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In Proc. Japan Acad. Vol. 48, No. 7 (1972), pp. 484-488, Theorems 1,2 and 3 are

not valid as they stand. From Lemmas 1.2 and 1.3 we can not derive these Theorems,

and we shall give the corrected forms of them in this paper. And we shall give the

detailed proofs of all results, which are stated without proofs in the paper mentioned

above.

First we consider the first order differential equation;

1.1)

According to Euler's method, we shall try to approximate the equation (1.1) by the

following difference equation ;
●

(1.2)　　vn+i - yn+hf(xn,yn),

where yn is an approximation of the solution of (1.1) at x-xn-x｡-¥-nh.

In actual calculation, the calculated value of yn+1 is given by the formula;
●           ●

(1.8)　　yn+l - yn+hf(xn,ynトRn　　　(Rn ; round-off error).
On the other hand, if we denote the true value of the solution of (1.1) at the point

x-xn by y(xn), we have also the relation;

(1.4)　　y{xn+x) - y{xォ)+hj {xn,y(xn))+ (l/Wy〝(U

where gn-xn+dnh　(0≦On≦1).

If we subtract (1.3) from (1.4) and write

(1.5)　　En - Rn+(l/2)%〝(L)

ォ*-ォ/(ォサトvn,　e0-0,

we find the difference equation;

(1,6)　　en+i - en+h(f(xn,y(xn))-f(xn,yn))+En.

notice鮎st that we may write

j {vォ,y{xォ))-f{xn, vn) -fy(xn, vn)(y(xサトyn)

iffy exists, whereりis a number between yn and y(xn), so that (1.6) may be written

m the form;

en^-i :- en+heJy{xn)でn)+En ,

∇en - pnen-l+ {hfy (xn-1,りn-i) - Pn)en-1 + #サー!�"
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Here we discuss respectively the asymptotic behavior of the solution of (1.7)

and(1.8).

Theorem [1]. Consider the difference equation (1.7) under the assumptions]

(1) yip.*�" ≦サ(x)　　　　　-∞<y< +…)

●●

∑ th2サ{xo+(v+.ev)h)+ ¥Rv¥}≦　　　for 0 < h ≦h｡,
サ=0

(2)　¥fy(x> y)∫ ≦¢(x)　(-∞<y<+∞)

where 3M, lhv >0
◆●

∑ h¢{xo+vh) ≦
レ=0

C-L

G
for O<h≦hl,

(3)　　8 -0,

then we have

JenI ≦ C (L<C)

for O<h≦rmn{ho> h^.

Proof. The proof is derived by mathematical induction. Let us assume

leyI≦c　　　{v-0,1,2,-,n-1),
and we shall show

en¥^G.

From (1.7) and the hypothesis of the induction, we have

n-1                  n-¥

K ≦ ∑ ¥hfy(xo+vh,vv)ev¥ + ∑ ¥E(xo+vh)¥
y=O y=O

n-¥

≦hC ∑ ¥fy(x｡+vh,r]v)¥+L,
v-Q

and taking h so small that conditions (1) and (2) are satisfied,

¥en¥<LC.　　　　　　　Q.E. D.

Next we shall show that, under certain conditions, the solution of difference

equation (1.8) monotonically decreases as n-∞　Before stating the Theorem, we shall
●

give a I｣emma.

Lemma [1.1]. The solution of the equation]

∇z{xo+nh) - Anz(xo+(n-1)h)

+B(xo+ (n-1)h)z(xo+ (n-1)h)+w(xo+ (n-1)h)
I

%sgivenby

z(xo+nh) - z(xo) Y(xo+nh)

サーl

+ ∑ Y{xo+nh)Y-i(xo+(v+ l)h)B(xo+vh)之{xo+vh)
v-0

�"1-1

+ ∑ Y(xo+nh)Y-^xq+(p+l)h)w(xo+vh),
v=Q
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where Y(x) is a solution of the following equation;

∇Y(xo+nh) - AnY{xo+ (n-1)h)

y(∬o)-l-

Proof. The proof proceeds by the well known method, namely the variation of

parameters.

Let

之(xo+nh) - Y(xQ+nh)u(xQ+nh),

then　　　　､

∇z(xo+nh) - ∇Y(x｡+nh)u(x｡+nh)

- u(xo+ (n-1)h)∇F(a;0+TOA) + r(a;0+wA)∇u{xQ+ nh),
and

∇Y(xo+nh) - AnY(x｡+{n-1)h).
T九ns

AnY(x｡+ (n-1)h)u(xo+ (n- 1)h) + Y(xo+nh)∇u(xo+nh)

- AnY(x｡+ (n-1)h)u(xo+ (n- 1)h) +B{xo+ (n-1)h) Y(xo+ (n-1)h)u(xo+ (n-1)h)

+w(xQ+ (n-1)h),

and hence

∇u(x｡+nh) - Y-1{xQ+nh)B{xQ+ (n⊥l)h)z{x｡+ (n-w
+ Y-^xo+nfywixo+ in-lty).

