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1. Introduction

In statistics, the Independent and Identically Distributed (IID, i.i.d., iid) assumption is an important as-
sumption that a sample of size n consisting of random variables drawn from a population distribution are in-
dependent of each other and follow the same probability distribution. Based on large sample theory, this study
focuses on the iid assumption, a fundamental assumption in statistics, and examines the role of the iid as-
sumption in calculating the expected value of the variance of the sample mean.

Accurate estimation of the sample variance is essential in statistics. Therefore, estimating the variance of
the sample mean is a necessary step. The iid assumption plays a crucial role in determining the expected val-
ue of the variance of the sample mean, which is fundamental to understanding the properties of the sample
variance.

Here, we explain the conditions for the iid assumption, which consists of two conditions: (1) sample inde-
pendence and (2) identically distributed population. (1) The sample independence is guaranteed by the ran-
dom sampling procedure. (2) The identically distributed population implies that each sample follows the same
distribution as the population. If the population is identically distributed, then, the samples extracted will also
be identically distributed regardless of the sampling method, and the expected value of the variance for each
sample will be equal. Conversely, if the population is not identically distributed, then, the samples extracted
regardless of the sampling method will not necessarily be identically distributed, and the expected variances
may differ. Therefore, the assumption of identically distributed population is a crucial prerequisite for many
statistical analyses.

Various sampling methods exist, but here we focus on Simple Random Sampling (SRS). SRS can be per-
formed with or without replacement. Sampling with replacement yields independent samples, while sampling
without replacement does not. Large sample theory assumes that the sample size is very large. Therefore, in

large sample theory, both sampling with replacement and sampling without replacement satisfy the condition
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of independence for SRS. Based on the above, this study aims to investigate how the iid assumption influenc-
es the expected value of the variance of the sample mean, particularly within the context of large sample the-
ory and identically distributed population.

In large sample theory, the sample mean and its variance, derived from an iid sample, also satisfy the iid
condition. The variance of the sample mean is used in the calculation of the sample variance. When the iid
condition is satisfied, the derivation of the sample variance becomes significantly simpler. By examining the
process of deriving the expected value of the variance of the sample mean in detail, it is possible to clearly
see the impact of the iid assumption on the calculation of the expected value. This simplifies theoretical anal-
ysis and enhances practical utility.

The structure of this study is as follows. Section 2 outlines the population mean and the population vari-
ance. Section 3 discusses the properties of the sample mean and its variance. The purpose of this study is to
examine the importance of the iid assumption under large sample theory. To this end, we employed the fol-
lowing approach to clarify the specific role of the iid assumption in the process of deriving the expected value
of the variance of the sample mean. The two conditions of the iid assumption, (1) sample independence and
(2) identically distributed population, were examined by developing them in the respective derivation pro-
cesses in the order of (1) and (2), and then in the order of (2) and (1). Finally, we summarize the findings and

present our conclusions.

2. Population

In statistics, the data set that constitutes the original distribution is called the population, and the data set
that is actually observed is called the sample. The sample is a subset of the population. As mentioned earlier,
the original distribution refers to (2) the identically distributed population. Because the population is identi-
cally distributed, each sample follows the same distribution as the population. The size of the population is
generally denoted by N, and the size of the sample is denoted by n. The mean of the population distribution is

called the population mean, generally denoted by w, and is defined as follows:

1

p=-

S i1 % (A).

The variance of a population is called the population variance and is generally expressed as a2, The popu-

lation variance is defined by the following equation:

2 1
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3. Sample mean X and its variance V (X)

Given a set of n independent samples from the population, the sample mean is defined as follows:
- 1an
X=-YLiX (©).

From the definition, X is the arithmetic mean of the theoretical observations, and since each theoretical ob-
servation is a random variable, respectively, X is also a random variable. The expected value of the sample

mean is derived as follows:
= 1 1 1
E) = E(ZX0 X)) = S0, EX) = s =pt (D).

For the third identity [F' (X;) = ul in equation (D), we would like to emphasize that it is due to the defini-
tion of the population mean (A) and relates to the population, not the sample. The sample mean X is comput-
ed based on the sample data drawn from the population. However, the expected value of the sample mean,
E(X), represents what the average of those sample means would be if an infinite number of samples were re-
peatedly drawn from the population.

Now let us find the expected value of the variance of the sample mean, V (X) . First, let’s start with the defi-

nition of variance,
V(X) = E[{X - E(X)¥*] = E[(X — 1)*]

is obtained. Then, as defined in Equation (C),

n 2 n 2
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is obtained. Expanding further, we obtain the following equation:

B 1 n n
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1 n n
= ) B =7+ ) B[ = (X — )]
=1 )
= {8, V(X)) + B Cov(X,, X)) (E).

It is crucial to emphasize that the iid condition is not yet used in the derivation of Equation (E). Equation
(E) merely expresses the definitions of variance and covariance in different forms.

Here, we develop equation (E) for the iid conditions: (1) sample independence and (2) identically distribut-
ed population, first in the order of (1) and (2), and then in the order of (2) and (1). The iid condition consists
of two conditions: (1) sample independence and (2) identically distributed population. These two conditions
can be satisfied independently. Therefore, both cases can occur: (1) where the condition of identically distrib-
uted population is satisfied but the condition of sample independence is not, and (2) where the condition of
sample independence is satisfied but the condition of identically distributed population is not. First, applying

the condition (1) sample independence, to equation (E),
n
_ 1
VD) == VD)
i=1

is obtained. This implies [Zﬁe ;C OU(Xier) = 0] . Expanding Z?*f COU(Xi'Xj ) yields
XL Cov(Xy, X;) = XL pijoio; = 0.

Here, it is important to note that (O’i *0j # 0) because condition (2), identically distributed population, is
not yet applied. Therefore, the result [X7%; Cov(X;, X;) = 0] is solely due to the sample independence condi-
tion (1), which means (pi, = O). In summary, condition (1) sample independence implies (pi, = 0). Not sat-
isfying condition (2), identically distributed population, implies (Gi *0; # 0), Applying condition (2), iden-

tically distributed population, we have (O‘i = O']-). Then,

n 2
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which leads to the well-known result.

Conversely, if we apply the condition (2), identically distributed population, to equation (E),
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_ 1 o> (n-1)
V(X)) = F{naz +n(n—1po?} = -+ Tpaz

is obtained. The assumption of identically distributed population means that all elements follow the same
probability distribution. A consequence of identical distribution is that the expected values of the variance and
correlation coefficients of the samples coincide with the variance and correlation coefficients of the popula-
tion. Applying the condition of (1) sample independence, we have (pi, j= 0), which leads to the familiar re-
sult:

o2

V) =<

n

4. Conclusion

This study, grounded in large sample theory, underscores the importance of the fundamental statistical as-
sumptions of (1) sample independence and (2) identically distributed population in deriving the expected val-
ue of the variance of the sample mean. The research systematically and critically investigated how the order
in which these assumptions hold influences this expectation, clarifying their specific effects. Specifically, we
calculated the expected value of the variance of the sample mean for both scenarios — (1) sample indepen-
dence followed by identical distribution, and (2) identically distributed population followed by sample inde-
pendence — and thoroughly analyzed the resulting differences. Our findings indicate that the order of these
assumptions must be considered for accurately evaluating the expected variance of the sample mean. These
results are expected to contribute to more accurate statistical inference and provide valuable guidance for data

analysis across various fields.
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