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§ 1. Introduction

B. Eckmann and P.J. Hilton [1] gived the definition of homotopy groups with

coe瓜cients in a given abelian group. On the other hand Y. Katuta [2] defined a new

kind of homotopy groups with an arbitrary finitely generated abelian group as the coefii-

cient group. The latter definition was then shown to satisfy the Hurewicz isomorphism

theorem, the universal coe凪cient theorem and the others. In this note, we shall define

the relative homotopy group with coe鮎ient group G, where G is a finitely generated

abelian group. And our definition will be shown to satisfy some properties.

ァ2. Preliminaries

We shall fix some notations:

CX

rx

XvF

Of

Of

E'f

/. -.&--&

F(X; Y),F(X,A; Y,B)

[X; YUX,A; Y,B]

Q{X,A)

the reduced cone over X

the i-fold reduced suspension of X

the one point union of X and Y

the reduced mapping cone

●

the reduced cone of a map /

the i-fold suspension of a map /

for an integer to denote a map of degree m

the funtion space with compact open topology

the set of homotopy classes

the function space F (/, 0; X, A), where the base point of

Jisl.

Define a map (by a map we mean a base point preserving continuous function)

す: F(CZ,Z; X,A)-蝣F{Z; Q{X,A))

by taking [(チ/) (ォ)] (t)-f (z, t) wherefeF (GZ, Z; X, A) and tel.

Then a function

r: [CZ,Z; X,A]-rz; aixjn

is obtained as follows, r[/]-[ず(/)] where [f]e[CZ, Z; X, A]. We have the following

facts. (We list up 2.1-2.4. without proof)



18 Y. Hasuo

Lemma 2.1. t is a bijection and t[0]-[0].

Lemma 2.2. There are commutative diagrams

丁
[CZ′,Z′;X,A¥-[Z′�"MX,A)¥

(i) 1(瑚*丁
[CZ, Z; X, A]-.[Z, ]

円
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[CZ,Z; X,A]--[Z, )X, A )]

(ii) J(甲,* T l(%)*

[CZ,Z;X′,A′]-¥Z,Q(X′,A′)] ,

サ:Z-Z′andP:(X,A)-(X′,A′).

Lemma2.3.LetZbeaspace,then

●●●a_.甘3*a_.甘*-･→¥2Z;A]空ヶLSZ;X¥曇[C2Z,2Z;X,A¥→¥SZ¥A¥→

●●a¥sz;x¥曇[cz,Z;x,A¥→[Z;A]∑[Z;X]

isexactforanypair(X,A),wherei:A⊂Xandj:(X,x｡)⊂(X,A).

Theset[2*Z;Q(X,A)]hasagroupstructure.Thereforeagroupstructurecanbe

definedontheset[GsZ,SZ,X,A]byLemma2.1.

Lemma.2.4.Wehavethefollowingb勿ecuon

¥cszxVCIZ2,SZxvEZ2:X,A¥-[C2Zl,2Zl',X,A]×[CzZォ,2Z2;X,A].

¥GsZl9EZx¥X,A]and[C7j?Z2,HZ2;X,A]aregroups,thereforeagroupstructurecanbe

definedon¥G2Zl¥/G2Z29SZxv2"Z2;X9A]byLemma2.4.Thereforewecanreplacein

Lemma2.4bijectionbyisomorphismandcartesianproductbydirectproductofgroups.●

(If[C2Zl9EZx;X,A]and[C2Z2,2Z2;X,A]arebaelian,directproductcoincideswith

directsum.)

/9
Lemma.2.5.LetZx->Z%->Z3,and[Z3;X]竺[Z2;X]こ[zx;x]beexactforany

X,then

(cgy

[cZ3,Z3;X,A]->[CZ2,Z2;X,A](Of)*

1J¥czx,zx;x,A¥
isalsoexactforany(X,A).

