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§ 1. Introduction

B. Eckmann and P.J. Hilton [1] gived the definition of homotopy groups with
coefficients in a given abelian group. On the other hand Y. Katuta [2] defined a new
kind of homotopy groups with an arbitrary finitely generated abelian group as the coeffi-
cient group. The latter definition was then shown to satisfy the Hurewicz isomorphism
theorem, the universal coefficient theorem and the others. In this note, we shall define
the relative homotopy group with coefficient group G, where G is a finitely generated
abelian group. And our definition will be shown to satisfy some properties.

§ 2. Preliminaries

We shall fix some notations:

CcX the reduced cone over X

X the ¢-fold reduced suspension of X

XVvY the one point union of X and Y

Cy the reduced mapping cone

Cf the reduced cone of a map f

Iif the i-fold suspension of a map f

fm:S1—S1 for an integer to denote a map of degree m

F(X; Y),FX,4; Y,B) the funtion space with compact open topology

[X; Y1,[X,4; Y,B] the set of homotopy classes

2(X,4) the function space F (I, 0; X, 4), where the base point of
Iis 1.

Define a map (by a map we mean a base point preserving continuous function)
r: F(CZ,Z; X,A)—F(Z; 2(X,4))
by taking [(#f) (2)] (¢)=f (2, t) where feF (CZ, Z; X, A) and tel.

Then a function
r:[CZ,Z; X,A1—[Z; 2(X,4)]

is obtained as follows, v[f]=[# (f)] where [f]e[CZ, Z; X, A]. We have the following
facts. (We list up 2.1~2.4. without proof)
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LemMmA 2.1. = @s a byjection and T[0]=[0].

LemMa 2.2. There are commutative diagrams

(0Z',2'; X, A2, (X, 4)] [0Z,2; X, A1 -[Z,)X, 4)]
) 1(0w)* i lwf)* (i) J(¢)* ] j(!zso)*
[CZ,Z; X, A]-[Z, 2(X, A)] [CZ,Z;X' A"—-[Z2,2(X",4")],

where :Z—7Z' and @: (X, 4)—(X',4’).

LemmA 2.3.  Let Z be a space, then
—-—>[2Z A]——>[2‘Z X]—>[C’2Z 3Z; X, A]—>[2‘Z A]——>

[3Z; X]——>[OZ 7; X, 412 A]——-—>[Z X]

s exact for any pair (X, A), where ©: AcX and j: (X, z)c(X, 4).
The set [3Z; (X, A)] has a group structure. Therefore a group structure can be
defined on the set [C3Z, ¥Z, X, A] by Lemma 2.1.

LemMa. 2.4. We have the following bijection
[C2Z,NC3Zy, 32, 3Zy: X, Al~[C3Z,, 3Z,; X, AIX[C2Z,, 5Z,; X, A] .
(C2Z,, 3Z,; X, A] and [C2Z,, 3Z,; X, A] are groups, therefore a group structure can be
defined on [C3Z,\VC2Zy,,37Z,\N 3Z,; X,A] by Lemma 2.4. Therefore we can replace in
Lemma 2.4 bijection by isomorphism and cartesian product by direct product of groups.

(If [C2Z,,5Z,; X, A] and [C3Z,,3Z,; X, A] are baelian, direct product coincides with
direct sum.)

&
LemMA. 2.5. Let zlizziz& and [Zs; X]——> [Z,; X]f—>[Z1, X] be exact for any
X, then

(Cg)* (CS)*
[OZ37 ZS; X: A]”*’>[0Z2a Zz? XaA]—)[CZDZI; XaA]

s also exact for any (X, A).

Proor. Concider the following commutative diagram

[Zs; g(X A)]—L[Zz, 2(X, A)]_L[ZI> 2(X,4)]

T e
(Cg)* (Cf)*
[CZ37Z3; X:A]_>[0229Z2; X7A]H[CZ1:Z1;X,A:L

the upper row is exact and 7[0]=[0], and so the lower is exact.

