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O. Summary.

A measure of the difference between two continuous distributions is estimated by

a Bayesian method. The proposed estimators are consistent. The absolute value of
the difference between one of our estimators a.ndthe U.M.V. unbia眉ed estimator is

smaller than 2(m (m2-1)-¥-n/(n2-1) ), where m and n are sample sizes.

1. Introduction

A measure of the difference between two distribution functions F and G is given
●

d(F,GF) -¥ --[F(tト
F(t) + G(t)

1.1)

by

It is well-known that F(t)≡G(t) if and only if d(F, G)-0, for continuous F and G.

If the distribution functions F and G are continuous, then the measure d(F, G) can be

written as

d(F,G)-i- iJ
+∝I

=詛:�"

G{t)dF¥t) + J'∞F{t)dG¥t) ¥ ,　(1.2)
-00

(See, for example, Fraser [4], p. 164-165).

Let Xl9.. ‥, X桝be a sample of size m from an unknown continuous distribution

F and Yx,‥ ‥, Y舛be a sample of size n from an unknown continuous distribution G.

We want to estimate a measure of the difference d(F, G). We shall derive an estimator

by a Bayesian method. In our problem the parameter space & is the set of all

continuous distribution functions on the real line, R. Let the action space be the
A                            A

interval [0, 1]. Let the loss function be L(F, G, d)-{d(F, Gトd)2 for an action d.

Before we say a prior distribution on @, following Doksum [2] we define a linearized

Dirichlet process. Let a, b be constants with a<b and we choose a set of points tv..,

tk with a-tx<t2<---<tk-b. Then the set of points A-(tv　,tk) is called the

division into subintervals and we denote wfaョーtf-+l-t車y ¥d¥. Let a be a positive
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and cr-additive finite measure on (R, &) with support (a, b), where & is the a-field

of Borel sets. We recall a determines a Dirichlet process, which has as its realiza-

tion a discrete distribution function Ho such that Ho(a)-0 and Ho(b)-l with

probability one. Given a division A of the interval (a, b), the joint distribution of

the corresponding increments of the distribution function being a Dirichlet process
●

is denoted by a Dirichlet distribution, and we define a linearized Dirichlet process

on Definition 1. For the Dirichlet process see Ferguson [3],

Definition 1. We say H is a linearized Dirichlet process with the parameters

a, A when H is linear between the points (tv Ho(tx) ),‥　(tk, Ho (tk) ) and Ho (tA, i-l,

are the realization of the Dirichlet process with parameter a having support (a, b),

where a-tv b-tk and A(tv...., tk).

Let F and G be independent and be linearized DiricMet proce畠s with the

parameters a, A and /?, A respectively, with a, /3 dominated by the Lebesgue measure

on J?. Since we shall estimate a measure d(F, G) with squared error loss, the Bayes
●

estimate isノgiven by

E{d{F,O)¥Xx,.. ‥9 <X-m> -*1?‥ ‥　FJ.

We shall derive the above estimate and its limit in section 2.

2. Estimators.

Since a (ト∽, h]∪[**.∽))-0 and β ((-∽,*llU[tfoco))-0, we have with

probability one

F(t) - G{t) - 0 for t≦ll

F(t) -一(?(*) - !　　for *≧tk.

By the definition we have for ｣,-<｣<｣f-+i, i-l,...., k-1

F(t) -

fltt) -

*f+lトm
･*+l- -u

G(ti+1) - G(tA

･*�"+!-ti

(t-tA +F(tA,

(t-tJ + Qiti).

Thereforewehaveeasilywithprobabilityone

d(F,G)-‡朝;+1rォ+l

G(t)dF*(t)+¥F(t)dG2(t)},

where

G{t)dF*{t)-i[G(t,

蝣i+lトGft)3[*&蝣i+lト*w

+[G(ti+i)+G(WF(ti)tF(ti
蝣サ+iトF(W
+<mm�"t+iト*w

(2.1)

(2.2)
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and by replacing F with G and G with F we have the equality for
●

ど
∫'xF{t)dG*{t).

