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Abstract

This paper proposes estimation algorithms for the filter and the fixed-point smoother

●                                       ●

which are suitable for recursive estimation of multivariate signal. The signal is observed with

additive white Gaussian noise. The algorithms use the covariance information of the signal
●

and the observation noise.

A numerical simulation example is shown to examine if the algorithms are valid.

1. Introduction

The Kalman filter [1] assumes full knowledge of the state-space model, which generates

the signal process, in signal estimation problems. This paper presents an alternative estimation
●　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　●

●

technique that estimates the multivariate signal recursively in terms of updated observed value

by extending the recursive Wiener filter [2] in continuous-time systems to the filter and the

fixed-point smoother in linear discrete-time systems. The estimators use the information of

the system matrix ¢, the observation matrix 〟 and the autovariance function of the state

variable, Kx(k, k), for the state-space model of the signal. We show that these quantities

are realized from the autocovariance data of the signal generated by the AR model. From
●

Ref. [3] , Kx(k, k) is evaluated by the autocovariance data of the signal of finite number.

As a consequence, we are able to estimate the multivariate signal from the knowledge of the
●

autocovariance function of the signal, the variance of the observation noise and the observed
●

value. Also, we show, by appropriate choice of 〃　that some elements of ¢ contain the AR

parameters obtained by solving the multivariate Yule-Walker equations for the signal process
●

via the AR model.
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2. Least-Squares Estimation Problems in Linear Discrete -Time Systems

Let an observation equation be given by y(k) -Hx(k)+v(k), z(k)-Hx(k), where y(k)

is an m-dimensional observed value, His an mXm�"n observation matrix, z(k) is a signal,

x(k) is a zero-mean state-variable and v(k) is white Gaussian observation noise with the

variance R as E[v(k) i/(s)] -RdD(k-s). Here, the symbol "T" represents transpose and

(5d(&-s) the Kronecker Delta function, which satisfies 6D(k-s)-l for k-s and <5d(&-s)-

0 for*≠s. Itis assumedthat x(/e) and v(s) are uncorrelated: E lx(k)vT(s)j　-0, 0≦S,

h<∞　Let us assume that the fixed-point smoothing estimate立(k, L) of x(k) at the fixed-

point k is expressed by

エ

立(k,D-　∑ h(k,i,L)y(i),
-;

(1)

where h(k, i, L) is referred to as the impulse response function. Minimizing the mean-square

value of the fixed-point smoothing error x(k)一五(k, L), J(L)-｣{[x(/s)一義(k, L)]J

lx(k)- x(k, L)]}, we obtain the Wiener-Hopf equation [4]

M

E[xO)/(s)] -2 Kk, i, L)EWO/(s)].
-]

(2)

Let Kxy{ky s) denote the crosscovariance function of x(k) with y(s) and Kz(k, s) the autoco-

variance function of z(k). From the statistical assumptions for the signal and observation noise,

weoptam

L

h(k, s, L) U-K*lk, s)- ∑　hik, i, L)Kli,s)
i-∫

(3)

which the optimal impulse response function h(k, i, L) satisfies in linear least-squares

smoothing problems. Here, Kz(k, s) is expressed by

KJLk, s)-H¢　�"Kx,(s, s) l(k-s)+Kj(k, k)(¢ツ　HTl(s-h),

r(s, s) -¢K*(.s, s), K,y(s, s) -K,(s, s) HT. (4)

¢ represents the stable system matrix of the state-space modal for x(k), Kx(s, s) the

autovariance function of x(k) and l(k-s) the unit step function.
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3. Recursive Least-Squares Algorithms for Filtering and

Fixed-Point Smoothing Estimates

[Theorem l] shows the recursive least-squares algorithms for the filtering and fixed-point

smoothing estimates.

[Theorem l]

Let the autocovariance function Kz(k, s) be given by (4), let応(k, s) bethe autocovariance

function of x¥k) and let the variance of white Gaussian observation noise be R. Then, the

recursive least-squares algorithms for the filtering and fixed-point smoothing estimates
●

consist of (5トin linear discrete-time systems.

Fixed-point smoothing estimate of x(k) : x(k, L)

左ik, L)-i(k, L-1)+h(k, L, L) [y(L) -H¢立(L-i, L-m

hik, L, L)-VKlk, k) (¢r,L-kHLq(k, L-1) ¢蝣tf7] lR+HKs(.L, L)HT-

H¢B(L-1) ¢7TJ"

q(k, L)-q(k, L-1)¢'+h(k, L, L) HIKXL, L)- ¢BCL-1) ¢T],

q{L, L)-B(L)

Filtering estimate of x(L) :左a, a

左a, d-¢立(L-l, L-1)+G(L)ty(L)-H¢立a-i, L-m,i(0, 0)-0

B(L)-¢B(L-D¢ + G(L)H[K,(L, L)- ¢B(L-1) ¢1, B(0)-0

G(L)-iK*(L, QH7- ¢B(L-1) ¢ 7T] ¥_R+HK,(L, L)HT-H¢ B(L-1)

¢THTP

Proof of [Theorem l] is omitted.

(5)

(6)

(7)

uO)

4. Realization Using Autocovariance Data of Signal

Let us estimateH, ¢ and K^k, k), which areused in [Theorem l], from the autocovariance

data of the signal z(k). We assume the wide-sense stationarity as Kz(k, s)-zKz(k-s) and

Kx(ky s)-Kx(k-s) for the autocovariances.



