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Abstract

In this paper we give a proof of the theorem in t6] which assens a

su飾cient condition for a map i : Mn → N2n~k between compact mani-

folds without boundary to be cobordant to an embedding, since we did

not give the details for the general case in [eI.

1 Intmduction

Throughout this paper, n一manifolds mean compact difrerentiable manifolds of dimen-

sion n. The (co-)homology is understood to have Z2 for coeHiCients.

For a map i : Mn j N2n-A betw..A.ompa.t manifolds without bounda.y, let w,I (I) be

the i-th Stiefel-Whitney class offandf : H I(M) j H''+n-A (N).he transrer homomorphism

(or Umkehr homomophism) of f Funher let

O(f) - f*f(1)- wn_皮(f).

Then by l5, Lemma 2], MxO(f) is the Hn(M)xHn-A(M)-.omponen, of

UM(1 x wn-A(f)) +(f x f)BUN, Where U, i HdimV(vx v), denotestheZ2-Thomclass

(or the Z2-diagonal class) of a manifold V Therefore, A･ Haefliger lTheorem 5.2] implies that

Theorem (Haeniger) Iffis homotopic to an embedding, then

O(f)=O and wn-i(f)-Ofor i<k･　　　(1.1)

The inverse of this theorem may be hard to study･ So we will study whetherfis cobordant to

an embedding in the sense of Stong [9I if the condition (I.1) in the above Theorem is satis-
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fied. Here a map i : M.n i N.n+A is said to b...b..dant t. f2 : M2n j N2n+A if the.e exist

two cobordisms (W,M.A,M2n), (V,Nrk,N2"A) and a map F,WjV such that

FIM,I = i(i = I,2)I M. A. Aguilar and G. Pastor ll] detemined the necessary and sufficient

condition that a map i : Mn → N2n~k,(k - I,2) is cobordant to an embedding. In [6] we

have considered cases when k ≧ 3 and obtained following results:

Corollary l･3 in l6I Letf‥Mn→N2n~k, (k=3,4) be a map.げWn_i(f)-Ofbr

0 < i < k and 0(f) ≡ 0 , thenfis cobondantt｡ ｡n embedding.

Moreover we have stated the fbllowlng theorem:

Theorem(Theorems.1● in t6]) Let n > 2k > 0･ Thena mapf : Mn → N2n-k is cobondant

to an embedding zf

(1) wn_i(f)-Of)rl≦i<k,

(2) 0(f)=Oand

(3) W,I(M) i f*Hi(N)for 4i <k.

From this theorem we obtained the fbllowlng COrOllaries:

Corollary 1 lfl≦k≦4,n≧2k+I, amap i:Mn → N2n~kiscobondanttoanembed-

dinglfWn-i(f)-Oforl<i <kand 0(f)=0･

Corollary2 If5≦k≦8, n≧2k+1, amapf:Mn → N2n~kiscobondanttoanembed-

ding lf

(1) wn-,(f)=Oforl≦i<k,

(2) 0(f)=Oand

(3) wl(M)=Oorw,(f)=0･

Since in [6] We have omitted details of the proof of the above theorem for the general case, We

will give the proof in this paper.

This paper is organized as follows‥ In §2, we recall the Stie紺-Whitney class 〟(f) and

the transfer homomorphismf, of a map i : Mn i N2n-A and p.epa.e some lemmas.on.em-

ing右wi(f)'S, and the St｡｡nr｡d squahng Operations Sqi･S. In §3, W｡ give the pr｡｡f｡fth｡
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meorem.

2　Preliminanes

we adopt same notations and symbols as in [6]･ For a manifold V, we denote by 〟(V)

and w-(V) - W(V)-I the total Stierel-Whitney class and the total normal Stiefel-Whitney

class of V, respectively. For a map i : Mn → N2肝k , the total Stiefel-Whitney class off

〟(f) - ∑i≧｡Wi(f), is -ned by the equation

W(f)二万(M)f*(〟(N)),

and the transfer homomorphism fi : H.I(M) ⇒ Ht'+n~k(N) is defined by

f(購) ≡ DNf*(x n[MI),

(2.1)

where DN is the Poincare duality and [MI ∈ Hn (M) denotes the fundamental class ofM･ For

p - (i-,i2,････ip)･ let Wu(V) - 〟il(V)wi2(V)･･･W･･p(V) and lul - ∑.≦j≦pij･ Then R･ L･ W･