H

Letusput

Fm{t) - px>彬F｡(t)+ (l-px,桝)Fm(t)　　　　　　　(2.3)

Gn(t) - p2,nG｡(t) + (l-p2>n)Gn(t),　　　　　　　　(2.4)

where (i) phm-α(R)l(α(R)+m), p2>n-β(R)l(β(R)+n), (ii) F｡(t)-a(ト∞A)/α(R), GM)

-β((-∽> t])lβ(R) and (iii) Fm(t) and Gn(t) are the empirical distribution functions

of the samples Xァ, ‥.., X^and Yv -　　Yn, respectively. For our prior distnbu-

tions we have

Fm{t) - (? (*) - 0 for t^tx,

FJt) - GH(t) - l for t≧tk

with probability one. Corresponding to the division d,

function FM, j which is linear between the points (ち, f桝

we de丘ne a distribution

(k),‥‥ (h, F桝(**)) and

similarly we define a distribution function ∂舛　which is linear between the points

(ォi> Gォih)),‥‥ ('*> @n{h))�"　Then we obviously have

恕f仰Jt)-F-(t)foru-C(F-),

limOnJt)-On(t)forteC(Gn),

IA|-0

whereC(H)denotestheallcontinuitypointsofH.

Lemma1.Wehavewithprobabilityone

E[¥>+1G(t)dF>(t)¥Xx,-･,X-,Yx,�"�"�"蝣,YnJ

α(R)+mr*+i′ハ ∫on,A･P,At)

ti

i‡仁Gn, MdPm,At)

a{R)+m+l

α(R)+m+l I 3 J

･ i Gn{ti+-d[Fm{t,:+lトFサ(W
2.7)

Proof.Theposteriordistributionof(F(ti9F(ti+1)-F(ti),トF(ti+i))givenXv

-..,xmisaDirichletdistributionwithparameternα+sfcy)(-∞m

((ti,ti+i]),(a+T,8xj)((ti+v

>=1∽whereSzdenotestheunitemeasureconcentrating

atthepointz.Theposteriordistributionof(<?(ォ,-),G(ti+X)-G(ti)91-G(ti+x))givenYx,
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- - Yn is a Dirichelt distribution with parameter ((/?+ S 8yy) ( (-∞,鋸(β+ SM

n

(fe>ォ<+J),(β.7=1　　∞) )j. Hence by taking the conditional expectation of

(2.2) given Zl;...., X桝, Yt!‥‥,Yn we have (2.7).

From the lemma 1 we have with probability one

b

ElJ G{t)dF%t)¥Xx, -�",Aw, Yi, -蝣*�"]
α

b

∫ Qォ,AWK,At)

a

片J G*,AWKJfi

a(R)+m

a{R)+m+l J

a(R)+m+l I 3 Ja

･ ÷雛(ti+l) [K(ti+J-fi-(ti) ]
Thus the Bayes estimate is

E[d(F,牀f¥¥Zv -,X桝, Yサ-　Yn]

a(R)+m

3　a(R)+m+lJ

b

∫ GサJt)鶴At)

h

i‡J <?ォ, Jt)dPmi A{t)
α{R)+m+l I3 J n>"､Y′-m,α

･ ÷岩｣(W [Aサ(*m)--Fササfe) ]

a

} Fm,M晩l(ォ)
a

a

i‡J m,A(t)don,A{t)

d(R)+ n

6(R)+n+l

(2･8)

β(R)+n+l I 3 J　耶'LJ､V′vyv抑'LJ､V′

･ ‡岩F-(ti+1) [Gn(ti+l)-On(ti) ]
Next we shall evaulate this estimate in the limit.

Since the measure β is dominated by the Lebesgue measure on R, GJt) is an

absolutely continuous distribution function on R and has its derivative G'｡(t).

