
ON THE GENERALIZED HUREWICZ THEOREM

著者 HASUO Yutaka
journal or
publication title

鹿児島大学理学部紀要. 数学・物理学・化学

volume 9
page range 51-54
別言語のタイトル 一般化されたフレヴィッツの定理について
URL http://hdl.handle.net/10232/00003966



Rep. Fac. Sci. Kagoshima Univ., (Math. Phys. Chem.)

No. 9 pp. 51-54, 1976

ON THE GENERALIZED HUREWIGZ THEOREM

By

Yutaka. Hastjo*

(Received September 25, 1976)

1.Introduction

Thereareknowntwodefinitionsofrcn{X¥G)w-thhomotopygroupsofthespace

XwithcoefficientsinthefinitelygeneratedabeliangroupG(cf.[1]and[3]).In[5],

Y.KatutaprovedthefollowingabsolutegeneralizedHurewiOztheorem.●

Theorem.IfXisaspacesuchthattt,-(X)-0fori≦2,ni(X)tsfinitelygeneratedfor

t'≦nandtt,(X;(t)-Ofor2<i<n,then

ョ:tzJX;G)望HJX;G).

AndK.Grァbaprovedin[2]thistheoremwithoutassumingthat7Ti(X)arefinitely

generated.Ontheotherhandwehavethedefinitionandsomepropertiesof7in{XyA¥G)

(cf.[3]).InthisnoteweshalldefinetherelativeHurewiczhomomorphism

):7t舛(X,A;G)-HJX,A;G)

andshowthegeneralizedrelativeHurewicztheorem.Thistheoremisessentiallythe

sameasthatin[6].Throughoutthisnote,weworkinthepointedcategories.Finally

theauthorisdeeplygratefultoProf.T.KudoandProf.M.Shirakifortheirkindness.

2.Definition

LetL:#i→Slbeamapofdegreem.Let#｣,-∑〝-2Cf(n-1)-foldsuspen-

sionofthemappingCone.Then,

H"-1(Ba)畠Z桝.

Fromtheordinaluniversalcoe侃cienttheorem,weobtain

H^JBl;Zm)望Zm.

WedenotebyαthegeneratorofHn-1(B筑;Zm).Andfromthehomologyexactsequence

ofthepair(CB笈,Bm),itfollowsthat

∂*9HJCBa,Bn
m¥Z桝)-サーi(B温;Z解)

isisomorphicforn≧2.Letft,-∂*1(an-i)ithen/?isageneratorofHJCB笈,Ba;Z).

Ontheotherhandweknowthefact
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Hn(CSォー¥Sォーi; Zm)望Zm.

We denote by in the generator of H^CSl1-1^"-1; ち). Now, we define the generalized
Hurewicz homomorpliism for an arbitrary finitely generated abelian group as follows.

i)ョz: 7tn(X,A;Zト-HJX,A;Z)

is the ordinal one. That is,ョz[f] - Utn) where/: (GS"-1,^-1) - (X,A)�"

n) &z桝: 7zn(X,A; Zm) -HJX,A; Zm)

is difined by &z仇Uf¥ -9*(β ), where

g: (CBl,B温) - (X,A).

iii) ◎Gx@Gt -ョGx◎◎G. That is,

OGl⑳　　㊤[/J) -ョGAfl]㊤◎ f.r/j ,

where f/J ∈ nJX,A; GA.

remark. nJX,A; Gl㊤G2) -7tn(X,A:Gl)㊤nH(X,A; Qa) (cf. [3]).

And, 6Gi : nn{X,A; Gi) -Hn{X,A; Gi).

Then we get the homomorphism &q for an arbitrary finitely generated abelian

group 6r, because G is decomposed into a finite direct sum of free groups and torsion

groups.

And ifA-xo (base point), then &q coincides with the absolute Hurewicz homomor-

phism in [5].

3. Preliminaries

In order prove the main theorem, we need some properties about rcn(X, A ; G) and &.

Proposition 1. Let X be 2-connected and tzAXG)-Ofor 3≦i<n, then

㊥: vサ(X; G)-Hn(X;G)

^s isomorphic (cf. [2] ).