Brownls theorem [2, p. 247] implies that

Theorem(Brown) Let 〟 > 2k >0･ Then a mapf : Mn → N2n-A is cobondantto an em-

bedding lfand only lfthefollowing conditions (1 ) and (2) are satisJfed:

(1) (wu(M)呪(f),[M])- 0.flpI十割-〟 andNhas a componentwith > 〟-k, and

(2) (f*(wk(N))wp(M)f*f(wv(M)) - f*(wh(N))wu(M)wv(M)wn-A(f),[M]) - 0

forall A,Hand vwith lhl+lLLl+Ivl = k･

we denote by v(M) - ∑i≧OVi(M) the total Wu class ofM･ The following relations are

welLhown :

sq(ひ(M)) - 〟(M),

sq''xn_, ≡ viXn_i tor all xn_i ∈ Hn-i(M),

sqiwj(g) - oI5,(j - i : i 〟 1)wL･-,(i"i+I(g)･
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In the following lemmas, we list some relations among在the Steemod operations Sq` and the　

Stiefel-Whitney classes, the first of which is seen in. eg. [3] (cf. ll]), while the last follows

五〇m the dennition of ∫, (cf. [2]):

Lemma 1 Fora mapf : Mn → N2n~k theme a,e ,elations

(1) ∫(f*(X)y)= xf(y) for - H*(N),y∈ H*(M),

(2) Sqf(X) - ∫(Sq(X).〟(f))～

(3) (xf(y),[N]) - (f*(I)y,[MI).fdi- +dimy - 〟,

(4) (f*(X)yf*f(Z),[MI) - (f*(I)4*f(y),IMi).fdi- +dimy+dimz - k･

In particular (f*(X)f*f(y),[MI) - (f*(刀)yf*f(I),[MI)･

Further, we have the rollowlng　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　,

Lemm2 Letf: Mn jN2n-kbeamap. Then

(I) f*(xi)wn_,I(f)- Oforxi ∈ HL'(N),(0≦ i < k).

(2) f*(y)xf*f(X) - f*(y)∑L:=:sqt(I)wn-i,,-,(f) + f*(y)X2wn-k(f)

forx ∈ Hi(M),y ∈ Hk~2L'(N),(0≦ 2i ≦ k).

(3) Inparticularf*(y)f*f(l)-f*(y)wn_A(f) - 0 for y i Hk(N)･

Proof See the proof of Lemma 2.2[6). □

3　Proof of the Theorem

The following lemmas are consequences of the dennition of the Wu class and the Wu-s

formula (2.4).

Lemma3　Lettbean integers〟ch that l≦t≦k/2. Letl≧O andr≧l bethe integers

dejinedby i = 2rl + 2r-l･ Assume that I ≧ 1. Then

2r~I

W′(M) - Sq2r~- W2rI(M) + ∑asルs(M)〟,-∫(M),

S=1

(3.1)
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産here as ∈ Z2.

Lemma4　げ2≦2r~1≦nl2 then

2′~2_1

v2r-I (M) - W2r-1 (M)+ W2r-2 (M)2 + ∑bsws(M)W埴)(M),

s=1

whene bs ∈ Z2,lh(∫)I = 2r~1 -S･

(3.2)

We postpone the proof of the above two lemmas and prove the Theorem uslng them･ By

vinue of Lemma 1(4), to prove the meorem we have only to prove

(E母∨)　呪(M)f*f(wp(M)f*wv(N)) -航(M)wp(M)f*wv(N)wn-k(∫),

for lhl+lFLl+lvI - k and lhl I k/2, under the assumptions (I)(2)(3) oftheTheorem.