Lemma 2. // max G'M) is動ite, then we have with probability one
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順in
l△lー0

lim
lAlー0

b                 b

∫ on, A{t)dFm> At) -∫ Gn{t)dP-{t) ,
α　　　　　　　　　　　　　　　　　　　　　　　　α

b                 b

∫ on,S)鶴j(*) -∫ Gn(t)dPi(t).
α　　　　　　　　　　　　　　　　　　　　　　　　　α

2.9)

2.10)

Proof.Letyv--ynbetheobservationsofYx,‥‥,Ynandyo-a,yn+x-

6.Thepointsyv....,ynarediscontinuitypointsofQnandarewithprobability

onecontinuitypomtsofF桝Nowweevaluatetheintegral

b
JGn,A{t)dF-tA{t)Gn,At)鶴j(ォ).(2.ll)

α

A.Sinceysandyj+xarecontinuitypointsofFmwithprobabilityoneF桝iscontinuouson

¥HvVjJr^¥an(i[^/y+x-S,｣/y+1]forasutiable8>Owithprobabilityone.Forthis､8,

wechooseanarbitraryJwithO<｣<ァandchooseadivisionintosubintervalsAof(a,

6)with¥A¥<E.ThepointsinthedivisionAwhichlieontheopeninterval(yブ+8,

vi+x-S)aredenotedbytv,tr-l9thepointinthedivisionAwhichisthelargestone

belowyj+8isdenotedbytoandthepointinthedivision8whichisthesmallestone

abovey^x-8isdenotedbytr.Thenyj<to≦ifj+Sand.yj+x-B≦tr<yj+vSinceGn

hasthederivativep9,m硫(t)onp｡,tr],wehaveforte[yj+89yj+x-8]

鶴Jfi-<*M&諾笠¥Gn(ti
'#+1トOJh)¥

=　max
f-O.--.r-1

<?;d,m+i一引,

wheret4≦fi≦t(+vWeshalldenotemax6'
｡(t)byM.Thenwehave
a≦t≦b

凧At)-Gn{t)¥<Meforte[yj+8,yj+l-5]andtherefore

け_8yj+v

vj+Syy+8蝣(')<Me.

2.12

On the other hand Gn is continuous on Q//+S, yj+xr釘and yy+8, yj+x-8∈CIFm). There-

fore by (2.5) we have

HRm

lAl -0

f^+l-8
JGn(t)dFm

yj+S本J

yj+i -*

〟+8

By(2.12)and(2.13)wehave

limOn>At)dFmiA{t)-

A|-サOJyj+s

vy+s

aMdF桝(I).

J Gn(t)dF-(t).

.yj +i

(2.13)

2.14)

In the inequality, 0≦Jー(jntA{t)dFm)A{t)^LJ dFm^(t)f the right hand term
〃　　　　　　　　　　　　　　〟
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convergestofyj+B

yj-becauseFmiscontinuousaty,-9y*+8.Sincefyj+hdFm(t)

yj

becomesarbitrarysmallwhenwechooseanarbitrailysmall8,wehave

∂limJOn,Ait)dF-,A(t)-O,

yj

きim6n(t)dF-(t)-0.

-サ｡J y

Similarlywehave

limyy+i-8

lim[,yj+i

yj+i-i鋸)dF-(t)-O.

By(2.14),(2.15),(2.16),(2.17)and(2.18),wehave

(2.15)

(2.16)

(2.17)

(2.18)

limjGn,sW

|A|->0--,At)-¥Gサ(t)dFUt)

yjwi比probabilityoneandconsequentlyby(2.ll)weobtain(2.9)wi比probabilityone.

Similarlywecanshow(2.10)with,probabilityone.Thusthelemmaisproved.

ByapplyingLemma2to(2.8),underthecondition

maxG'
｡(t)<∽wehavewithprobabilityone
a≦t≦b

出血
1△1 -0

b

ElJ G{t)dF¥t) ¥Xx, -,Xm, Yx, -, Yn
d

a(R)+m+l 冊t(J)dP-(t)+(a(R)+m) ¥ Gn(t)dFUt)
v ^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^V/ '