Proof.Conciderthefollowingcommutativediagram

[Z3;S(X,A)]竺[Z2;J2(JM)]^[Zi;i2(JM)]

&T
(cg)*((7/)*

[cZ3,Zz;X,A¥-+[CZa,Z.;X,A¥-U¥czx,Zx¥X,A¥

theupperrowisexactandt[0]-[0],andsothelowerisexact.

Theorem.2.6.Letf:Y-Z,then

...→[*r*i^こ[zcr,x]些竺¥sz;x卜塑¥sy;x]｣堅(22f)*
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{pf)*J*蝣[Y;X]

isexactforanyX.Moreover,totherightofandincluding¥2Y¥X],thesetsaregroupsand

thefunctionsarehomomorphic,where(P/;istheinclusionmapandQfthecollapsing.)

(ii).→(GSPf)*

[cICuSCf,X,A]-+{C2Zぅ2Z;X,A]塑竺¥osy,sy;x,A]塑竺

(qf)*[GCf)Cf;X,A]竺竺[cZ,Z;x,A]→[CY,Y;X,A]

isexactforany(X,A),moreovertotherightofandincluding¥CsY9IIY¥X,A],thesets

aregroupsandthejunctionsarehomomorphic.

Proof,(i)ItiswellknownasthePuppesequence(cf.[4]).

(ii)Conciderthecommutativediagram

‥.→¥2Z',Q(XJ)¥｣聖{IY-MX,A)¥｣誓[cf;G(X,A)]聖二

ォT8r
...→W2Z,sZ;X,A¥竺竺(C竺[ccf,Cf;X,A]竺竺

¥Z;S(X,A)]-^[Y-MX,A)]

It|t
(o/)*

Fromtheforthplaceon,thesequencesconsistofgroupsandhomomorphisms.Apply-

ing(i)totheuppersequence,wegetthe比eorem.

§ 3. Definition of IIJX,A¥G)

Let G be a finitely generated abelian group, then we have the well known fact.

Lemma 3.1. G is decomposed into a direct sum of cyclic groups in the form

G-Z+Z+-+Z+Z桝,+^.+-+Z鮒S.

r-fold

The torsion coefficients m{ are powers of primes. Furthermore this decomposition is unique

up to order of the factors.

Let/桝: Sl-Sl, and denote B芸-sn-2Ofm for n≧3 and B桝2-C/m. Define the space P

(G n) for n≧2(n≧0, where G is free) as follows

P(Q,n)-S舛vS舛∨--vS%∨

r-foU

(cf. [2], [3])

From this definition, we get that

P(G,n)-2サー*P(G,2).

B:lVBZ2V･･･VB㌫S
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(P(G,n)-2nP(G,0), where G is free)

Definition 3.2. We define the homotopy set II2(X,A; G) as follows,

H舛{X,A 'tf)-[CP{G,n-1),P{G,n-1) ;X,A¥ for n≧3.

(for n≧1, where G is free)

Clearly Un (X, A; G) is a group for n≧4 (for n≧3, where G is free), and abelian for n≧5

(for b≧3, where G is free). And U舛(X, A; Z)-1TJX, A) and II舛(X, x｡; G)-lln (X; (?)

(Katuta s homotopy group).

§4. Some properties

Theorem 4.1. (i) r.nn (X,A)-H^x{Q{X,A)¥G)

(ii) Letや: (X, A)→(X′　A'), then the following diagram is commutative

H舛(X,A ;G)-nn-x{Q{X,A) ; G)

↓恥　丁　　---<P*

njx′,A';G)-Hルーmx',A′) ;G).

By TIn {Q (X,A);G) we mean the Katuta's homotopy group.

Proof. It is easily verified by using 2,2. (n).

Theorem 4.2. (i) Letや｡Eyやi: (X, A)-(X′, A′), then ^o*一甲1*.

(ii) If P is a space consisting of a single point, then Un (P; G)-Ofor n≧2.

(for n≧O, when G is free)

(iii) Letや: (X, A)--(X′, A′), then the square

∂

nn(X, A; G)→Hルーx(A¥ G)

Jp*　a J(<p¥a)*
njx′,A′ ;Gト→Hn-1(A′ ;a)

●                                        ●

is commutative.