PIOOfofthe TheoTlem I

weprovebyinductiononlhl - tthat(EA,H.V) holds for Ihl+lpl+Ivl - k and lhl - i i k/2,

By the assumption o(f) - 0,(E(.),H,V) holds･ Letlhl - i ≧ 1･ suppose that (EA,H,∨) holds for

回≦t-1

case I: A-(t)

First we consider the case t=2rl+2r-I for lil and r21. Then since

2r-I <l/2 I k/4 we have w.I(M)a f*Hi(N) for i <2r-I. Hence by the assumption for

l≦S≦2r~l and困+IvI-k-twehave

ws(M)W,-S(M)(f*f(wp(M)f*wv(N))一肌(M)f*wv(N)wn-A(f)) - 0･

Thus d.noting wu(M)ルV(N) ≡ X -e ihave by Lemma 3

wr(M)(f*fx - xwn-i(f)) - Sq2′~l w2r,(M)(f*fx - xwn-A(f))

- sq2r~i (W2｢,(M)(f*fx - -n-k(f)))

･ ∑宝~1 sqsw2･,(M)Sq2r~1 -S(f*f-〟"A(f))

= V2r-I (M)W2r,(M)(f*fx - -A-k(f)) + ∑lk,l<, Wk,(M)(f*fxA,一桁Wn-k(f))

･ ∑:=. y,･wn-A+,(f),
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where xA, ∈ H'-IX'l(M),yi ∈ Hk~i(M) and they are expressed as ∑｡,でW｡(M)f*wl(N)･

since wA,(M)(f*fxA,一在Wn-i(∫)) - 0 for lNl < i by the induction hypothesis and

y,wn-kh･(f) = 0 For I i i i kby the assumption, we have

w,(M)(f*fx - -n-皮(f)) - V2･-I (M)W.･,(M)(f*fx - xwn-k(f))

- W2r,(M)(f*f(V2r一一(M)X) - V2,-I (M)-n-k(f)),

since 02′-1 (M) ∈ f*H*(N). Hence by the induction hypothesis we have

w,(M)(f高一X帰(∫)) - 0･

Next we consider the case i-2r~1.If2t<kthen 2r~2<k/4　and

w.I(M) e f*Hi(N) for i i 2r-2 hence by Lemma 4

W2･-, (M)(f*fx - xw高(f))

- V2･-I (M)(f高一xwn-A(f)) + ∑S2:-.2 bsw.(M)叛)(M)(f*fx - -n-A(f))

- sq2r~'(f*fx - -n-A(f)) + ∑::-.2 bs咋)(M)(f*f(ws(M)X) - ws(M)xwn-A(f))

- sq2′~l (f*fx - -n-k(f))

- o(f)∑S2:-:sqsxw2r一一_∫(f) + ∑:=.y,wn-A,,(f) (where y.I ∈ Hk-t'(M))

=0.

Now we consider the remaining case i-2S - 2r~1 - k/2･ In this casev-(0) and

困= IFLl･ Hence if FL ≠ (i),(∫,∫) then埴(M) ≡ u,〟(M)wH,(M) for some p, FL･ such that

l≦p<S=k/4 and旧くt･ Then since wp(M)∈f*Hp(N) wehaveby the induction

hypothesis

w,(M)f*f(wp(M)wu,(M)) - 〟,(M)wp(M)f*f(wp,(M))

= wu,(M)f*f(wr(M)wp(M)) ≡ u,H,(M)W′(M)wp(M)wn-皮(f)

- 〟,(M)wu(M)wn_k(f)i

If FL - (i)訪. then (E母(.)) A.lds by L.mma 2 (2).

If FL = (S.S), then we have by Lemma 4, Lemma 2 (2). the assumption and the induction
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hypothesis

m,(M)ff(ws(M)2) - W,(M)ws(M)2 wn-A(f)

- sqt(ff(ws(M)2) - ws(M)2wn-A(f)) + ws(M)2(ff(ws(M)2) - ws(M)2wn-i(f))

･ ∑;:-.2~lbys(M)叫,(M)(f母(M)2) - ws(M)2帰(f))

=0. □

case2'み≠ (i). In this case we have

航(M)=ws(M)呪,(M), l≦S≦t/2 and lh'l=t-S<t･

First we consider the case A i (t/2,t/2)･ Then we may assume that S < t/2 and by the

assumption (3) we have Ws(M) i f*Hs(N)I Th..efo.e we have by the indu.(ion hypothesis

呪(M)f*f(wp(M)f*wv(N)) - ws(M)wA,(M)f*f(wH(M)f*wv(N))

- wk,(M)f*f(W.(M)wp(M)f*wv(N))

=呪,(M)ws(M)wp(M)f*wv(N)wn_A(f)

-呪(M)朽(M)f*wv(N)wn-i(f)i

Nowweconsiderthecase wA(M) - ws(M)2,S = (/2. If t'k/2 then ws(M) i f*Hs(N)

by the assumption (3), therefore (E初∨) holds･ Hence we may assume 4S - 2t- k.

