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Abstract

For random triangles in hyperbolic planes, we study limit distnbu-

tions of lengths of three sides of them. First we establish some relation

between limit probability distributions of random triangles in hyperbolic

planes and certain expectations concerning random triangles in Euclidean
●

planes. Using this relation, we give an explicit expression for the limit
●

●

distributions by an elliptic integral.

RANDOM TRIANGLE; HYPERBOLIC PLANE; LIMIT DISTRIBU-

TION; ELLIPTIC INTEGRAL

1. Introduction

The first problem concerning random triangles in Euclidean planes is perhaps the prob-
●

lem "what is the probability that a random triangle is acute", which was proposed and solved

by Woolhouse (1886). Since that time various studies have been made on these subjects. As

for recent references, see Mannion (1990), Area (1994), Eisenberg and Sullivan (1996), Bary-

shnikov (1996) and so on. On the other hand, it seems to me that there has been no research

on random triangles in hyperbolic planes.

In hyperbolic planes, triangles happen to enjoy some "extraordinary" properties which

●

those in Euclidean planes do not (see Fenchel (1989)). For example, it happens that they do

not have circumcenters, orthocenters and excenters. Hence a series of "natural" problems

arise, one example of which is "what is the probability that a random triangle has their cir-

cumcenter .

In this paper we study random triangles in hyperbolic planes and we calculate limit

probability distributions of lengths of three sides of them. In section 2, we show some con-
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nection between limit probability distributions of random triangles in hyperbolic planes and

●一▲         _  _一■一一ー■           ~ノー●

certain expectations concerning those in Euclidean planes. In section 3, we give an explicit

expression for the limit probability distributions by an elliptic integral.
●

2. Connection between random triangles in hyperbolic planes and those in Euclidean

planes

Consider a random triangle ABC in a hyperbolic plane. That is, on a disk with its center

at the origin O and with a radius /?, we consider a triangle ABC whose three vertices A, B, and
●     ●

C are mutually independent and uniformly distributed on the disk. To state more precisely, we

denote the angles which the line segments OA, OB and OC make with thex-axis by 0, ¢ and

irrespectively, and moreover, denote the lengths of the line segments OA, OB and OC by盲,

f] and Crespectively. Then we assume that six random variables 0 ,¢ ,w9g ,77 , ｣are mutually

independent, and 0, ¢ i/Ahave the uniform distribution on an interval (0,27i), and盲, 77 , ｣have

a common probability distribution whose density is given by sinh盲　d盲/(coshfi-1).

We study the simultaneous distribution of <2=BC, b= CA and c=AB. Obviously, without

loss of generality, we may assume that the vertex A lies on the ∫-axis. Then, by the hyperbolic

trigonometry, we have

(1)

cosh a　-cosh叩coshf -sinhりsinh^cos^-0)

cosh b　-coshJcoshg -sinhJsinh盲cosh w

coshc　-cosh書cosh7? -sinh盲sinh 77cosO.

Now it is convenient to introduce the following notations:
●

x = cosha,y- coshi>,z - coshc

u = cosh盲,v - cosh77,w- cosh｣,

Å = cos(y/r-¢),/l - COSty/¥V - COS¢.

Then (1) can be written concisely as

(2)

= uvr -AV示~=寸々コ

y　-wu -u.斥㌻=TJ才コ

z　=uv-レ高手三高㌻コ

Moreover, it can be seen that u,v , and w have simply the uniform distribution on an interval

(1,L+1) , whereL=cosh/?-1.
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Now we consider the characteristic function for a suitably normalized (r, j, z),

JL¥*¥>*2>*3)-E expf去(t{x+t2y+t3z)
Then we can show the following lemma.