(iv) There is an exact sequence as follows,

j*　　　　　　∂　　　　　●　　　　　●

- →nn+1(X,A ;G)→nn(A ;G)-^nn(X ;G)聖

∂　　j*　　　　　∂　　　　●

nォ{x,A ¥G)→ -→nz(X,A ;G)→n2(A ;G)∑na(X;G).

Moreover from the forth place on, the sets are groups and functions are

homomorphic.

Theorem 4.3. Let cp¥ (X, A)→(X′,A′), then甲is a homomorphismfor n≧4 {forn≧2

where G is free).
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Theorem 4.4. // GW^+G^, then

u叫(X,A ;G)-njXtAfr)×nn(X,A ;G2) for n≧4.

The proofs of 4.2.-4.4. are Just the same that of usual homotopy groups, and so we
●

omit.

Corollary 4.5. Let G-Z+Z---+Z+Z桝1+Z桝2+-+Z桝., then

TIn{X,A#)-TIJX,A;Z)× - ･ ×nn(X,A;Z)×TIn{X,A¥Z桝1)× ･ ･ ･ ×Hn(X,A;Z桝S)

for n≧4.

Theorem 4.6. (Universal coe鮎ient theorem)

The following sequence is exact for n≧4.

0→nn(X,A)⑪G-LT外(X,A ;G)-Tor(nn-1(X,A),G)-0.

Proof. By 3.5 it is su鮎ient to prove the theorem for the case where G-Z or 6r-Z桝.

The theorem is obvious when G-Z. In case G-Z桝Ieft / :#-Sl then we have the

following fact,

●

(C2* -*f桝　　　　　　(CH^Qf桝　　　　　　　{C2n -*P f桝) *

[CS'-W-i&Al→[CS舛-1,S形- ;X,A]→[CB㌃ 1,B㌃ * ;X,A]十>

を(2*-*f桝)*　　を丁{2n-*Qfmy　　を丁{2サー*pfmy

lS雅一蝣;O(X,A)]十>[Sォーi; Q(X,A)]→ [B㌃I; fl(*,^)]→

(02%-3f桝)*

[OS舛-¥s仰-*;X,A]一二-→¥csサー¥sサー[;X,A]

fir            #t

¥8*-; Q(X,A)]竺聖V-*; 8(X, A)]
is a commutative diagram of groups and homomorphisms for n≧4, moreover the upper

and the lower sequences are exact. We get it by 2.5. and 2.6. Therefore the following

sequence is exact,

0-Coker (Cr -2f桝)* -Hn(X,A ;Z桝)-Im(C2n-3Pf桝)*-0

CoJcer (Or-2/J*-Coker (21"-2/*,)* and Im{C2n-sPf桝)*-7m(2'M-3/桝)*. From the pro-

perty of/桝　　from the free resolution of Z桝:

0-Z-Z-Z桝-0 ,

wegetthat

Coker {In-2f桝)*-Hか1(S(X,A) )㊧Z桝and Im(2n-Sf桝)*-Tor(nn-2(ii(X,A)),ZM).

And the proof is complete.

Corollary 4.7. IfIT3 (X, A) is 0 or free, then TIァ(X, A; G) is abelian.

/l J2　ft fァ

Lemma 4,8, Let Gx-G2-G3-G｡-6r5 be an exact sequence of gropus and
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homomorphisms9 and Gァbe abelian. If there are two homomorphisms h2: G2-6ri and h*:

G5-6r4 such that fJix-¥G包and Ag^-lG 9 then 6r4月ジG3+G5

Proof. It is obvious that/x and/4 are surjective. So/2-0. This means that /3

is miective. Therefore we get the following exact sequence,

h h
O-G3-G4-G5-0.

From this exact sequence we get the lemma.

Lemma4.9. // icァ>O:A⊂X, then nn (X, A; G)-H舛(X; G)+nn^(A; G) for n≧5 (for

n≧3, where G is free).