TaroreEM. 2.6. Let f:Y—Z, then

2 £)% P *
(Sf) [32Y; X]iQi [EC’f,X] f (3Z;X]——> (Zf) 2Y;X]— Qf
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(Pf)*  _ f*
[Cs; X]—>[Z;X]—>[Y;X]

1s exact for any X. Moreover, to the right of and including [2Y ; X], the sets are groups and
the functions are homomorphic, where (Pf; s the inclusion map and Qf the collapsing.)

(CzPf)* (Czf)* (CQf)*
(i) --—>[C3C},3Cs; X, A]———>[03Z,5Z; X, A|——>[C3Y , 3Y; X Al — >
(CPf)* Cr)*

[CCs,Cr; X, A —>[CZ,Z; X, A]———([CY,Y ;X 4]

1s exact for any (X, A), moreover to the right of and including [CZY,3Y; X,A), the sets
are groups and the functions are homomorphic.

Proor. (i) It is well known as the Puppe sequence (cf. [4)).

(i) Concider the commutative diagram

)* % P
o5z 0 s v o,y Yy ean
T AT
C * *
. —>[C3Z,57:X,4] (i[O):Y 3Y:X,A] _gf%[oof,of,x A] _&
[Z; .Q(X A ]ﬁ[y (X, 4)]
©fy o

[0Z,Z:X,A1—5[CY,Y;X,A].

From the forth place on, the sequences consist of groups and homomorphisms. Apply-
ing (i) to the upper sequence, we get the theorem.

§ 3. Definition of I1,(X,4;G)
Let G be a finitely generated abelian group, then we have the well known fact.
Lemma 3.1. G ds decomposed into a direct sum of cyclic groups in the form
GrZAZ+- A2+ 2y A2y, + Ly
r-fold

The torsion coefficients m; are powers of primes. Furthermore this decomposition is unique
up to order of the factors.

Let f,,: S'—8', and denote B, =3"-2C}, for n=3 and B,2=C/,. Define the space P
(G n) for n=2(n=0, where G is free) as follows

P(Gn)=8"v8*V----vS*V B, VB \V.---VB" .
r-fold
(cf. [2], [3])
From this definition, we get that

P(G,n)=3"—2P(G,2) .
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(P(G,n)=3"P(G,0), where G is free)

DeriniTioN 3.2. We define the homotopy set II,(X,4; @) as follows,
,(X,4;6)=[CP(G,;n—1),P(G,n—1);X,A] for n=3.
(for n=1, where G is free)

Clearly 7, (X, 4; @) is a group for n=4 (for n=3, where ¢ is free), and abelian for n=5
(for b=3, where G is free). And 1,(X, 4; Z)=0I0,X, 4A) and 1T, (X, zy; G)=I, (X; G)
(Katuta’s homotopy group).

§4. Some properties
TreorEM 4.1. (i) 7:I0, (X,4)=~I,_(2(X,4);G)
(i) Let @: (X, A)—>(X', A’), then the following diagram s commutative

(X AG)’@Hn—l(’Q(XaA), G)
lqo* 1,9%
T
(XA G)~1I,_,(2(X",4");G) .
By 1, (2 (X,4);6) we mean the Katuta’s homotopy group.

Proor. It is easily verified by using 2,2. (ii).

TaroreEM 4.2. (i) Let @y=~@,: (X, A)—> (X', 4'), then @ys=q@ .

(i) If P vs a space consisting of a single point, then 1T, (P; G)=0 for n=2.
(for n=o0, when G s free)

(i) Let @: (X, A)——(X', 4’), then the square

m,(X, 4; G)?-—>II,,_1(A; G)

lfp* 5 l(‘p[A)*

XA ST, (A"6)

18 commutative.

(iv) There is an exact sequence as follows,

J—*>II,,+1(X A; G)———>II 4; G)——>II (X; G)

o P (]
H(X,A;6)—>- - 25Ty (X, 4;6)—>TT,(4; G)—ﬁn (X;6).