From the above equation, we have

w-1

u(xQ+nh) - u(xo)+ ∑ Y-1^+(v+l)h)B(xo+vh)z(x｡+vh)
y=O

n-1

+ ∑ Y-1(x｡+(v+l)h)w(xo+vh),
y-0

where

z(xo) - Y(x｡Xu{x｡) - u{x｡).

Thus, we have the solution;

z(xo+nh) - Y(xo+nh)u(xo+nh)

n-1

- z{xo) Y(x｡+nh) + Y(x｡+nh) ∑ Y- L(a?o+ (v+ ~L)h)B{ョo+vh)z(x｡+vh)
y-0

n-¥

+ Y(xo+nh) ∑　Y-Hxo+(v+l)h)w(xo+vh).
y=O

Q.乱D.

Theorem [2]. Suppose that there exist constants

ヨM>0,ヨh｡,ヨA,>0,ヨ(入vJ,ヨ{ォ,}サヨLx>0, 3｣2>0, 3L3>0, (Lx+L2<1), which satisfy

the following conditions ;

､ (1)　　0<¥l+Av+l¥≦eA　　　{v-lX-)

n-¥

｣ ¥Av^¥^Lxexn,
リ-1



雌｡ WelSォEl翌UINwx

¥U*.y) ¥ ≦¢(a)　ト∞<y<∞)

n-¥

∑ h¢{xq+vTi)≦(1-L.-L^e入サ　for O<h≦ho,
v=0

d

dx-f(*,y))匡M)ト∞<y<∞)

{I12)h^jr(xo+(v+ey)h)+Rv ≦ avL3e入o+入1+入2+-+入'for O<h≦hl

n-¥

v=o　≦L2e入n　(入H>),

(4)

then we have

eo-O,

Kl ≦L3e入1+入2+-+人外　　　fa - 1, 2,-)

for O<h≦min[h｡) hx}.

Proof. The proof is carried out by mathematical induetion. For the case w-l,

the proposition is clearly true, and for the case n-2, we have

le21 ≦M*ify(Bl,り1)¥ + ¥E｡¥ + ¥El

≦　　¢(vi) + {<h + <h)e九l  ､

^AA
Let us assume

¥em¥≦L3e入1'入2+-+入　　　(m - 1, 2,-�"�",?&-1),

and we shall show that the above inequality holds for m-n as well. From Lemma

[1.1], we have

n-¥

en¥ ≦ I Y(x｡+nh) ∑　Y-i(xo+(r>+m(･y(*O+v如,トA+iKI
v=O

n-¥

+ 1 Y(xo+nh) ∑　Y-i{xo+{v+¥)h)Ev
v=O

Thus from the conditions (1), (2), and the hypothesis of induction

n-1

l Y(xo+nh) ∑ Y-1(xo+(V+l)h)(hfy(xo+vh,礼)-Av+I)ev ¥
V=O

n-¥

≦ ¥hY{xo+nh) ∑　Y-i(xo+(v+l)h)eMvo+vh) ¥
p=O

n-¥

+1Y(xo+nh) ∑　Y-Hxo+(v+l)h)¥ l^v+ll levl
v-0

≦L3(l-L2)e入1'入2十･ -十人n.

And by making (2) and (3),

n-¥

¥ Y(xo+nh) ∑　Y-i(xo+(i>+l)h)Ev
v=0
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n                     n

≦¥eou (i+Av)I+l^ n (i+Av)¥+-+1^.-ll
v=2

≦　　入1+入2+...+入n･

Hence we have也e inequality

Kl ≦L3人1+入2+-+入n.

リ-3

Q.E.D.

Kemark. The following example satisfies the conditions of Theorem [2],

*/'-
e-y

(∬!+l)

In Theorem [2], if we take the constants An as

-1<An<An+l<O
and

ll+4,I -e一入サーl,

then入n-1>入n> 0, and we have the following result.

●

Corollary.UnderthesameassumptionsasinTheorem[2]ontheconstants

3M,ヨho,3hvヨ{ォ,}00

v=o'ヨL¥,3L2,3Lz,卯hefollowingconditionsaresatisfied

･+Av+l¥-e-*サ卦A+ll^l-K

I/>,</)I≦¢(x)(-∞<y<∞)

あー1
∑h¢(xo+vh)≦{l-Lx-L,)e一入サforO<h≦h｡,

v=l

jL-f(x,y) &Hz) (--<y<-),

h2yjr(x｡+(v+ev)h)+Rv≦avLサe~入:-A--...一入*　for O<h≦hl

n-1

∑ av≦L9e~~入n
*=O

then

lenJ≦L3e~入1~人望~　入n

for O<h≦mm{/L^i}.

(入v>O.v-O,l,%一�"�"),

In the above corollary, for instance. if we take the constants Aサas

Am-
-1

(p+m-1)α

(m-l,2,-) (p>l : constant).

and α>争+1,
then the conditions (1) is satisfied.

Moreover, using the same idea, we may have the similar result for the propagation
●

of error of general one st me仇ods.
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