Pkoof. There is a homotopy H:AxI-X such that H(a, 0)-a, H(a, l)-xo and

H(x｡, t)-x｡ for any tel. Let/: P(G,n-1)-A and define a map kf:(CP (G, n-1), P(G, n-1) )

-(X, A) by taking kf[z, f¥- H[f (z), t] where zeP{G, n-1). It follows that if/o^/x then

kf^kf-L and k{ f-¥-g)-kf-¥-kg. Therefore, if we de丘ne a function 〟:nn-1(A; G)-nn(X,A; G)

by taking 〝α-[kf] where [/]-αeUn_x{A;G), then k is a homomorphism for n≧4 (for n≧3,

where G is free). Clearly Jcf/P(G, n-1)-f, and so ∂〝-lnn_AA;G). On the other hand we

have an exact sequence of groups and homorphisms for n≧4 (n≧3, G free),

∂　　　　�"*　　　　u a

nn+1(X,A ;G)-nJA iG)-nn(X;G)-Hn(X,A ;G)-nn ,U ;G)

Applying 3.8. to也is exact sequence, we get the lemma.

Theorem 4.10. Let ic^O: A⊂X and G-Zタwhere p is an odd prime, then the exact

sequence of 4.6. splits for n≧5.

Proof. By 4.8. nn(X,A; Zタ)-nn(X; Zタ)+HかAA; Zタ) for n≧5. 0n the other hand,

the exact sequence

O-nn(X) ⑪Zタ-nn(X ;Zタ)-Tar(ZTJ,_1(Z),Zタ)-0

splits for n≧4 ([2] 3.ll). Therefore the theorem is obtained.

Theorem 4.ll. Let 0- / 9 -Oゎe an exact sequence offinitely generated abelian

groups and homomorphisms, then there is an exact sequence as follows,

*a J　　　　　　　　　　　　　∂
- -nn{X,A ;Gx)-nJX,A ;G2)--nn(X,A ;G3)-

WJ^^^Bfm
nnjXA¥GJ→ ･ ･ ･→nt(X,A;G2).

Pkoof. We have two maps/ :P(G2, 3)-P(Gv 3) and
■■′

g:P{G3, 3)-P(Gz, 3) (cf. [2] [5] ) such that the sequence
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∂{2サー3fy{IォーSgy∂

･･･→n^QiXj)-^ト→nn(Q(X,A);G2)→H舛(G(X,A);G3)-

{｣" -*/)*

n^Qix^y^)--→･ ･ ･
/ォ

MaiXA foト　　JI9{Q(X,A) ;Gi)

23

isexact,(cf.[2]3.16)

Defineafunction*∂:TIJX,A;Gz)-nn-x{X,A;Gァ)bytaking*∂-r^dnr,thenthe

followingdiagramiscommutativeforn≧4.●

∂
H舛^(S(X,A);G3)-UrMXJ-YMJ

-▲TAT

nn{x,A;Gz)皇nri&AiGj

Thereforewegetacommutativediagram

～J-…→nn(Q(XA)¥Gi)竺二竺nn(V(x,A);G2)L>ff舛(Q(X,A);G3)→∂21"-3/帯(2n-*al等∂

|r.|t.Sr
…→nn+1(X,A¥Qi)(C2n-Sf)をtt+1(X,A;G2)>Un+1(X,A;G3)聖*∂

~o*<grn^AQiXA)^)竺二誓...→na(S(X,A);G2)

を(C2サー*f)*(CgYをTォ.(asl"-4/)*

nJX,A;GS>�"-→TIAX,A;G2).

Theuppersequenceisexactandalsothelower.Keplacing(CH'J)*and(02*o)*by#/

and*g,wegetthetheorem.

Theorem4.12.Letcp¥(X,A)-(X′,A′)andf¥Gl-G2,thenthefollowingdiagramis

commutative,

uJXJ.&A玄Hn(X,A;G2)

19*lp*

Hの(X′j.'-m^njx′,A';G2).

Proof.Thiscanbeobtainedimmediatelyfrom2.2.and([3]3.17).
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