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1.Introduction.

Weconsiderherethedifferetialequations

r

(1.1)x+a蒜.../.
+g(x)x+h(x)-e(t,x9x,x)(x

● ● ●             ● ●                  ●                                  ●  ●●

(1.2)　　　　　　x+ p(t)x+q(t)g(x) +h(x)-e(t,x,x,x) ,

where a is a positive constant and e,g,h',p', and q'are continuous and real valued functions

for all x and t.

In [3] Swik considered the behavior as t-∞ of solutions of the differential equations

●●                 ●

(1.3)　　　　　　　　　　x +ax+g(x)x+h(x)-e(t)

● ●●              ● ●                   ●

(1.4)　　　　　　　　　x+ p(t)x+q(t)g(x)+h(x)-e(t) ,

and he has shown that every solution of (1, 3) and (1.4) satisfies

●                     ● ●

(1.5)　　　　　　　　　x{t)-0, x(t)-0, xtt)-0

as t→∞ under some conditions and here in order to obtain the ultimate bondedness for

solutions of (1.3) and (1.4),

be required也at比e conditions

(1.6)
f¥e(s)¥ds

J｡≦Enforallt.

It will be shown here that the condition (1.6) is replaced by the condition

¥e{t,x,y,z)¥≦e(t) for all t, and all (x,y,z)∈Rz, and

JこB(s)ds≦∞　forallt,

under which every solution of (1.1) and (1.2) satisfies (1.5) under the same conditions as in

K,E, Swick[3], [4]. The results of T. Hara [1], [2] and M. Yamam二oto [5], [6] are interesting

forus.

I wish to express my hearty thanks to M, tech, T, Hara and Dr. M, Ya即A抑qto for their
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invaluablesuggestionsandattentions.

2.Theorems.

Thefollowingresultiswellknown,see[7].

Lemma2.1.

Considerthesyste-X-F(t,X)-{-G(t,X),whereJこ11G(s,X)¥¥dsisboundedforallt

wheneverXbelongstoanycompactsubsetofRn.Supposethatthereexistsanonnegative

LyapunovfunctionW(t,X)onIxQ,Q⊂Rn,suchthatwithrespecttothissystem,W(t,X)≦

-V(X),whereV(x)ispositivedefinitewithrespecttoaclosedsetQinthespaceQ,Moreover

supposeF(t,X)isboundedand

(aF(t,X)-H(X)forXJiiast-∞,

F(t,X)-H(X)(uniformly)forX6iiasto-…,

i=▼:whereiiisanycompactsetinQ,

(b)foreach｣>OandYeS,thereexist8(8,Y)andT(6,Y)suchthat狛X-Y¥¥<B(牀,Y)

-¥¥F(t,XトF(t,Y)¥¥<efort≧T(e,Y).

TheneveryboundedsolutionofX-F{t)-¥-G(t,X)approachesthelargestsemi-invariantset

ofthesystemX-H(X)containediniiast-ヰ∞.

Theorem2.

Assumethatthereexistpositiveconstantsb,candEo,andapositivefunctione(t)which

satisfythefollowingconditions,

(i)G(x)x≧b(x幸0)

rx
whereG(X)-¥g(u)du,
Jo
(n)h'(x)≦c(forallx)andab>c,

(lii)h(x)sgnx>0(x幸0),

(iv)le(t,x,y,z)≦e(t),(∀(x,y,z)｣R3)

andE(t)-Jこe(s)ds<+∞forallt.

Theneverysolutionof(1.1)satisfies(1.5)ast--.

Theorem2.

IfthereexistpositiveconstantsS｡,81?a,b,c,K,LandE｡,andpositivefunctione(t)

whichsatisfytheconditions]

(i)h(x)/x≧ァ｡(M≧K),

(ll)h′(x)≦c(forallx,),

Mg(y)y≧b(y幸0),

(IV)1≦8≦q(t)anda′(i)≧0,(t≧0),

va≦p(t)≦L(t≧0),

(vi)Ie(t,x,y,z)|≦*(ォ),(forany(x,y,z,)｣Rs)

andE(t)-¥e(s)ds

J｡≦Eo(fort≧0),
(vii)h(x)sgnx>0(x幸0),
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and that there exist a and 83 satisfying

blc>a>l/a and (1/　　≦83≦ (8,6-αc) for t≧0.