Moreover from the forth place on, the sets are groups and functions are
homomorphic.

THEOREM 4.3. Let @: (X, A)—>(X',A4"), then @y ts a homomorphism for n=4 ( for n=2
where G 1s free).
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TeeorEM 4.4. If GaG,+G,, then
(X A0~ (X, 436,) X T, (X, 436) for nzd.

The proofs of 4.2.~4.4. are just the same that of usual homotopy groups, and so we
omit.

CoroLLarY 4.5. Let GmZ~+Z- - -+Z+Zy +Zy,+-+Zng, then

IT,(X,4;6)~I,(X,4;Z)X - - - X (X, 4;Z)X I (X, 432 )X --- X ,(X,4;Z,,)
for n=>4 .

TreorEM 4.6. (Universal coefficient theorem)

The following sequence vs exact for n=4.
0— I ,(X,4)6G—N ,(X,4;6)—>Tor(Il,,-,(X,4),G)—>0.

Proor. By 3.5 it is sufficient to prove the theorem for the case where G=Z or G=Z,,.
The theorem is obvious when G=Z. In case G=Z,, left f,:5'—S' then we have the
following fact,

(A (C2"-2Qf ,)* (C2"=2Pf ,)*
[O8"-1,8"1,X, 4] 5[C8*-1,8" X, d]— >[CB, "B, ; X, A]—>
2 2 2
T " (2 " (5L

[S*1 (X, 4)]——5[8"1; &(X, 4)]— > [B ' A X, 4) | — >

(Ozm —3fm)*
[CS8"-28%-%X,d] —>[C8",8"*.X,4]
A7 T

(Zn—sfm)*

[8"-2; (X, 4)] —— [$"*; 2(X, 4)]

is a commutative diagram of groups and homomorphisms for n>4, moreover the upper
and the lower sequences are exact. We get it by 2.5. and 2.6. Therefore the following
sequence is exact,

0—Coker (C5"-2f,)*—I (X, ,4;Z,)—Im(CZ"-3Pf ,)*—0

Coker (C3"-2f,)*~Coker (Z"-2f,)* and Im(C 3"*-3Pf,)*~Im(3"-3f,)*. From the pro-
perty of f, and from the free resolution of Z,,:

0—Z—2—Z,—0,
we get that
Coker (2"-2f,)'~I,_(2(X,4))®Z, and Im(Z"-3f,)*~Tor(Il ,-o( 2(X,4)),Z,,).
And the proof is complete.

CororLrary 4.7. If I3 (X, A4) is O or free, then I, (X, A; G) 1s abelian.

fog o By

Lemma 4.8, Let G—>G,—>G3—>G

Gs be an exact sequence of gropus and
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homomorphisms, and G, be abelian. If there are two homomorphisms hy: G,—Gy and hy:
G's—Gy such that fih,=1¢, and fig,=1¢,, then G,~G3+Gs.

Proor. It is obvious that f, and f, are surjective. So f,=0. This means that f,
is injective. Therefore we get the following exact sequence,

fs fa
0—GyGyGs—0 .

From this exact sequence we .get the lemma.

Lemma 4.9. If 1~0:4AcX, then I, (X, 4; G)=I,(X; )+ ,—,(4; G) for n=5 (for
n=3, where G s free).

Proor. There is a homotopy H:4 XI—X such that H(a, 0)=a, H(a, 1)=x, and
H(xy, t)=u, for any tel. Let f: P(G,n-1)—A4 and define a map kf:(CP (G, n-1), P(G, n-1) )
—(X, 4) by taking kf[z, t}= H[f (2), t] where z¢ P(G, n-1). It follows that if f,~ f; then
kfocekfy and k(f+9)=kf+kg. Therefore, if we define a function x:IT,—(4;G)—I ,(X,4;G)
by taking xa=[kf] where [ fl=aell ,_y(4;G), then « is a homomorphism for n>4 (for n=3,
where @ is free). Clearly kf/P(G, n-1)=f, and so ak=11,_,(4;G). On the other hand we
have an exact sequence of groups and homorphisms for n>=4 (n=3, G free),

o Uy Js o
I (X, 43G) 1T (4;6)— T, (X 36)—TT (X, 4 36)—11, 1 (436) .
Applying 3.8. to this exact sequence, we get the lemma.