UndertheconditionmaxFi(t)<cowealsohavethesimilarresultaboutthe

a≦t≦b

a
co千ditionalexpectationofi^(｣)dG2(t)giventhesamples.Byusingtheseresultsto

a
仇econditionalexpectationof(1.2)given也esamples,wehave

proposition1.Ifmax瑚)andmax鞘)are動itethenwehavewith

a≦t≦b

･

probabilityone

]xuiE[d{F,G)¥Xx,--,X桝>-M.J'�"�"*j*n¥

tAト0
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4　　　　　1

3　a(R)+m+l

B(R)+n+l

a                     a

Gn(t)dF-(t)+ (a{R) +mj Qjfi)鵜(ォ)l
V ^^^^^^^^^^^^^^^^^^^^^^^^W''

b                      b

冊S)dGn{t)+{m)+n)¥ Pjt)頗)i ･
α　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　α

We have derived the proposition 1 based on a particular prior distribution. The
A

author propose a following estimator d(F, G) of a measure d(F, G) with continuous F

and G,

4　　　　　1
二=ここ一･一-　-　∴-

メ

d(F,G) -
3　a{R)+m+l

β(R)+n+l

∞                                   ∞

lJ Gn(t)dF-(t)+(a(R)+m)|　Gn(t)dF&(t)¥
ユ鮎　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　- 【くべ

00                                   ∞

lJ_∞F-(t)dGn(t)+(β(R)+n)j F-(WGm¥

where (i), a, β are non-negative, finitely additive and finite measures on (R, J%?) and

(ii) F桝(t), Qn (t) are given by (2.3), (2.4) with plt桝-α(22)/(a(fl)+(m),乱作-β(ォ)/(β(R)

+n), Fo (ォ)-α ( (-oo, t])lα(R), Go (t)-β( (-∞, *])/β(R) and the empirical distribu-

tion functions Fm(t), Gn(t). In the estimator d(F, G), we may put the prior infor-

mation about F and G into a and /?, respectively. By letting a(R) and (3(R) tend to

zero in d(F, G), we have an estimator

d*(F,G) -圭忘
1

n+1

00                        ∞

iJ Gn(t)dFm(t)+m¥　Qn{t)dFl(t)¥
･-∞　　　　　　　　　　　　　　　　　　　　　　　-00

CO                         OO

1J Fm(t)dGn(t)+n¥ F-(t)卿)i ･
･･- 00　　　　　　　　　　　　　　　　　　　　　　　- 00

This estimator is written as follows,

4　　　　1

d*(F,G) - ÷
mn(m+ l)

mn(n+ l)

[U^ g imax{j: Y(i)｣Xu)}]

U2+ Sj'maxftilto≦Y(j))l

Ⅵ血ere

Ux-no. of{{i,j):Xi<Yj) ,　U2-no. o/{(*,i):F;<Z4.}

X{i) is the i-th. smallest order statistic of-Xl9. -　Xm and Y(j) is the ^-th smallest
●                                                                                                                                                                           ●

order statistic of Yv...., Yn. In the next section, we shall investigate the properties
メ

of the estimators d(F, G) and d* (F, G).

The d(F, G) given by (1.2) implies a measure of the difference between two

distribution functions F and G if and only if F and G are continuous. Therefore the

author did not choose Dirichlet processes as prior distributions to estimate a measure
●
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d(F, G) given by (1.2). By using linearized DiricHet processes as prior distributions,

the author derived the Bayes estimate of a measure d(F, G). The limit of the Bayes
一■

estimate suggested the estimators d(F, G) and d* (F, G).

If we regard the d(F, G) given by (1.2) as a quantity made by two distributions

F and G which are not necessarily continuous and if we choose Dirichlet processes as

prior distributions, then we can directly compute the Bayes estimate of a quantity
■

d{F, G) given by (1.2). This estimate is equal to d(F, G).

3. Properties of仙e estimators.
ノI

The estimators d(F, G) and d*(F, G) can be used to estimate d(F, G) with

continuous distribution functions F and G. A reason for this is the following

Proposioion 2. LetXv. …, X解and Yx,...., Yn be samples ofsi之e m and nfrom
.■

continuous distribution functions F and G, respectively. Then the estimator d(F, G)

converges to d(F, G) as m and n tend to infinity with probability one.