Then every solution of (1.2) satisfies (1.5).

3. Proof of Theorem 1.

The equation (1.1) is equivalent to the system

(3.1)

諺-y

ij-z-ay-G{x)

之-e(t,x,y,z-ay-G(x))-h(x)

Let β be a constant such that 6>β>cla, and we define the Lyapunov function W (t, x,

y,之)as

2 W{t,x,y,z)-e^^[V(x,y,之) +*] ,

where V(x,y,z)-2砕u)du+2可G(u)du+βy2+z2+2h(x)y-2βxz, and it is a positive
constant to be determined later in也e proof.

Lemma　3.1.

There exist continuous junctions a(r), β(r) which satisfy the following conditions :

(i) a(||X||)≦W(O)≦β(lix暮I) {for all X and t≧0)

where X-(x,y,z) and ‖X||--v/Z2+M2+Z2 ,

(ii) a(r)≧Ofor　≧O and a(r)-- as r--.

Proof of Lemma　3.1.

From the condition (i) of Theorem, 1, we have

2J G(u)du^bx2

and thus

X

V{x,y,z) ≧2αJ
h(u)du +bβx2 + By2+z2+2h{x)y-2βxz
0

-b6x*-2β- +<>*T) +!I [�"β-hf(u)]h(u)du.

〟

Tbe　丘rst tbree terms Can be written as

β(bx2- 2-を*)-β(x,z)A(芳)

where A-(ォyU
and since b>β, the eigenvalues九,九2 0f A are both positive real constants,

If we define the constant d as
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c&-min (九1,九2),

then

bβx2-2βxz+z2≧dβ z2+z2) ,

so that

ァ(x,y,z)^dβOサ2+z2)+-/2+(β-p)(y+器) W hSB *<ォ>ォよ,

ガ

0

where ^ is a constant satisfying

●

o<p≦β一意･

Then we

V{x,y,z,≧dβ{x*+z*)+u f.

Setting ｣-min{d(3,u), we have

Vlx,y,z)≧I(x2+y2+z2)≡α(||Z||) where ||Z||- +r+之2

Now if we define the function h*(X)-ma,x¥h(%)¥on (--, +∞), then

-¥x¥≦E≦IXI

ft*(O)-O, Mx)≦h*(x), and h*(x)≦h*(y) for O≦x≦y.

Likewise let we define gr*(X)-max ¥g(%)¥on (-∞,+∞), then

-|X|^g|X|

</*(0)-0, g(x)≦g*(x), and g*(x)≦g*{y) for O≦x≦y.

Thus we can define the continuous non-decreasing functions

●

fl*(r)-J

fl*(r)- [

r

h*(s)ds ,
0

r

<7*(s) ds for r∈ ),+∞).
0

Now setting X｡-(x｡, y, z) for (x｡, y, z)eRz, we have

庫.1≦yx+2/2+z2 -|)Zo||
and

iy^^^^^^^^^^^^^^m*

v(x,y,z)g2aJ ¥h(u)¥du+2可¥G(u)¥du+Py*+z*+2¥h(x)¥ ¥y¥ +2β酬zJ
0             0

≦2aH*(刺)+2βa*(困)+βy*+Z2+2h*(回)iyl +2β困回

≦2aH^¥¥X¥¥)+2bG^¥¥X¥¥)+(b+l)(¥¥X¥¥*)+2h*(¥¥X¥¥)¥¥X‖

≡β(=X‖).

