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Kagoshima Uniyersiiy

§ 1. Introduction. One knows Lebesque's bounded convergence theorem ( [li The･

orem 26D. 2 etc.). John W. Prott has shown that a convergent sequence of integrable

functions permits exchange of li血 and ∫ if it is bracketed by two sequences which

permit this exchange I2]. In this paper we shall treat series. It is assumed throug-

hout this note that all integrals are taken with respect to the same measure l1 0m

a measure space (X, S, Ll), all sets mentioned are measurable, all functions mentioned

are measurable, inequalities hold almost everywhere (LL) and convergences of run･

ctions and series are either a一most everywhere (のor in measure (め. Proofs will

be given for the case of convergence almost everywhere. (It follows that if a sequence

of魚nife valued measurable functions converges a. e. to a亀nite limit on a set E of

五mite measure, then it converges in measure on E. See §22 of [1]).

§ 2. Statement of theorems and proofs. We shall hrst state and prove the lemma.

LEMMA･ If tfnl is a sequence ofintegrable functions such that ∑n=. !vnl djL<∞, then the

series ∑n≡l fn (X) eo7帥ergeS a. e. tO an integrable Junelion I(X) and

lfdp-∑n=. lfn du　　　　(See § 27･2 of [1])i

PROOF. If we write Sn-∑R･n__I IfK(莱)I, then Sl≦ S2≦･･････≦Sn≦･･････

From Fatou･s lemma ∫.im Snap-lim lsndp･ that is I∑n--. lfnl d4-∑n=. Itfnl dp<∞･

If we write yn(X)- Ifn(I) rfn(メ)･ then it follows that I∑n讐l Vndp-∑可un dp,

t･nerefere I∑n=, ( Ifn I -fn)d4-∑n=. I(Ifn I-fn)dP･ ∑n可fndp- I∑n=-.fndp･

THEOREM 1. 〟

(i) ∑n:i fn(メ)-Sl(莱), ∑n:1 gn(X)- Se(メ), ∑n≡l Gn(X)-Sa(jr),

(ii) gn(刀)≦fn(ズ)≦Gn(*) for all 棉,

(iii) ∑n=. Igndp- Is2du and ∑n=. IGndp- IsSdP

w･'th ls2dp and ls3dP fnite･

then ∑n=. lfnd4- Isldu and lsldP is Jinite･

PROOF. This follows by applying Theorem 1 of l2] to sequences fSlni, (S2ni, and

iS3nl de魚ned by Sln-∑Kn=〟fK, S2,.-∑Kn=l gE and S3n-∑K:I GE･･
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CoROI.LADY 1. If

(i) ∑n=l fn (X)-Sl(刀),

(ii) gn<fn++ Gnfor all n,

(iii) ∑n=.IIgnl dp<-I ∑n--.lIGnl dp<-,

then ∑n=. I fndp- lsldp (Gnite)

pROOF･ By Lemma･ we have that the series ∑n:. Igndp and ∑n=. /GndLL converge

a･ e･ to integrable functions S2(X) and S8(I) respectively. The desired result follows

from Thserem 1.

THEOREM 2. 〟"

(i) ∑n=〟 fn(jr)-Sl(X), ∑n=l gn(･:)-S2(莱), ∑n=l Gn(A:)-S3(刀),

(ii) gn≦fn≦Gn for all n,

(iii) ∑n:-. Igndp- Is2dp and ∑n=. IGndu- ls3dp with lsedP andls3du fnite･

(iv) gn≦0≦Gn for all 〟,

then

(a) fl∑Kn-. fH-S.lap-0,

(b) IF(∑K=, fK)dp- fFS.dP uniformly in 早(F measurable) ;

(C) Ih(∑Kn-. fK)dp- IhSldp for a''bounded functions h･ un.Jar-,y in hfor each bound.

PROOF. (a)-(C) are equivalent, since (a) implies (C)

I (h∑Kn-. fK- IhSl)dp I≦ Iihl l∑遷l fl,-SI Idp≦M･ II∑違. fE-SI I d4-0,

that is lh∑K筆, fHdP- lhSldp･

(c) implies (b)

i IFEKn-.fKd4- /FSldP I - I /F(∑K--Sl)dp I ,

in (C)･ if we put 〟-1･ then IF∑Kn-, fKdp- lFSldL-nifor-ly in F･ and- (b) i-plies

(a)

let Fl'(γCIl) (Fy'-芳一Fy) be a measurable set such that LL(Fy')<eγ and such that the

sequence日詰n-. fL,apt converges to /F.SldLL uniformly on Fy(rep)･ If F-乱F,′･

thenp(F) ≦p(Fγ)<eγ･ so that p(F')-0･ and it is clear that･ for栗F･ I lF(∑Kn-.fK)dp)

converges to lps.dP･ We have ll ∑Hn-,fK(X)-S.(X) I du→0･

To prove (i)-(iv) imply (a), note that, by (ii) and (iv)

0≦ I ∑Kn=lfK-Sl(X) I ≦ I ∑En_lfK I + ISI I ≦∑Kn_-1 GK-∑K竺1紅+S3-S2-2(S3-S2),
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while･ by (iii)･ ( /∑Kn-, GK-∑K竺I gK+S8-S2)- l2(S8-S2) which is hnite･ Thus The･

orem I applies with I∑K竺lfK-Slはor ∑K茎, fK, 0 for ∑Kn_1 gK, and ∑K三. GK-∑K竺l gK

斗SS-S2 for ∑K警l GK. That is.

(i) l∑Kn=,.伝-SII- ISl-∫ll-0, 0-0

∑K竺l GK-∑K竺l gK +S8-S2-2(S3-Sz),

(ii) 0≦l∑K=l fK-SII≦ ∑Kn=l GK-∑K竺l gK+S8-S2 for all 〟,

(iii) Iodp- Iodu･ and I(∑K呈, GR-∑K竺l gK+S3-S2)d4-2 ∫(S3-S2)dp

lodp and 2 ∫(S8-S2)dp are nnite･

Hence II ∑違l fK-Sl I d4-0･

CoROLLARY 2. UI

(i) ∑n=l fn(ズ)-Sl(33),

(ii) gn(メ)≦fn(刀)≦　Gn(X) for all 〟,

(･'ii) ∑n=, Iignldb<-I ∑nt.IIGnldu<-･

(iv) gn<0<Gn for all n.

then

(a) li∑Kn-.fK-S,i du-0,

(b) IF(∑Kn-. fK)dP- ∫ヴs. du uniformly in F (早 measurable) ,

(C) Jh(∑Kn-. fK)du+h Sl du for all bo〟ndedfunetions A, uniformly in hfor each bound･

PROOF. The desired result follows from Lemma and Theorem 2.
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