●

3

Lemma1.Thelimitcharacteristicfunction

f{tx,t2,t3)-lim/z.(fpf2,r3)

existsanditcanbeexpressedas

Ld¢rcxr
d¥lfIIdudvdw
v｡J｡J｡
(3)exp[it{(¥-X)vw+it2(¥-ii)wu+it3(¥-u)uv]

ProofBythedefinitionofcharacteristicfunction,wehave

fdt,t2,t3)-去pinfinffd

J｡J｡¢/*L+¥rL+¥fL+1号字書

蝣exp告y-一高口前,+告(-u-Lly読手J訂コ,

･告(uv-v正三J符丁,]･

●Obviouslyitcanbewrittenas

1_l_1fL{t,,t2,u)定/Infinr¥+-rl+-r¥+id*dvfァLiLfi‡dudvdw

LLL

exp中一Å
●

-h it.

〔
v-v

2　1
w　-

L2

Hence follows the lemma with the aid of the bounded convergence theorem.

Let p O, y9 z) denote the probability density corresponding to the characteristic function

f(th t2, t3). From (3), we can derive the following expression of/? (x, y9 z).

Lemma 2.

(4)pO,y,z)

11諒扇anr2nJoJo方d(j)dy/

yz<
(1-juXl-i/) zx

l-X y

(1-A)(1-〟)(1-〟)

(1-レ)(1-A)

l -fl

竺<
Z

(1-A)(l-〟

1-〟
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Proof Consider a characteristic function corresponding to the probability density(4):
■■′

fi.t,, t2> t,)

JoJoJo∞ /　xi(t¥x+t2v+t-iz)i l l

d¢dy

(1-A)(l-〟)(1-レ)

(tl
-dx dydz

xyz

ei(.t¥x+t2y+t3z)

J*<

From the condition

∂ォ.*c

(1-uXl-i/)　zx

1-A y
<`
(1-ォ/)(!-A)　xy (1-AXl-Ai)

く

¥-a　　　　　ー　　トレ

土星< (l-fi)(l-v)空くiトレ)(トÅ) (1-A)(ト〃)
1-A　　　　　　　　　1-a　　　　　　　　　1-v

wecanderivejc<1-A,y<¥-jJi,z<1-v.Inparticularwehavex<2,y<2,z<2.

Now,changingvariablesby｣-⊂了and叩-｣-andC-吉,-ehaveX

ト〃

f(*x>*2>h)-震訂2npinf¥/サ1/�"!
/d<j>dy/fII

J｡J｡J｡J｡笥

exptifjO-A)号+it2(l-n)rj+it3(l-レ|./[r?C<4鍔<rh&l<Q

Furthermorewechangevariablesby盲=vw,7]=wm,C=wv.Thenitcanbeeasilyseenthatthe

Jacobian

d(u,v, w)
equals廊and the conditionr¥C<盲,鍔くり,如<C is quivalent to the

conditionォ<1, v< l,w<l.

Consequently we obtain

■■′

f(tift2,t3) -
1

%K2

Ik/*2

JoJo方rrr
d&dxifldudvdw
TJoJoJo
expftf.Cl -k)vw+it,(¥ -jl)wu +it^(l - v)uv]

Thus /is identical to/and the proof is completed.

Now we go into an Euclidean plane and consider a random triangle ABC whose three

vertices A, B, and C are mutually independent and are uniformly distributed on the unit circle
●      ●                                  ●                                                                                                                                                                ●

with center at the origin O. PuttingX- BC, Y= CA and Z= AB , we investicgate an expecta-

tion

･¥_Xyz I (YZ>aX, ZX >bY, XY>cZ)¥

where a, b, c are constants. We denote this expectation by T(a, b, c). Without loss of general-
●

lty we may assume that vertex A lies at the Jt-axis. We denote the angles which the line
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segments OB and OC make with the jc-axis by ¢ and y/respectively. Then we can see easily

2(1-/0, Z-

where A , ju , v denote cos(i/a-¢ ), COSI/A,COS¢ respectively. Accordingly we have

･(a,b,c)定Inr2If

J｡J｡方

d¢dy

(1-〃XI-レ) α2

1-A
>-
2

(1-A)(1-〃XI-〟)

(1-ォ/)(!-A) b2　(l-A)(l-u)

1-〟
●                                                                                                                                    ●

Therefore, using Lemma 2, we obtain the following result.