Thus the proof of Lemma 3,1 is completed.
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Lemma　3.2

Let (x (t), y (t), z (t) ) be any solution of (3.1), then along this solution
●

W(臥i>(t,x,y,z)≦ -2e-2Eo(aβ-c)f for t≧0 ･

Pkoof of Lemma　3.2.
●

W(3.1) (t,x,y,z)- -2S(t)e-2Eny(*.&之) +k] +e-M^ &aMx)虎

+2βG(x)磨+2PyS+2z之+ 2h′(x)物+2h(x)i/-2p&z

-2β∬*},

and from the assumptions of Theorem 1

2ah{x)虎+2G(x)盟+2fyy +2z之+2h′{x)tiy+2h{x)i)-1β虎Z-2βx之

≦2ト(aβ -c)y*-(G(x)-βx)h(x)+e{t) ¥z¥ +βB(t)¥x¥ }.
Thus we

●

Wia.1)(t>x,y>z)--2S(t)e-2E^{Vx(t),y(t),z{t))+k- ¥zトβ ¥x¥ )

-2e-サ*C>{(aβ-c)yォ+ (<?(aO-βx)h(X)} ,

and

y(x(t),y{t),z(t))+k- ¥z¥-β困≧dB(x2+z2)+k一回-β困

-^(n-4) +^(回一品+k一銭+豊)

≧¥u up)
Setting the constant k ;>

we have the following inequality
●　　　　　　　　　　　　●

ll

Wii.ti (ttx,y,z)≦-2e-2｣(') {(aβ-c)y*+ (G(x)-βx)h(x))

≦-2e-ォ<*>(oβ-c)f≡-Wl{t,x,y,z).

Q.E.D.

The function Wl(t,x,y5z) is positive definite with respect to the closed set ii in the space

Rs, where G-{(x,y,z)eR*; y-0]

In the system (3.1), we set

(3.2)　　F(t,X)-

y

z-ya-G(x)

-Mx)

and we take the function

(3.3)　　H(t,X)-

O

z-G(x)

-Mx)

, 0{t,X)-

OOe{t,x, y,z-ay-G{x)) ¥

the ¢ondition (a) and (b) of Lemma 1,1 are satis鮎d and since F (t, X) is independent
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of t, and h (x), G (x) are continuous, it follows that ||i^(｣,X)|| is bounded for all t on any

compact subset of Rz. Moreover from the assumptions of Theorem 1,
～

J l|6r(s,.X)|| ds is bounded for all t.
0

It follows from Lemma 1.1 that every solution of (3.1) approaches the largest semi-invan-

ant set of X-H(X) contained in Q asト∞. From (3.3), X-H(X) is the system

虎=0

9-Z-G(x)

之--h(x) ,

｣-ci

y- -Jl(cl)
t-w"
+cJt-to)-G(cl)(t-to) +cd

I--h(cl)(t-h)+c2.

and therefore

To remain in β,

^(cl)-Oj G{c^)-c2 and c3-0

and we have c-^0, c2-0 and c3-0.

Prom the assumption (ii) of Theorem 1, it follows that

xlt)-0, tit)-0, x{t)-0, as t-- ,

which completes the proof of Theorem 1.

4. Proof of Theorem　2.

The equation (1.2) is equivalent to the system

(4.1

磨-y,

y-*>

乏-e(t,x,y,zトp(t)z-　　トMx),

and we define the Lyapunov function

W{t^,y,z)-e-E^ {V(t,x,y,z)+*}
where

V{t,x,y,z)-∫ h(u)du+ aq(t)∫ g(u)du+ αH^)y+ - p(t)y2+y az2+y之

X

0             0

and万is a positive constant to be determined later in the proof.

