [3]).

The object of the present paper is to show that these β-splines on equally spaced

knots are characterized by a convolution process of exponential function. Throughout

this paper, we assume that m (->!) is a natural number and A is a positive parameter.

Then,byuseof ≠人:

(1.1)　　　≠ (*)-<Ax (0≦x≦1) and 0 (otherwise),

we may define hyperbolic β-splines:

Qzm-l%人(x)-(X　≠^*仁　　　≠(m-1)A　仁U-i)A GO
1.2

Q2n A(*)-(≠与l*≠一与A　　≠(m一与)^*仁(m一与)A GO

where X(x)- lim　≠人(x). i. e., X is a characteristic function on [0, 1), and forf{x)

and g(x) we denote

∞

¥fit) g(x-t) dt by (f*g){x).
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For the polynomial 5-spline Q^ (x) of degree m-1, it is well-known that

(1.3)　　&. (*) -(x*x*-*x)(x).

m

Therefore we have a relation between the above defined hyperbolic 5-spline Q/rit a and

this polynomial one 臥:

lim Qm,x {x) -Qjn(x).
A-0

By the definition of <2�",a. it may be easily shown that the hyperbolic 5-spline has

the following properties similar to those of the polynomial one:
●

a.A(x)∈cm~2(-∞, ∞)

Qjn,X (*) - Qjn,X (m-x)

[iii) the support of O�"x-[0, m]

Qm,Ax)>O on (0,m)
oo                      m-1

(iv) ≡(hm-i,*(x-i)- n |sinh(ikX)/{ik*)¥i--∞                   A-1

(this equality implies a partition of unity )

/ Q*-1,A(x)dx-茸Isinh(‡刷/(‡刷i2
∞

/ Q2サ人(x)dx- n [sinhia-‡)拙l(*y) A

完竃

(vll) on (t,i+1) withi- 0, +1,

(Z)2- A2) (JD2- (2A)2)-(JD2-(rA)2)JDQm A (x)-0

(∽-2r+l, γ-0, 1, -)

(Z>2-(yA)2)'(D2-(r-¥)2¥2)(U,, (*)-o

(釈-2r,r-l,2, -)

∞

for ∫∈Span iQw,A(x-i)¥
l=-CX)

∽-1                     〝l-1

(*) ∑o(k)A(m-i)∫(ォ)- ∑Q^a (m-i)∫(A)(i)
1-1　　　　　　　　　　　　　　　　　　　1-1

k-l,2,　m-2 .
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The above consistency relation (*) at (∽-1) consective intger points is reduced to

the one at ¥m-2) integer points if m-b, 7,�"�"�"and 2≦k三m-2, by making an alternat-

ing sum of (*) obtained by writing down (*), substracting (*) with i replaced by i+1,

adding (*) with i replaced by i+2 and so on (for this technique, see [2]).

Our next theorem gives important relations for computing the hyperbolic β-spline

Qjn+i,¥ of degree m from the hyperbolic 5-spline jL a of degree m-1:

Theorem 1.

(1.4)　on+l諭) - (2/mX) [Qm,Ax) sinh(右x)

+dn,Ax-l) sinhlyA (m+l-x)¥]

#w+lサ人(*)- Qm,A (x) cosh(右x)

-Qm,A (*-1) cosh|yA (ro+1-*)(.

Letting A一蠎O in the above relations, we have the well known ones of the polynomial

β-spline:

(1.5)　　　　Qm+1(x) - (l/m) !*&,(*) + U+1-*)&,(*-1)1

a'm+i(*) - aサ(*)-aサu-i).

Here we remark that our β-spline defined by the convolution process of the ex-

ponential function satisfies the recurrence relations with simpler coefficients than the

β-spline defined by the divided difference(Schumaker [3]). In addition, these β-splines

are different only in their coefficients, and so our β-splines are also considered to be a
●

basis of the following space S:
●

(1.6)　　5-1*1　　　on (i,i+1) withi-0,ア1,

and∫∈ ,m-2(-∞,∞)i

where

1.7　　　　Fm-

Spanjl,coshAx,sinhAx,-,cosh(rュx),

sinh(r人*)(m-2r+l)

Span{cosh(iAx),sinh(iAx),-cosh(r-i)xx,

sinh(r--)Ax¥(m-2r)

Li
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Next we shall define the trigonometric 5-spline亘m,人¥x)by replacing A by iA in

the definition of the hyperbolic Z?-spline jI ^ W:

(1.8)　　Qm.xw-Qm,A(x)

where z-V-I.