Theorem 1

P(x,y,z)=

1-　レ

3. An expression for limit probability distributions using an elliptic integral
●

3.1

Our task of this section is to find an explicit expression forp(x, y9 z). By Theorem 1, for

this purpose, it suffices to find an explicit expression for T{a, b, c). We consider a random

triangle ABC in an euclidean plane whose three vertices A, B, and C are mutually indepen-

dent and are uniformly distributed on the unit circle with center at the origin O, and putX =
●     ●

BC, Y= CA and Z= AB. First we calculate a conditinal expectation when Z= z is given,

●

XY 〔号<妄<言XY>cz蝣)}
●

Denoting ∠AOB = 2co, we may assume without loss of generality that both the angles which

the line segments OA, OB make with the *-axis are equal to co. Furthermore, letting 6 denote

for the angle which the line segment OC makes with the jc-axis, we define a function

x(d) =
1-cos(∂一山)

COS8- cosα)I

Then this conditinal expectation is given by an integral
t

de

In 2|cosO-coso)|

where the integration is taken over a domain

¥oe(0,27t):志<x(8)<至誓, ¥coso-cosa>¥>csinQ)>
Dividing the domain of integration into two parts,



we put

鹿児島大学教育学部研究紀要　自然科学編　第49巻

D(co) - ¥ Oe(co, 2方-α,･･ち霊<x(o)<至誓,cosco-cos6>csin云〉

D(co) - < Oe(-co, co):ち芸<x(o)<ヱ票,cos6-cosの>csinco

s(co)去D(a>)
サ　忘JD(a>)

Then we can write T(a, ft, c) as

(5)

where

(6)

(7)

de

cosα)- COS∂

dO
●

COSco- COSO

T(a,b,c)- T｡+チ,

･.-∫-2
2-dco

｡nち忘ォ(fl>)

早-2
2-dco

｡jr言霊S((O)

Thorougout the remainder in the paper, without loss of generality, we suppose a < b < c.

3.2

First we computeg{co ). Since x (0) is an increasing function, we can define α= α(α)

andβ=β(co)by

and
x(a)-言霊, α∈((0,2方-a)

<p)-旦票, β∈((0,2方-a)
respectively. Furthermore, when 1 + cos co> csin co , we define γ= γ (ft)) by

COSco- Cosy - csinctf,γ ∈ (0),71)

Then, noting that % (6 ) is increasing, we see

Dォo) = (α(fi>),β(ft)))∩ (γ(O)),27t- γ(サ))�"

●

Now we consider the following conditions

Cl - α(flサ< γ(o))< β(co)< 2k- γ(a)

C2 - α(flサ< γ(co)< 2k- γ(G))< β(CO)

C, - γ(co)< α(flサ< β(co)< In- γ(co)

C. - γ(o))< α(co)< 2k-γ(ゥ)< β(0)



Then

(8)
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D(co) -

( γ(co),β(ゥ))

(γ(co),2k- γ(fi>))

( α (co),β(fiO)

(α(cq),2k-γ

0

Next, introducing a function
●

we can easily show

(9)

dd

if the condition Ci holds,

if the condition C2 holds,

if the condition C3 holds,

if the condition C4 holds,

otherwise

申) = log

cosO-cosco

ro

tan-+ ∫

2

0
tan x

2

1e,
/tan-^L¥-l

sincoIV2)tan6>,

Moreover, from the definitions of a , p and r, it follows that

α
tan-
2

tan旦
2

tanヱ
2

where ∫ denotes望. Hence we can derive
2

(10)

4什中+′2)

At-a(¥+t2y

b[l+t2)+4t

輿+f　-4了

Tanァ) - log'

･ftan|j - log〔

zltan^l - log

7

Now let Si denote for a set of ctfs for which the condition O is satisfied (/ =1,2,3,4). Then,

combining (8), (9) and (10), we obtain the following result.