Lemma　4.1

There exist continuous functions a (r) and b (r) with the properties;



and

where X-{x,y,z)∈R3,
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α(γ)≧0　♪γγ≧0,

b(r)≧O forr≧0,

a(¥¥X¥¥)≦　　　≦　　‖)　for t≧0,

+ォ"+ォ*

Proof of I｣emma　4.1. If we set

H(x)-¥ h(u)du, G(y)-[ g(u)du ,

X

0               0

y(t,x,y,z)-[H(x) +q(t)G(y) +h(x)y] +与p(t)f+ -^az*+yz ,

the last three terms may be written as

与p(t)y*+与az*+yz-^(y, z)A( y

were A=
(p(t)

vl三)･

13

And from the assumptions of Theorem 2, both of the eigenvalues of this matrix are positive
●

real and greater than the constant

therefore

与サ(%サ+与αz*+yz≧

2α-1

2(L+a+l) >

αα_1

訂ハりH Tすu〝 Ty〝⊆2(L+α+1)
(2/2+z2

Fortheremainderterms,thereexistsapositiveconstantMsuchthat

H(x)+aq(t)G(y)+αh(x)y≧H(x)+÷abq(t)y*+αh(x)y

≧H(x)+与αbh^+dh^y

X-÷肯{bhiy+Ux)f+∫[1-等¥{%)d'
¥u

0

≧与bu2-M

forall{x,y,z)∈jR3andt≧0,

where

α¢
8,-1-68,,'



where S=mm
αα　_1

2(L+a+l)

池　NakasElnGA

V(t,x,y,z)≧S(x2+y2 +z2)-M

�"･<]�"

TheremainderoftheproofislikewiseasthelasthalfoftheproofofLemma3.1.

Lemma4.2

UnderthehyphothesisofTheorem2,thereexistsapositiveconstant8suchthatalongany

solution(x(t),y(t),z(t))of(4.1),

●Vu.i){t,x,y,z)≦-%2+z2)+ae(t,x,y,z)z+e{t,x,y,z)y

ProofofLemma4.2.

●yu.i){t,x,y,z)

-{1-州叫?(%(y)y-ォh'(x)y2}+aq'(t)¥g(u)du+与p'(t)y*+αze(t,x,y,z)

0
+ye(t,x,y,之).

FromtheassumptionsofTheorem2,

?(%(y)y-oサ′(x)y*≧q(t)by2-ah′(%2

≧q(t)by*-acy*

≧(86-acW,

与p'(t)y2-{q(t)g(y)y-h'(x)y%)≦与p'(t)y*-(hb-ac)y*

≦hf

whereS*-
5-を83-(8i&-αc)>0,

therefor

V(4･l>(t,x,y,z)≦z6z2+hy2+aq'(t)¥g(u)du+αze{t,x,y,z)+ye{t,x,y,z)

0
≦一菖(y*+之2)+ye(t,x,y,z)+αze{t,x,y,z)

where86-1-αa+1-ap(t)andh--max(S5,S6).Thustheproofiscompleted.

Lemma4.3

UndertheassumptionsofTheorem2,thereexistsapositiveconstant畠suchthatalongthe

solutionof(4.1)

● AW(i.X){t,x,y,z)≦-8(ォォ+2サ).
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Proof of Lemma　4.3.
●

Wu^xM^-We-^'HVfrxuzU^ +e-*^ア(4.D (t,x,y,z)

≦-S(t)e-E^{S(x*+yZ+z2)-M+万} +e-｣('){-S(w2+22)

+ aze{t,x,y,z) +ye{t,x,y,z)}

≦-1(*)e-｣('>{3(a;2+2/2+之'蝣)-M+勘+e-｣<O{-8(w2+z2)+ ¥a¥ ¥z¥81t)

+I

≦-2(ォ)e-｣<'>{S(a;2+2/2+z2トJ a l回- Iy¥ -M+万上8e-*<%a+28)}

And

8(♂+ォ/2+22)- la冊ト¥y¥-M+育

-so?2+8( |y|-去)盟+<"'-^-)
1

48

1α12

画一M+万･

Take the constant万　as follows:

万≧M･志(l+M2),

we have
●

Wtt,ti (t,x,y,z)≦-8e｣(%2 +z2)

≦-8e-W+z2)

≡-S(^+z2) (畠-さe-Eo).

The remainder of the proof of Theorem 2 can be easily proved in a similar fashion as of

Theorem 1.
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