Proof. ♂ v(t) converges to G(t) uniformly as n tends to infinity with probability

one (See, Ferguson [2], p. 223). Hence in the inequality

け:∞ {Gn(t)-G(t)}dFm(t) <suv ¥ Gn(t)-G(t)

the right hand converges to zero as n tends to infinity with probability one. Since

G is bounded and continuous, we have

忠†:∞ G(t)dF-(t) - ¥:∞ G{t)dF(t)

with probabilityone. Therefore the integral

J:∞ GniWFJt) - ∫:∞ {oMトG(t)}dF-(t) + Jフ∞ G(t)dF-(t)

●●

converges to ∫_∞G(t)dF(t) as - and n tend to infinity with probability one.

Similarly we have with probability one

順欄
m,nー∞

日日Illl

m.n-ヰ∞

lin

m,nー∞

†∞ Gn(t)dPm -ド G(t)dF*(t),
-00                      -∞

∫: F-(t)dGn(t) - ∫:∞F(t)dG(t),

∫:∞紬幽D - :∞F(t)dG*(t).
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From the above four convergences, we have with probability one
パこ

Iin d{F,Q) =* d(F,G).
m,n→∞

(3.1)

mus the proposition is proved.
A

It follows that a(F9 G) and d*(F, G) are consistent estimators of d(F, G) with

continuous F and G. Next we shall compare the estimator d*(F, G) with, the U.M.V.

unbiased estimator of d(F, G) in absolutely continuous case. If F and G are

absolutely continuous, then the U.M.V. unbiased estimator of d(F, G) is given by

∂(X,,X2, Yv Y望)-

where ¢

1

∑　∑ ≠¥Xi19Xit9Yj,Yj卓上すi¥<hh<h

‡三

(2.3)

if max(Al?A望)<min(Fi, 72) or

max( Ylt 72)<min(Al, X,)
otherwi s e

(See, Zacks [5], p. 155). Before a comparison we prepare

L丑mma 3. If F and G are absolutely continuous, then we have with probability one

W)-‡一m圭1

1

n-¥

i-1∞ Gn{t)dFl(t)守 Gn(t)dFm(t)¥
-∞                     I-00

げFm(t)卿)守 Fm(t)dGn(t)¥. (3.3)-00　　　　　　　　　　　　　　　　　　　　-∞

Proof. Since the right hand of (3.3) is an unbiased estimator of d(F, G), symme-

trie in Xl9....9 Xn各and symmetric in Yv...., Yn9 the right hand of (3.3) is identical

with d(F, G) with, probability one. Thus the lemma is proved.

proposition 3. Let Xv　., X桝be a sample of size mfrom a distribution F and

Yv. -　Yn be a sample of size nfrom a distribution G. IfF and G are absolutely

continuous, then we have with probability one

¥d*(F, G)-i{F, G)¥≦2(蕊.蕊)･

Proof. By the inequality

∞                        00

o≦J Gn(t)dFUt)^2J Gn(t)dF-(t),
一〇〇　　　　　　　　　　　　　　　　　　　　　　一∞

we have

4.3
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∫:∞鋸,d鞘,工Gn(t)dF-(t) ≦ ∫:∞ QJMFJfi^l.

Similarly we have

仁∞F-(t)dGm- ∫:∞F-(t)dGn(t) ≦1･

By applying (3.5) and (3.6) to the equation

d*{F,G)-Z{F,G) -芸tJ
●●

-00

◆●

Gn{t)dFl{t)- ∫ Gn(t)dF-(t)
9*>

(3.5)

3.6

･芸ir∞F-(t)-サーI ∞瑚)dGn(t)¥ ,

we have (3.4) with probability one. Thus the proposition is proved.

If m≦n and　　竺exists, then from Proposition 3
wIEl桃E22

Urn [ y有{d*{F, G)-d(F, G)}-v有WF, &トd(F, G)}] - 0
m->oo

A

with probability one and then by Theorem 5.6 of Fraser [4], p. 229, y蒜{d(F, oレd

(F, G)} has a limiting normal distribution with mean zero. Therefore by Theorem

m

4.1 0f Billingsley [1], p. 25, if m≦n and Urn - exists, then y蒜{d*(F, Gトd(F, G)}
WSE.葺m

has a limiting normal distribution with mean zero.

The author wishes to thank Prof. A. Kudo of Kyushu University for his

encouragments and advices.
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