Lemma 3

g((o) -
4nsinco

g,(t)fora∈ S,(/- 1,2,3,4),



8

where t =tan望and
2

ll
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gl (t)

82(0

g,(t)

g.(t)

iLnA-lUnP)

2-lftanZ-

･tan計/tan雪)

/tan<*}ar¥

--/tan-
2I2)

Furthermore, from this lemma and (6), the next lemma follows.

Lemma4.

･0-去妄Jsi宇g.(t)dt,
3.3

We analyse the conditions Ci (i =1,2,3,4) in detail. For this purpose it is convinient to

introduce the following quantities
●

o), (x)

礼. (*

coab -arcsin拝co -arcs-続丁)･

and

Furthermore, we put

and

4c

(T= :+l T=

V ^^^^S

dC

a+c-

0¥　=

dc(4- dc)

2M-a/i^司　_ _2M+a/1-c2)
i^^^^^^^^^^^^^^^^^^^^^^^^^^^vs

Then, by an elementary but tedious analysis, we can show the following lemma.
●　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　●
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(co, (a),co, (b)) if c>¥,a<b<O,

(co, (a),の(b)) if c>1,a<a<b<T,

(co_ (bla>+ (b)) if c>¥, a<o<b,b>T,bc>a(b+c),

{coi (a),a>, (b)) if c<1,a<b<(J_,

β　　　　otherwi se

(co, (b¥coc) if ol,a<b<a,

co ibl号if c<1,a<b<<J_,

`ク　　　　otherwi se

(coab,0)+ (a)) if c>1,a<b<a,

(coab,(O+ (a)) if c>1,a<a<b<T,

(G)ab,co+ (a)) if c<1,a<b<<7_,

β　　　　　　　otherwi se

∫4　-β　atalltimes.

●                                                                                                                                             ●

Combining Lemma 4 and Lemma 5, we have the following lemma, where we put

t+ (x) - tan t_ (x) - tan
CQ+(X) ▲ ,_.､ _▲〈-αし(x) ▲　J〈_<サab

サKb-tan空and t'-tan二子
a)C

2　　′　　　　　　　　　　　2　　′　"〝　　　　2　　　　　し　　　　2

Lemma7.

Ifc>1anda<b<a,then

･12)方b学g3(t)dt+Jt+{a)学gl(t)dt

7学gM)dt.

Ifa<a<b<r,then

･13)87r27:Jtab←`a'学g3it)dt+t+{b)

Jt+(a)学gxt)dt.

Ifa<<j<b,b>xandbe>a(b+c),then

r>+(b)
(14)87r2:r0-/

't_(b)学gxt)dt.

Ifc<1anda<b<o_,thenTocanbegivenby(12)again.
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3.4

Now we calculate indefinite integrals

/宇/ tan号dt.f宇/ tan蝣J8^ r* +1/ tan号dt.
For this purpose we need the following two lemmas, the first of which can be easily estab-

●

hshed.

Lemma 7.

/宇log字dt-宇Iog竿-1 -/-4arctan t.
In order to state the next lemma, we introduce the following elliptic integral,

●

e(u)-e(u;k)

(15)

where k is a constant.

Lemma 8.

where k =
1

蛎iii

{(i-u2r -c2}{c2 -2c2(i-u2)-(i-u2y}

(ト〟 ){c2十(ト〟 ) }

du

(l-M2)(l-fcV)

f'-l

J

Proof. Integrating by parts, we have

〔無害雲〕
where

e (J手石; k ),



Since

we have
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円
u

ヽ

｣

ノ

¥-2ct-t2

(1十g2) (t+cxt-ct2)

ifl

J-∫
巨-1 l-2cH2)
<<2+0

By change of variables ∫ = ∬2〟 it can be written as

r J

(jc4-c2)(c2-2cV-*4)

車2十1)

dx

Furthermore, changing variables x by x -訴二才we can complete the proof.