Proposition 2. The squares (i) and (ii) are commutative

(n)

∂♯
7tn(X,A;G)->7in^{A;G)

与.-,ら

HJX,A;G)-Hn-x{A;G)

∂*

7tn{X,A;G)曇vサ(Y,言;a)

I

HJX,A;G)言HJY,B-,G)
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where　/: (X,A)->(Y,B).

Hence the proof is similar to the ordinal one, we omit it.

Proposition 3. Let S(X,A) be the function space F(I,l; X,A) with compact open

Let

ず: F(CP(G,n-1),P(G,n-1); X,A) - F(P(G,n-1); Q{X,A))

be a map such that苧(/)(a)(0 --/[^ 'L ^^6 ^∈P(G,n-1), t∈I and f∈F(CP(G,n｣),

PIG, n-1); X,A). Thenヂinduces an isomorphism

T : t:JX,A- G) - 7Tn-AQ{XJ)', G)

such that T[/] - [ず(/)]�"(of. [3])

4. Main theorem

T耶OREM二If X and A are 1-connected, (X, A) is 3-connected and 7Ti(X,A; G)-0

for 4≦i<n, then

rrn(X,A; G) - HJX,A; G)

%s isomorphic.

Proof. From the ordinal Hurewicz theorem and the homology exact sequence of

the pair (X, A), we get that H{(X,A;G)-0 for ^3. 0n the other hand thereis a
commutative diagram as follows,

0 → nJLXJ.)⑪G - 7tAX,A; G) - 7t3(X,A)瀞G - 0

01⑪lG ↓　　　◎2J　8*サh J

0 -> HAX,A)ョG-> HAX,A; G) -^ HJX,A)*G -> 0

and the rows are exact. Since (X, A) is 3-connected,ゥアis isomorphic. It is obvious

that

0 - tt3(X,A)*G些HJX,A)*G.

This implies thatゥ2 is isomorphic. Therefore we obtain that Hi(X,A; G)-0 for %≦4.

To prove that

H5(X,A;G)望n5(X,A; G) - 0,

we consider the fibration co: PX-X, where PX is the path space with compact open

topology.

Naturally (0-1(A)-G(X,A). It follows from Proposition 2 that the diagram

∂♯　　　　　　　　　(A)♯

7t,(QiX,A) ; G)ー7T5(PX,Q(XA); G) - 7iJX,A; G)

>

〃㊥
◎〝1　　◎′J

HAQ(X,A); G) ← GAPXMX,A); G) → HAX,A¥ G)
覧&^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^KQ^^

is commutative, (remark. ∂♯｡くり♯-1-丁)
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Fromthehomotopyandhomologyexactsequences,wehave∂♯,W♯and∂are

lsomorphic.ItfollowsfromProposition3thatS(X,A)is2-connected,andso

7r,(fi(Z,4);G)-0for3≦i<n-1.Therefore◎〝isisomorphicbyProposition1.

Itremainstoprovethata>*isisomorphic.Wenowconciderthehomologyspectral

sequenceofthefibrationco:(PX,Q(X,A))-(X,A)withfibreQX.Thenwehave

E芸-Hp{X,A;Hi{QX;G)).

And,thisfibrationisorientable,becausethebasespaceXis1-connected(cf.[7]).

Therefore,

E*,t-Hp(X,A;G)⑫HAQX¥G)㊤H^x(XtA¥G)*Ht{QX¥G)

(cf.[7]).

Itfollowsthat

EU望Ep.Q望**.,望･-望E;,-Ofovp≦4,

and

E*
5,0⊆皇E¥5,0⊆皇Et5,0⊆≦-･望M5,0

Ontheo払erhand,since

H5(PX,Si(X,A);G)-F5tO⊃*4.1⊃F.
.3,2,⊃-⊃乱1.6-0
and

FptqlFp-1,?+1-Ep>q

wegetthat

El｡-H5{PX,Q{X,A);O).

Therefore,coinducesanisomorphism

(ot:H6{PX,Q(X,A);G)-E?,｡-Ei,0-HJX,A;G).

Consequentlyitmeansthat&isisomorphicandH5(X,A;6r)-0.

Inductively,weCanprove比at

Hi(X,A;G)-Oiox%<n

and

e:nJX,A;G)-HJX,A;G)

isisomorphic.
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