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Abstract

The parameters which determine quintic spline are used to give more accurate
approximations than those from the quintic spline with little additional computa-
tional effort. A selection of numerical results is presented in Tables 1-3.

1. Introduction and description of method

Let s be a quintic spline, with equally spaced knots #; (t;=%k; nk=1) interpolating
to the given function y at the knots. Since there are (n-+5) parameters, the deter-
mination of the spline entails the use of special four equations (end conditions). In
the present paper we shall consider the following end conditions:

884)_*_“13(14)_‘_‘318(24) —_ CO s 881)+y18(14)+818(24)+,,71$§34) J— 61 s

(1)

S+ oSl 1+ Basiil e = Cny  SH+YaSiL 1+ 88Kl 2 a8 s = Cpy
Letting 6 and «(|8] >|«|>1) be the roots of the quartic polynomial ¢4+ 26t3+ 662+
26t+1=0, p,(t)=1~|—0&, t—[—ﬂ, 2 and q,(t)=1—|—'y, t+9; t2—|—77,' t3, we have
TaEOREM 1 ([3]) Let s be an interpolatory quintic spline which agrees with the smooth

function y at the uniform knots and satisfies the conditions (1). If p,(1/6)q:(1/x)—pi(1/x)g;
(1/8)==0 we have in the tnterval bounded away from the end points t=0, 1

s; = y;+(h*[5040) y{" + O(h?)
87 = y!+(h4/720) 5 — (h8/3360) v + O(kS) .

Proor. From the relationship between the function values and the fourth
derivatives of the quintic spline:

(1/120) (s 24265 1 +66s( 42652 1 +5{2 )
= (1/B*)(ss+2—48i41+68;— 481 +5;-5) ,

(1/120) {(5{%a—y3t2)+26 (62— 1)+ 6 (53 —y3)+ 26 (5121 —y2 )
T (5020 y20) } = — (/12) y© —(h4/60) 5 +O (19)..

Hence we have the asymptotic expansion:
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s — g —(12/12) y© -+ (14/240) y+0 (1)
in the interval bounded away from the end points.
Since A%’ = (28;—58;11+48;19—Si+3) +h4(18s 4-65s{%) ; +265(4 2+s§4_,33 )/120
hisj = (= VL3300 —Bsseq i)+ (—195(0 —1085(8, Lo, — 264/ 720,

we have the desired result (Hoskins and McMaster [1972]).
By arguments similar to those of Theorem 1 we arrive at

TeHEOREM 2. Let s be an interpolatory quintic spline subject to the conditions:
A7sP =A+1 g =0 and Vs =P"+1s®'=0 (r==06, 7,--+). Then we have the same asymptotic
expansion of Theorem 1 for all 1 (0<i<n).

Using Taylor series we obtain

CoroLLARY. Let the hypotheses of Theorem 2 hold. Then we have

(2) (1/6040) (—s;+3+68},,—15s/;1+5060s;—15s;_,+6s;_2—Ss;_3)

— 4;+008")
3) (1/720) (—s! o+4874 1+ T14s}+4s!_1—si_p)=y:+0 (h®)
4) (1/7560) (45, s— 345874 o+ 10257, 1 +T41Ts] + 10287 ,— 34557, +4s7_,)

=yi+0 (B%).

In order to obtain a coefficient matrix of band width five, we shall requlre to
rewrite the end condition 47s{¥=0 in the form:

S5 0,50 + by +¢,58 =

where
r=2>5 6 7 8
a, 21 26 8229/317 59805/2304 - -- 26+1/6
b, 67 65 20571/317 149490/2304 - - - —0(6-+26)
¢ 25 304/13 7363/317 53469/2304 -.. —0

In using (2), (3) and (4), the end conditions 47s{?=p’s®=0 (r="17, 8) would give
rise to the better approximations.

2. Numerical Illustration

In this section we shall consider the application of the above stated method by the
sample functions under the end conditions:

A5 = A3sf =0 and F'si =P8 =0.
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End conditions for Quintic spline interpolation

Table 1 (sint, n = 16)
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sl_yl Sll_y//
4)
(2) (3
1/8 —2.64(—9) —38.97(—12)
2/8 —1.15(—11) —1.83(—14) —5.25(—9) —17.81(—12) —1.24(—14)
3/8 —-1.10(—11) —1.02(—14) —7.77(—9) —1.15(—11) 5.97(—14)
4/8 —1.04(—11) —1.80(—14) —-1.02(—9) —1.51(—11) 1.38(—14)
5/8 —9.60(—12) —1.39(—14) —1.24(—8) —1.58(—11) —5.73(—14)
6/8 —8.66(—12) —1.58(—14) ~1.45(—8) —2.14(—11) 3.73(—14)
7/8 —1.63(—8) —2.42(—11)
Table 2 (log(1+t), » = 16)
sl_yl S”"‘y”
(4)
(2) (3)
1/8 —1.21(—6) 6.90(— 8)
2/8 1.68(— 9) —1.68(—10) —6.51(—7)  2.80(— 8) —17.92(—11)
3/8 8.84(—10) —5.99(—11) —3.69(—T) 1.27(— 8) —2.37(—10)
4/8 4.86(—10) —2.51(—11) —2.20(—1) 6.25(— 9) —1.49(—10)
5/8 2.79(—10) —1.20(—11) —1.36(—"T) 3.27(— 9) —8.48(—11)
6/8 1.65(—=10) —7.75(—12) —8.76(—8) 1.76(— 9) —8.25(—11)
/8 —5.83(—8) 7.71(—10)
Table 3 (exp (), » = 16)
sl_y/ sll_y/l
(4)
(2) 3)
1/8 2.40(—8) —3.58(—11)
2/8 1.52(—11) —2.07(—14) 2.72(—8) —4.05(—11) 6.04(—14)
3/8 1.72(—=11) —2.86(—14) 3.08(—8) —4.59(—11) 1.62(—14)
4/8 1.95(—11) —2.84(—14) 3.49(—8) —5.20(—11) 8.02(—14)
5/8 2.21(—11) —3.80(—14) 3.96(—8) —b5.89(—11) 3.73(—14)
6/8 2.50(—11) —4.11(—14) 4.48(—8) —6.68(—11) 2.71(—14)
/8 5.08(—8) —T7.60(—11)
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