It is convenient to rewrite the results stated in Lemma ll and Lemma 12 in a more concise

form.

Lemma9.宇/(tan-U
/宇/ tan雪中t

/t'+¥ tan-¥dt

where k　=

亡±l
t

亡±l
J

tan-+

v2J

tan雪十

tz-lIftan-｣)+

I2)

3.5

Before calculating To, we remark the following.
●　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　●

Lemma 10.

Ifjc < o¥ then

α(α+(*))= γ (<サ+(x)),β(co (x))=2k- γ(caAx)).

If or < cr, then

α(a) (x))=2n- γ (<o+(*)), β(O) (X))= γ (co+(x)).

Now we can express To as follows.

Lemma ll.

Ifc>1anda<b<O,then

tz-¥
-4arctan t

J

J2-1
-/-4 arctan t

J

wc2+1
eN¥-ct;k),
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SnzTn　　-2cot叫(a)-2cota>* (ft)+4

1-ctanco+ (a)

Ifc>1anda<o<b<T then

%ttT｡ - -2cotco+ (a)-2cota>+ (b)+4

-2ft>+ (a)-2叫- (b)+4a)ab

トctanco+ (b)

トctan 0), (a))+e(

-2co,(a)-2α>+(b)+4co(
'ab

l-ctanco, (b))}.

Ifc> 1 anda<o<b,b>% andboa(b+c),then

8/rT｡ -　-2cotco, (b)+2cota>_ (b)-2co+ (b)+2a>__ (b)

1-ctan co+ (b))-e(

Ifc<1anda<b<a ,then

SnT｡ -　-2cotco+ (a)-2cota>+ (b)+4

1 -ctan co+ (a))-e(

1-ctan co_ (b))}.

-2cq+ {a)-2co+ {b)+Acotab

1-ctan co+ (b))+2eQl-c)}-

Proof.Sincetheproofaresimilarforallcases,weonlyproveforthecasec>1,a<b<

G.UsingLemma3,Lemma4andLemma9,wehave

s7t2TnJtab宇'/tan号HK*

宇71tan号-/tan号蝣dt

･I"

JtA'i,宇�"/tan号)dt

-t2-1/tan号)

-F宇'-I+

+/tan-

tI2.

r-1
十　　　　- 4 arctan

J

t2-!
- 4 arctan

J

c JJ二言

12･宇/1tan-｣

n

J

H

u

 

R

■

1

1

u

J

B

 

〟

t

L
･
　
　
　
　
㌧

｢

H

t

一柿

ヽ
ノ占

n
r
u

ら
　
　
　
　
　
し
･

｢

t

1

一
柿
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From Lemma 10 it follows that

2k- γ(〟+ Q>))

13

and

Furthermore, we can readily see that

〕- / tan讐当-l<
andsince t =1/c,

c

Accordingly,

s*rTn

Finally, noting that

*+(*) -1

<+　*

･ tan等〕-o･

t+iaf-1 t+{bf-¥　tlb-2･
t+ (a)　　t+ (b)　　　*ab

C正号了
¥-ct, (a))+e(

-2cq, (a)-2(O+ (b)+4cotab

l-ct+ (b))}.

-2cotco+ (jc), and誓--2cotの--2
we can complete the proof.

A-ab

ab

3.6

Now we begin the calculation ofテ　Since %(6) is a decreasing function, we can define
′■■l

a-a(co) and β-β(fl))- by

<ォu言霊, a ∈ {-(0,(o)
and

m一三票, β ∈ (-co,co)

respectively. Furthermore, when 1 - cos co> c sin co, we defineタ=タ(ゥ) by

cosクーcosco= csmco,タ∈ (0,(o)

Then, noting that y (0 ) is decreasing, we see

如) - (β{co),a{co)l n仁f{co),f{o))).
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Now we consider the following conditions :
●

*

O

　

>

<

o

ム

　

>

u

　