Letusdenote (≠iX*≠-iA)(*) by ¢iA(x). Thenwehave

(1.9　　　　　¢iA (*)-¢iA (2-x)

ii) thesuppotof少,-A U)-[0,2]

(1/A) sin Xx

(I/A) sin A(2-*)

(m) ¢iAu-

(o≦_x≦1)

(1三三x≦2).

Thus it easily follows from the definition of the trigonometric β-spline that it is

real valued and has the properties (i) - (vii) except (iv) of the hyperbolic 5-spline, where

sinh in (v) and -in (vi) are to be replaced by sin and +, respctively. For (iv),

(1.10)　　S^ikA(*)>O on(0,2) for O<A<nIk

i.e.,

(iv)′　an,A(*)>O on (0,m) for O<人<2*7U-1)

(∽-2,3,-)

( for 171-1,払,a-x, and so the above inequality is trivial ).

For the trigonometric 5-spline Om,a , we have the follwing recursion formulas with

simple coefficients (c. f. [1]):

Theorem 2.

(i)

1.ll)

Qjn+i,x {x)-(2/m¥) [QJn,A(*) sin<iAx)

･Qm,a(*-1) sin iA (m十!-*)}]

O,'m+l.A (x)-Qn.x (*) cos(iAx)

-Qm,A (*-1) COS ium･トx)L
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2. Proofs of Properties (i) - (viii) and Theorems 1, 2

Since the properties (i) - (viii) of the hyperbolic and trigonometric β-splines are

easily obtained by the definition of them, here we shall only prove the proverty (v).

First, we notice that

完司

(2.1)　　　∑ X (x-i)-l.
わと±-捕

Bymakingacovolutionofthisequation and ¢kA 00　-　≠kA*≠-kA) (*)),*-1,2,

釈-1, we have the desired relation:

害害

(2.2)　　∑Q2m-i,Ax-i)-(r ¢^*¢2A　　中,-)A)(*)
当こ-X<

m-¥

-　口
*-1

m-1

k=l J｡ ≠*A(x)dx¥ If仁kX(x) dx¥
m-1-nisinh4*A)/(ifcA)}2.

lr=¥UUk-¥

Forthetrigonometric5-spline豆ma,similarlywehavetheproperty(v)fromwhich

follows

∞
(2.3)∈日払i-l,A¥X-1)¥

t=-00

forA≠2(o/*)*withk-l,2,-,m-landp-1,2,-.

NowthefollowinglemmasarerequiredtoproveTheorem1.

Lemma1.

(2.4)

m-¥

Yl ¥(u-jiX)2+(k-j)2x2¥K-l

m

-¥u/(u+imk)¥　口(uz+k2x2).
k=l

ProofJ We only have to notice the identity:

(2.5) (ォーiiA)2+(*-y)V->-ikX)¥u+i(k-1)畑

On denoting the left hand side of the above relation in Lemma 1 bypm(A), we have

2.6

m

1/pm(スト1/>ォ(-A)ニー(2mA/iu)/ n (u2+k2人2)
k-l

m

i/AmU)+i/*m(-A)-2/ n(ォ2+rA2).
k-l



18 Manabu Sakai and Akira Togashi

Lemma2.

m-1(2.7)(iu+‡吊口"u-iiX)2+k2招

k-¥
m-n¥k2+(局)2招/IGir-y)A-iu.

*-1

Proof.Wehavetonoticetheidentity:

(2.8)(ォー‡iX)2+k2x2-¥u+i(局)A}¥u-i(k+i)畑

DenotingthelefthandsideoftheaboveequationinequationinLemma2byrm(A),we

have

m(2.9)l/rm(X)-1/rm(一石-2(w-)a/n¥u2+(k-f)2招

*-1
m･/rm(x)+l/rm(一吊--2iu/niォ2+(局)2A

*-1

Foranyfunctionf(x)definedon(-∞,∞),letusdenoteitsFouriertransforma-

tionby/(ifitexists),1.e.,

00
(2.10)/(ォ)-je-iuxf(x)dx.

Then,byasimplecalculationwehavethefollowingtwolemmas.

Le--a3.Letg(x)-/(*)sinh(-Ax)+f{x-¥)sinh

Then恒-*)}.

(2.ll)g(u)-i-e与(>-a)-'ォー!}/(ォーii"

寸e-叫-1)-h-!}/(ォ+ii"･

Lem-a4.Letg(x)-/(*)cosh(iA*)-/(*-!)coshlyA(p一拙

Then

(2.12)g(u)-‡-e与A(p-1)-iniげ(u-‡刷

一手C-キス{p-1)iサーl¥f(u+¥i¥).

