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R. S. Pierce has given a beautiful characterization of compact 7¥-spaces by intro-
●                                                                                                                                                                          ●

ducing a concept which is called a covering ideal (see iXJ).

In this paper, we shall consider the compactification of To-spaces generalizing his

method.

Definition 1. Let C be the collection of all open covers of a topological space X,

Then an open filter Y ofXi∫ said to be under C if YnZキ¢ for each Ze C,

Definition 2. An order relation in the collection of open filters in X is defined as

follows: Fi<Y2 ifandonly if for each Ue Fx there is at least a Fe F2 such that

U⊂V.

Lemma (Pierce). Suppose Xi∫ a To-space which ha∫ more than two element∫ and C i∫

the collection of all finite open cover∫ of X. Suppose 2) i∫ a collection offinite sy∫tem∫ of open sets

satisfying the following condition∫･

(a) IfP,Q牀2),thenPuQeQ).

(b) Cng)-¢.

Then there i∫ an open filter Y which ha∫ the following propertie∫･

(0 Yi∫ minimal in the set ofopenfilter∫　　c.

(サ蝣) pnY-¢foreach Pe g).

Theorem. Suppose Xi∫ a To-space which ha∫ more than two element∫. Then there are a

space S and an imbedding f : X- S satisfying the following condition∫:

(1) S i∫ a compact To-space.

(2) f(X) i∫ every where dense in S.

(3) IfXis a compact To-space9 then f(X)-S.

(4) Let <p : X- Tbe a continuou∫ mapping ofXto a compact Hausdorff space T. Then

the mapping <p-f : f(X)- T i∫ extended to a continuou∫ mapping of S to T.

Proof. Let C be the collection of all finite open covers of X, and Xx be the open
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neighborhoodfilterofanelementxofX.

Consideraset

S-{Xx¥x牀X)∪{F:openfilter]Fi∫minimalunderC}.

Thetopologyin5isdefinedbytakingthefamilyofthesetsS(U)suchthat

S(U)-{YeS¥UeY},

whereUisopeninX,asanopenbasis.

1-ThespaceSisTo.ToseethiswesupposethatY,Z牀SandX^=Z.Then

thereisanopensetUsuchthatUeYandU¢Z.SOS(U)ラYandS(U)与Z.Hence

5isaTVspace.

2-Wedefineamapping/:X-Sbyf(x)-Xxforx牀X.SinceXisaro-space,

/isabijectionsuchthat

f(U)∋Xx⇔Uax⇔UeXx⇔X*fS(U¥

foranyopensetU.Since

f(U)-S(U)nf(X),

∫isanimbedding.

3-ForeachY牀SandUeY,wehaveS(U)ラY.WhilexeUimpliesXx∋C/and

XxeS(U¥hence

S(U)∩′(X)≠¢.

Thereforef(X)isdenseinS.

4-5isacompactspace.Toprovethis,let{S(Ux)¥UxeQ}beanyopencoverof

5.Andlet3)bethecollectionofallnonemptyfinitesubsetsofQ.Siscompactif

Cng)キ¢isproved.Suppose

Cng)-¢.

ThenclearlyQ)satisfiestheconditions(a)and(b)ofthepreviouslemma.Hencethere

isanopenfilterYsatisfying(i)and(it)ofthelemma.From(i)andthedefinitionof

5,Ye5follows.Andfrom(ii)wehave

Q9U⇒Yn{U}-¢⇒Y}>U^>S(U)身Y.

Thiscontradictstotheassumptionthat{5(払)∫UxJQ}isacoverof5.ThereforeS

isacompactspace.

5IfXisacompact2Vspace5then/(X)-S.Toseethiswesuppose/(X)=VS,

thenthereisaYeSsuchthatY^XxforanyXx.SinceYisminimalunderC,we

haveY車Xx.HencethereisaneighborhoodU(x)ofxsuchthatXx∋U(x)and

r*u(x¥

Then
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K-{U(x)¥x牀X}

is an open cover of X. From compactness of X, K has a finite subcover

L-{U(xl), U(x2),..., U(xn)}.

Then

n

X-¥ l {U{xd¥Uixd牀Lh
1-1

thatis, LcC. Butsince UixA¢ Yfor U(xi)eZ, wehave

LnY-¢.

This contradicts to the fact that Y is under C.

6-　Let <p : X- Tbe a continuous mapping ofXto a compact Hausdorff space T.

We de丘ne a mapping
●

g:S

as follows:

Ii Xx Gf(X), then

g(Xx)- <p(x).

Next, let Ye S-f(X). We consider an open symmetric base

ll-{Va¥αEA〉

for the uniform structure of T. Ifα e A) there is a finite cover

lVαOi), v.α(*2), -　Va(xn)¥

of T. Since <p is continuous,

K- 1㌢1(Vα(*l)),祈1(Vα(*2)),...,祈¥Va{xn))}

is a finite open cover of X. Therefore KeC. Since Y is under C there is

9-¥Vα(x｡))e Ksuch that祈¥Va{xα))6 Y. Thus for each α亡A we have

/

Y⊃ {<p-¥v｡(xa))¥a牀A}.

Yis a filter and Tis compact. Then we have

n{VJx｡)~lαE Ayキ¢.

We deBne that g(Y) is an element of the above intersection.

Now the mapping g de丘ned as above satis鮎s
●

cpof-XXx)- <p(x)- g(Xx)
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for Xx ef(X). Hence we have

g-r- g¥f(x).

Now we need only to prove the continuity of the mapping g. Let Vβ be any ele-

mentofU. Andtakea Vα eU suchthat

v.^vi.

If Y belongs to S-f(X¥ then since Y is underC, there is a W-<p ¥Vα(xα)) such that

Y∋祈¥Va(xα)).

We take S(W) as anopenneighborhoodof F. IfZe S(W¥ and ifZe S-f(X), then

Z∋ w-<p-¥v｡(xα)).

From the definition of g(Z)

g(Z) e Va(x｡re v孟(x｡),

while

g(Y) c Vα(x｡)てV孟(xα)･

Since V孟is symmetric

x, e V孟(g(Y)¥

hence

g(Z) e Vi(g(Y))⊂ VAg(Y)).

If Z-Xx ef(X¥ then

Xx ∋ W-祈1(V｡(x｡)),

hence

g(Xx)-(p(x)牀Vα(xα),

and

g(Xx) e V｡(xα)⊂ V孟　　⊂ Ve(g(Y)¥

Thus g is continuous at Y.
●
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