ThenV-(0) since we assume困≦刷Hence if u≠(i),(∫,∫) then

wp(M)=wp(M)wp,(M) for some p, FL･ such thatl≦p<s and lFL'l <t･ Then since

wp(M) ∈ f*Hp(N) wc have by the induction hypothesis

ws(M)2f*f(wp(M)拘,(M)) - ws(M)2 wp(M)f*f(W.,(M))

- wu,(M)f*f(ws(M)2 wp(M)) - wp,(M)ws(M)2 wp(M)wn-k(f)

- ws(M)2 wu(M)wn_A(f).

Iip - (i) then (E(sJ),(t),(0)) holds since (Eわ,(S,S),(o)) holdsby Case.･ If 〟 - (∫,∫) - A then

(E(∫,∫),(∫,∫),(0)) holds by Lemma 2 (2)･ Thus we complete the proof･　　　　　□

Now we prove Lemma 3 and 4･

prvofofLemma 3: By Wu's romula (2･4) we have
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W2rI(M) -嵩(2r'~2r†S~1)W2r一,-∫(M)W2-

mod 2, we have Sq2′~一m2.,(M) - W,(M) + ∑:.Iasws(M)W,-S(M),

□

pnoofofLemma 4.･ For an integer k ≧ I we define Z2-Submodules Ak, Bk Of H*(M) as

follows:

Ak :- ∑pj,.Z2Wpl(M)wp2(M)･･ I wpk(M)･ Bk :- ∑,≧kAi･

Moreover -e denote A2':- ∑p≠｡ Z2Wp(M)W｡(M)･

Note that SqlBk C Bk･ To prove Lemma 4 it sufrlCeS tO Prove the following

Lemma 5　For an integer t I 2, let T; I be the integers dejinedby

t-2r+I, 1<r, 0<l<2r.Then

･*,I I;il='.0,'
then v,(M)eB2, and

then v,(M)｡ W2,(M)+〟,I-,(M)2 +A2'+氏.

Proof We prove the lemma by induction on i.

Fort=2"ehave v2(M)= W2(M)+W.(M)2 and (*)2 holds･

suppose that (*)∫ holds for ∫ < t･

l∫t-2r+I, 0<l<2r,then

vt(M) - wt(M) + ∑.≦S≦,/2Sqsv,-S(M)

- wt(M) + Sq`W2, (M) + ∑S≠,SqsO′-∫(M)･

Since

(2r甘
mod 2 We have from (2.4) wt(M)+SqLw2,(M)∈ B2･ Onthe other

hand V,-S(M) i B2 for s i i by the induction hypothesis･ Hence we have v,(M) a B2.

Ift= 2r then

V,(M) - 〟,(M) + ∑1≦S≦2r-i Sqsv,-∫(M)

- W2′ (M)上砂2r-i (M)2 + ∑l≦S≦2.-,_.Sqsu2r_∫(M)･

we have V2r_S(M)i B2 for 1 i S i 2r-I -1 by th. indu.(ionhypothesis. Let s,(i- I,2)

be integers such that 0 ≦ sl < 2r~2. since =o mod 2fbrl≦si<2r-2we
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have From (2.4) SqsLw2r-I_S,(M)eB2 For l<S,･ <2r-2. The.efo.e ir l<S. +S2.hen

sqsLw2r一･_S,(M)Sqs2W2r-._52(M) does not contain w2r-I(M)2･ Hence

Sqsv2･_S(M)eA2'+B3 for l<S<2r-I -1. Thuswehave

v,(M)i w2,(M)+W2,-.(M)2 +A2'+B3.　　　　　　　　　　　　H
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