<

u

D(o)) =

Then

/

βt(o) <-チ(cq) <a(co)チ(co)
■■l

β(co) <-チ(co　<テ(co) <a(co)
′ヽ/

一夕(co　<β(co) <d(co)チ(*)
{′

-チ(Co　<β(co　<テ(co) <a((o)

■l■′

(-チ(co¥ a(co)) if the condition C, holds,

■■′

(-チ(co),チ(co)) if the condition C2 holds,

■■′                                                             ■一l

岬(o)¥cc(cq)) if the condition C3 holds,

■■′                                                             ■■′

岬(colテ(co)) if the condition C4 holds,

otherwise

Onthe otherhand, fromthe definitions of a　β　andタ, it follows that

4t-a(l+t2)

4t+a(l+t2)'

1+f　-4*

輿+′　+4了

tanヱ
2

ro:

where t denotes tan首. Hence we can derive

′■■′

′l■′

Now let 5 denote for a set ofα) `s forwhich the condition C is satisfied (i = 1, 2, 3, 4). Then,

●

corresponding to Lemma 5, we can show the following result.



Lemma 12.
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′■′

∫2　- c0-号)
ifa<b<a_

`ク　　　　othe rwise

′■l′       ′■■l                        l■■′

On the otherhand, sI9S3 and S4 are Oat all times.

Accordingly, in contrast to to Lemma 3 and Lemma 4, we have the next simple result.
●

Lemma 13.

where

8方2T-∫"t2+¥-

giiOdt,
J2

hit)-2 I

For an integral which appears in the above lemma, we can establish the next formula.

Lemma 14.

where k =

/ililiLIU-

2)午/tan-^-

15

Proof, The proof of this lemma goes along almost the same line as that of Lemma 9. The

only differrence appears in the last step of the proof of Lemma 9, where we change variables

xbyx = VI- ul. Howeverinthepresentproofweneedchangevariablesby x = cl正二亨.

Then, Lemma 13 and Lemma 14 together gives the following lemma.
●　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　●

Lemma 15.

87Z2テ=
C√后
e卜l-c|

3.7

Now, combining Lemma ll and Lemma 15, we can state our main result.
●

Theorem 2.

If c>1anda<b<a,then
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(17)　　　87t2T( a,b,c)

-2cotG)+ (a)-2coto)+ (b)+4

- 2α>+ (ォト2α>+ (&)+4ゥ,ab

1-ctanco, (a))+e(

Ifc>1and a<a<b< T,then

(18)　　　Sn2T(a,b,c)

-2cotco, (a)-2cota>+ (b)+4

-20). (a)-2a>, (b)+40)ab

A-ab

ab

1 -ctan co+ (b))}

A-ab

ab

I-danco, (b))-e( 1-ctan叫(α))}.

Ifc>1and a<a<b,b>x and boa{b+c),then

(19)　　　　Sn2 T(a,b,c)

-2cotco, (b)+2coto)_ (b)-2co+ (b)+2a>-- (b)

1-ctanG)i (b))-e( l -ctan o)_ (&))}.

Ifc< 1 and a<b< o_,then T(a,b,c)canbegivenby(17)again.

References

Arch, G. (1993), Two 'Buffon-Laplace type'problems in the Euclidean plane, First Interna-

tional Conference on Stochastic Geometry, Convex Bodies and Empirical Measures,

Palermo.

Baryshmkov, Yu. (1996), Counting the shape of a drum, AdvAppl. Math., 17, 101-116.

Eisenberg, B and Sullivan, R. (1996), Random triangles in n dimensions, Amen Math, Month.,

103, 308-318.

Fenchel, W. (1989) Elementary Geometry in Hyperbolic Space W. de Gruyter, Berlin.

Mannion, D.( 1990), Covergenceto collinearity of a sequence of random triangle shapes, Adv.

Appl. Prob., 22, 83ト844.

Woolhouse, W. S. (1886), Solution by the Proposer to Problem 1350, Mathematical Ques-

tions, with their Solutionsfrom the Educational Times, C. F. Hodgson and Son, London.