NowwearereadytoproveTheorem1.Byanelementarycalculation,
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x (n) -- (l/iu) (e-iu-1)

¢a(ォ)--|1/(ォ2+人'M (ォ*-*"-DO-A-i!-1).

Hencewehave

m(2.14)(0Ozm+lX(a)-圧-i)w+7ii
IU庸jn(u2+k2人2)
*-1
〝lサ)&m.Au)-(-1)-∂jn¥u2+ot-h招

k-l

where

(2.15)

m

em- n(/A-'ォーi)

k--m

m

♂ ,- Y¥{e{k~与)A-i!-D (√(k~与)A-i'-!).
k-l

A little additional computation yields

(2.16) (emX-i"-1)Q2m,x(u-iiA)-(-1)moJpm(x)

(,-"A-iu-D(hm,Au+iiA)-(-1)-OJpm(- x).
By Lemma 3 and (2. 16), we have

(2.17) &-,Aォ-sinh(‡*x)+&n諭-1)sinhか(2m+l-x)¥

‡{-1)mdJ¥/pm{x)-1/pm{- X)¥
〝l

-{-¥)m+1¥mxdJiu¥l Yl (u2+k2xz)-mAQzm+l.k (ォ).
k-l

This completes the proof of the recursion formula (i) in Theorem 1 for m odd.

By a simple calculation, from 2. 14(i) we have

(2.18) iXm-i)A-I'-1}<k,-l.A(ォーiiA)-(-1)'∂JrAx).

i,(--÷)A -iU-l¥(hm-l,x (u+iiA)-(-1)'∂JrJ-x).

Hence by Lemma 3 and (2. 18) we obtain

(2.19) (h--i,*(#)sinh(iAx)+(hm-it*U-l)sinhか(2m-x)i

19
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m-(-1)m(m-^r)x6JII

ut=1:+(k-h招k-l
-(-Km-i)人&m,x(u).

Thiscompletestheproofof(i)Theorem1formeven.

Nextweshallprovethedifferentiationformula(ii)inTheorem1.

Since

(2.20) CD&m+l.A) (u) -iuQ2m+l,* W.

weget

〝‡
(2.21)U^+i.a)(ォ)-(-Dm+1ejn(u2+k2人2).

k-l

Ontheotherhand,byLemma4wehave

(2.22)&m,Aォcosh(右x)-<hm,A(x-1)COSh車(2m+1-m)i

‡(-1)m+1dm¥l/pm(A)+l/pm(一細

m
-(-i)~+i8jn(u2+k2人)-(/>&サ+1.a)(ォ)�"

k-l

Thiscompletestheproofof(ii)inTheorem1formodd.

Similarlywehave

〝‡(2.23)(D&m,x)(u)-(-1)miu~0m/Eliォ2+a-|)2A2(

*-1

Ontheotherhand,byLemma4wehave

(2.24)(kn-i.xWcosh(右x)-Qzml,A(x-1)COShか(2m-m)¥

■‡(-!)蝣7+1頼1/,U)+i/,(一細

m-{-¥)-iudjrnォ2+(局)2A:

k-¥

Thiscompletestheproofof(ii)inTheorem1formeven.

NowweshallproveTheorem2.Thefollowingtwolemmasarerequired:

Lemma5.
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(2.25) f(x)sin (右*)+n>-1)sin中也-*)!

ii ¥e-4-<叛-J>-*�"}/(ォーi A )

-yt j<rhA (>-1)-iu-li/(M+i "･
Lemma 6.

(2.26) /(*)cos(iAx)-f(x-1)cosか払-x)¥

-y|^A (^1)---1(/U+yA)

-i-e一叫-¥)-iu--げ(u-i"･

By making use of Lemmas 1, 2, 5 and 6, similarly as in the proof of Theorem 1 we

may have Theorem 2.
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Appendix

In the definition of the hyperbolic 5-spline O^a , we may use an exponential

(distribution) function ≠人:

≠　U)-

leA'/(eA-1) (0-こ　<1)

(otherwise).

冨音

Then, sincel ∞隼(x)dx-l, k-±1, ±2, ･J the right hand sides of the equations in (v)
and (vi) are simply equal to 1. However, in this case the coefficients involved in the re-

cursion formulae in main Theorem 1 are more complicated than before.