130

鹿児島大学教育学部研究紀要　自然科学編　第48巻(1997)

Let the m-dimensional signal z(k) be generated by the multivariate AR model of order n :

n

z(k)--　∑ dizik弓)+eU), E[e(k)eT(s)]- o dD(k-s).
i -1

fl fl

In the linear least-squares estimation problem considered, we place restrictions on the AR

model the minimum phase condition. That is, all roots of the characteristic equation det

(I+aiz l+cL2Z 2+�"�"�"+a,nZ n)-0 mustlieinsidetheunitcirclein thezplane [5].

Let the observation matrix in the observation equation y(k)-z(k)+v(k),～(k)-Hx(k) ,

for the state-variable vector x(k)-[xi(k) x*(&)�"* m xれ*(/0]T, be given by H>買[I O]. Here,

H consists of the identity matrix of order m and mXm�"(n-1) zero matrix, The AR model

is expressed in the state space form of x(k+l)- ¢xdk)+ ｣(*), f(/e)-CO 0 I]廿,

EI C(k) C(k)}- a, r(k)-e(k+n) with

¢-

O I 0

O I O*　�"　�"　�"　0

●　　●　　●　　●　　●　　●　　●　　●　　●　　●

O

an_.　　　　~a2　-a,

02)

where I represents mXm identity matrix. It follows from Ref. [3] that Kx(k, k) is given by

K,(k, k)-i¢Krl (k, k)¢T ¥ Hence, Kx(k, k) is represented with its matrix elements as

K,(k, k)-E[xik) xT(kn

k(o)　k;U)　　　KSXn-1)

K.(0)　K.(0)　　　K,T(n-2)

●　　●　　●　　●　　●　　●　　●　　●　　●　　●　　●　　●　　●　　●

K.(n-2)　　K.CO) KT(1)

KAn-1)KAn-2)�"　�"　KAO)

u3)

The n�"m square matrix Kx(k, k) is referred to as the Hankel matrix. For the Hankel matrix

with rank m�"n, m�"n dimensional realization for z(k) exists [6]. The AR parameters are

calculated by solving the Yule-Walker equations Kz(l-i) ai +Kz(2-i) 0,2　+�"　�"　�"+

Kin-トO on-1 +Kz(n-O an --Kz(-i), i-l, 2,�"�"�", n. Hence force, if we substitute

H, ¢ andKx(k, k) thus evaluated form the autocovariance function of the signal with the

variance R of the observation noise and the observed value into [Theorem l], we can calculate

the filtering and fixed-point smoothing estimates as illustrated in section 5.
●
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5. A Digital Simulation Example

Let the signal be generted by the multivariate AR model of order n-2 in (ll). Here,
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Fig.2　Z!(k) and zAJk, k) vs. k forMO, 0. 50.
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v(k)-[vi(k) vi(k)Y. Fig.l illustrates the signal zi(k) (solid line) and its filtering

estimate zi(k. k) (dotted line) vs. k for the white Gaussian observation noise N(0, 0. 52).

Fig.2 illustrates the signal Z2(k) (solid line) and its filtering estimate Z2(k, k) (dotted line)

vs. k for the observation noise N(0, 0. 52). Fig.3 illustrates the fixed-point smoothing
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Fig.3　z,(8, L) vs. L, 9≦L≦28.

Fig.4　Z2(8, L) vs. L, 9≦L≦28.

estimate zi(8, L) of zi(8) at the fixed-point k-8 vs. L,9≦L≦28. Similarly, Fig.4 illustrates

the fixed-point smoothing estimate z2(8, L) of 22(8) vs. L, 9≦L≦28. Graphs (a), (b), (c)

and id) inFigs.3 and4illustratezl(8, L) and z,(8, L) forMO, 0. Is), N(0, 0. 32), N(0,

0. 52)andN(0, 0. 70 respectively. Table 1 shows the mean-square values (M. S. V.) of the
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W ute Gaussian M .S.V .offiltering error M .S.V.offixed-pointsmoothing

observation

●noise

error

M .S.V .of M .S.V .of M .S.V.of M .S.V .of

-
z,(k)-*.(k,k)

一､
zJ k)-zJ k,k)

一､
zx(k)-zx(k,k+リ,

L=l,2, ,20

一､
z2(k)-z之(k,k+L),

L=l,2, ,20

NfO.O.l2) 8.1293×10" 9.12001×10" 7.7911×10" 8.99787×10"

N(a0.3*) 0.0696955 0.0616346 0.0637725 0.0605362

N(0,0.5l 0.179085 0.155135 0.160711 0.151362

N(0,72) 0.310622 0.278445 0.274731 0.268542

｢
Table 1 M. S. V. of the filtering and fixed-point smoothing errors.

●

filtering errors zi(k)-zi(k, k), Z2(k)-Z2(k, k) and the fixed-point smoothing errors zi(k)

-zi(k, k+L), zlk)一言iik, k+L), 1≦L≦20, for N(0, 0. I2), A/CO, 0. 32), N(0, 0. 50 and

N(0, 0. V). The M. S. V. of the filtering errors and the smoothing errors are calculated by

200                          20   200

∑(z,(k)-M, k))21200,and　∑　∑ Mk)-M,.k+m/4000, i-l, 2.
k-l j-l k-l

Table 1 shows that the M. S. V. for the filtering and fixed-point smoothing errors become
●

small as the noise variance decreases, and the M. S. V. of the smoothing errors are smaller
●

slightly than those of the filtering errors.

6. Conclusions

This paper has proposed the technique, which estimates the multivariate signal in recursive
●

least-squares estimation problems, from the autocovanance data of the signal, the variance

●

of the observation noise and the observed value.

A numerical simulation example has shown that the estimation technique by use of the
】

covariance information is feasible.
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