TreorEM 4.10. Let t20: AcX and G=Z, where p is an odd prime, then the exact
sequence of 4.6. splits for n=5.

Proor. By 4.8. I,(X,4; Z;)~I ,(X; Zy)+1,-(4; Zy) for n=5. On the other hand,
the exact sequence

0—I1,(X)®Zy—>11,(X ;Z4)—>Tor(Il,,_y(X),Z,)—>0

splits for n>4 ([2] 3.11). Therefore the theorem is obtained.

TrEOREM 4.11. Let 0—G,—Gy,—G3—0 be an exact sequence of finitely generated abelian
groups and homomorphisms, then there is an exact sequence as follows,

el «f *J %0

- I1,(X,4,64)—1,(X,4;6,)—1,(X,4;G5)—>

«f  &f
I, (X, 4;G,)—> - - —>I(X,4;G,) .

Proor. We have two maps f :P(G,, 3)—P(G,, 3) and
g:P(Gy, 3)—P(G,, 3) (cf. [2] [5]) such that the sequence
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2 (Zm-5fy> (37-5g)* 3
ST (X, A) 6y ST (Q(X,A) 36— IT,(2(X, A) ;6) ——>
(Sn ‘4f)* ) f*

o, ,(2X,4);6¢)——>--- >IT5(2(X,4);6h)———> (X, 4);G,)

is exact. (cf. [2] 3.16)
Define a function ,o:I,(X,4; Gs)—I,_(X,4;G,) by taking ,o=7-Tor, then the
following diagram is commutative for n>4.

T oo (X, A) 16y s T o (X, A):6)

(R

(X, 4;Gy) —> I, (X, 4;6,).

Therefore we get a commutative diagram

) (Z"-3f)* (Z"-3g)* )
n =T, (2(X,A4);G1)—— I ,(2(X,4);6G5)—— 1T ,(2(X,4);65)—>
A7 AT 5 A7
0 (Czn-3f)* (Cz"=3)* 0

ST (X, A6 Ty (XA 3G ST n(X, A6 >
(Zm-4)* (9)*

I, ,(2(X,4);6,) cee >IT5(2(X,4);6,)
AT 037 -4f)* Ca)* AT
m,(X,4 ;Gl)( ) e 9 I1,(X,4;G,) .

The upper sequence is exact and also the lower. Replacing (C2*f)* and (OZig)* by .f
and g, we get the theorem.

TrEOREM 4.12. Let @: (X, A)— (X', 4’) and f:G1—G,, then the following diagram is
commutative,

I1,(X,4;6 )in (X,4;6,)

loe |

(XA Gl)—>II X',4"6,).

Proor. This can be obtained immediately from 2.2. and ([3] 3.17).

References

[1] B. Eckmany and P.J. HivtoN: Group d’homotopie et dualite. Coefficients, C.R. Acad. Sci.
Paris, 246 (1958), 2991-2993.

[2] Y. Katuta: Homotopy groups with coefficients, Sci. Rep. T. K.D. Sect. A. 7(1960), 5-24.

[3] F.P. PeTErsON: Generalized cohomotopy groups, Amer. Jour. Math. 78 (1956), 259-281.

[4] D. PurpeE: Homotopie mengen und ihre induzierten Abbildungen I, Math. Zeit., 69 (1958),
299-344,



24 Y. Hasvo

[6] J.H.C. WarreEEAD: The homotopy type of a special kind of polyhdedron, Ann. Soc. Polon.
Math. 21 (1948), 176-184.



