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§1. Introduction. One knows Lebesque’s bounded convergence theorem ([1] The-
orem 26D. 2 etc.). John W. Prott has shown that a convergent sequence of integrable
functions permits exchange of lim and [ if it is bracketed by two sequences which
permit this exchange [2]. In this paper we shall treat series. It is assumed throug-
hout this note that all integrals are taken with respect to the same measure # on
a measure space (X, S, #), all sets mentioned are measurable, all functions mentioned
are measurable, inequalities hold almost everywhere (#) and convergences of fun-
ctions and series are either almost everywhere (#) or in measure («). Proofs will
be given for the case of convergence almost everywhere. (It follows that if a sequence
of finife valued measurable functions converges a. e. to a finite limit on a set E of
finite measure, then it converges in measure on E. See §22 of [1]).

§ 2. Statement of theorems and proofs. We shall first state and prove the lemma.

LeEMMA. If {fa} is a sequence of integrable functions such that 3,2, J] fa| du< oo, then the
series D321 fn (X) converges a. e. to an integrable function f(x) and

j fdu=33=, Jf,l dp (See §27.2 of [1]).

Proor. If we write S,=>¢L, |fk(x)], then §;< So<--o- S\ TR .
From Fatow’s lemma Jlim Sudu=1im j S,dy, that is jz,;:l ful de=3=, j [fu| du< oo,
If we write v,(x)=[fu(x) —fu(x), then it follows that jznzl vadr=>32 Jvn du,
therefere 33,2 (1ful =f)du=>%21 [(ful=fi)du, 2, [fudu= [$3,2,f1d

THEOREM 1. If

1) 202 fu(x)=81(x), 2nZ; &n(x)=82(x), 20,21 Gu(X)=83(x),
(1) &(ND=fu(X)<Gu(x) for all n,

(lll) 277,21 Jgnd/l: J‘SZd//L and anl JG"d/’L = J.Ssd/.t
with jszdu and jsad/l finite,
then 3,7, f fudu= jSldu and jsldﬂ is finite.

Proor. This follows by applying Theorem 1 of [2] to sequences {S1.}, §Se}, and
{SSn; deﬁned by Sln:EEf:]ny SZILZEKn=1 8k and S3n=21(i_1 GK-
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CorOLLARY 1. If
(1) 224 fu ()=81(%),
(1) &< fa< Gy for all n,
Gi) 332 [lga] du<ioo, 52 [|Gal dusiom,

then 32, j fodu= JS1d,u (finite)

ProOF. By Lemma, we have that the series 33,2, Jgndu and 3,2, JGndﬂ converge

a. e. to integrable functions S2(x) and Ss(x) respectively. The desired result follows
from Thserem 1.
THEOREM 2. If

1) 221 fu(x)=81(x), 22, &u(x)=S2(x), See, Gn(x)=S3(x),
(i1) &<fu<G. for all n,
(i) 332 [gudu= [Sedn ana 3,2, jGndus jsadﬂ with [Sady and [Ssdu finite.

(iv) g=<0<G, for all n,
then

(a) J[lel fe—S1]du—0;
(b) JF(EI(il Sfr)du— J.Fsldu uniformly in F(F measurable) ;

(©) Jh(z)x’;l fr)du— J.hSld,u Sor all bounded functions h, uniformly in h for each bound.
Proor. (a)-(c) are equivalent, since (a) implies (c)

| (S fx— [BSDdn| < [Ih] [ Bas fu—S1|du=M- [| S S| du—s0,

that is jhz,(gl frdu—s j hS.dy,
(c) implies (b)
| [ Bt fedu— [ Sidn| = | [ (S SumSiddle|

in (c), if we put h=1, then [ S, fudu— [ Sidu uniformly in F, and (b) implies

(a)
let Fy/ (reI’) (Fy=x—F,) be a measurable set such that #(F,)<ey and such that the

sequence {j”ZK’LI f,.rdu} converges to JF«, Sidp uniformly on Fy(rel’). If F’=y(€]rF.,’,
thenu(F") <u(Fy)<ey, so that #(F')=0, and it is clear that, for x€ F, {J (EK’;lf,()dﬂ}
F
converges to jFSIdu. We have J[ Dty fu(x)—S1(x) | dp—0.
To prove (i)-(iv) imply (a), note that, by (ii) and (iv)
0< [ %y fxe—=51(%) | < | D fe | + [ 81 <Ky Gu—20kk s &5+ S3—8S2—2(S3—Sy),



4 On Interchanging Sums and Integrals of Series of Functions

while, by (iii), ( [Sai Gy gx-+Ss—S)— [2(S5—Ss) which is finite. Thus The-
orem 1 applies with | 332 fi—S:1[for ki fu 0 for 2™, gx, and 3.2, Gr—3" &
4+85— S for 212 Gx. That is,
() |24 fx—S1|—|81—81|=0, 00
Skt Gx—> k%, gx +S3—82—>2(S3—S5),
(1) 0Z|E% fe—S1) < 2068 Gr—2k gx+Ss—S; for all n,
i) [0du— [0du, and [(SkZi Gu—uls gx+Ss—S)du—2 [(Ss—S2)du
JOd/-L and 2 J(Ss—-Sz)d/-t are finite.

Hence JI D&%y fx—S1 | du—0.

COROLLARY 2. If
(1) Enc:—-l fn(x) =S1(X),
(1) &)< fa(x)<<  Gu(x) for all n,

(i) 203 ﬁgn |dp<oo, 3,2, Jl G, | du< o,
(iv) &=<0<G, for all n,
then

@ [ID fa—Si| du0;
(b) JF(EKLI Sx)dr— jFSl du uniformly in F (F measurable) ;
(©) Jh(Z} Koy fr)du— Jh S1 du for all bounded functions h, uniformly in h for each bound.

Proor. The desired result follows from Lemma and Theorem 2.
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