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Abstract

This叩erdealswiththetwo-sidedapproximationsofthesolutionofthetwo

pointboundaryvalueproblembyuseofcubicandquinticsplines.Thesemethods

havebeentestedonseveralexamples.Numericalresultsshowthattheaccuracy

predicatedcanbeachieved.

1.Introduction

Splinesareofmuchuseforapproximatingsolutionsoftwopointboundaryvalue

problemsofordinarydifferentialequations.Inthepresentpaper,weshallconsider

仇etwo-sidedapproximationsof仏enonlinearproblems:

(1)∬〝-/(ォ,*,∬′)(0≦t≦1)

wi比也eboundaryconditions

(2)aox(Oト′(0)-co

(3)alx(l)+61x'(l)-cl)

wheref(t,x>y)issu鮎ientlysmoothintheregionDof(t,x,?/)-spaceinterceptedbytwo

hyperplanes｣-0andt-l.Weassumethattheproblem(l)-(3)hasanisolatedsolu-

tionft(t)satisfyingtheinternalitycondition

U-{(t,x,y)¥¥x-*(t)¥+¥y-&′(t)¥≦8,ォ牀[0,1]}⊂D

forsome8>0.Thesolutionoc(t)isisolatedifandonlyif

o-a0-0O

Lォi2｡(l)+6i2｡(l)｡1^(1)+柳,]

isnonsingular,wherezk(t)(k-0,1)isthesolutionofthefirstvariationequationof(1),

也atis,

●
Z芸-Mt,Sc,*′)z*+/3M,鬼′K(0≦t≦1)

●subjectto之^>(0)--ァy^.Here/,-(*,x,y)denotesthepartialderivativewithrespectto

thei-thvariable.

Department of Mathemates, Kagoshina University.
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Now making use of B-spline Qm+I(t)-(l/m! ) ∑(-!)'(ア>) (*一昭　we consider cubic

spline of the form

Mt)-　αiQiitjh-i) (nh-1)

with the undetermined coe鮎ient (α-3, α-2,-･,αか). The above x% will be an ap-

proximate solution to the problem (l)-(3) if it satisfies

x芸-PJ(t,xk,X孟)

<W-)-on宛0) -co

a&kil) +&!宛(1) -cl.

Here Pk(k-l, 2) is an operator defined by

(Prf) (*) - J grfe) A-(ォ)

{P2g) {t) - 2 βMt)

(0≦≠≦1)

(k - ih)

(γ≧6)
such that

^0-0, (1/6)(βォ+l+4βi+βi-i)->9i　(サ-l,2,...,サーl), Ffβォ-O,

where Lj(t) is a piecewise linear function with the property Lj(tj)-8itj. In case the

first derivatives don't appear both in the differential equation and the boundary condi-

tions, the approximate method (k-2) reduces to the Olassical 0(h2) difference one. In

[5], we have obtained the following

Theokem 1. In a sufficiently small neighbourhood of the isolated solution ft(t) of the

problem (1ト(3), there exists a cubic spline approximation xk(t) (Jc-l9 2) such that

l*<鮒Lx㌘'ll∞-max|#<焔)(t)-x㌘¥t)¥-0m　(m-0,l,2).

In an analogous manner as in cubiO spline, we shall consider the quintic one of the form

xk(t)-SαiQQ(th-i)　such tliat

xk〝-Pkf(t,xh,xk′) (0≦t≦1)

arfcJOトW-) - co

alxk(l)+bl宛(1) - cl.

Here (Pk g) (t) is a cubic splme witIi the node ｣,- such, that

tfV)(ォ.蝣)-&　(*-O,i,-,n), A'(Pd)'｡-F'(Pd)蒜-0　(r≧6);

(Pi9,LA-(A/12)ig^+lOgi+gi-i) (サ-1,2,-,サーl)

*(Pt9)a - A'+¥Pi9)3 - r(P4)芸- r+1(P4a)芸- 0 ,

where for any u(t) and v(t)∈L2[0, 1], we shall denote Ju(t)v(t)dt by (u, v). In case the first

derivatives don t appear both in the differential equation and the boundary Oonditions.

the approximate method (&-4) reduces to the well-known Numerov difference one.

In [5], we 血礼ve have obt

Theorem 2. In a sufficiently small neighbourhood of the isolated solution 5c(t), there

exists a quintic spline xk(t) (&-3, 4) such that
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B*<ォ>-*㌘'lt∞-0(Aォ) (m-0,l,2).

The object of this paper is to show the asymptotic expansion:

For.*-l, 2:

eh(t) - *(t)-ォ*(*) - (-1)k {h?l12) ib(t)+叫(t)+hォj>k(t)+O(hmia{S>r)) ;

For h-3, 4:

ek(t) - dkh*6(t)+h*Bk(t)+0 (h*) , (4,4) - (1/720, -1/240)

where ¢ and 0 are the solutions of the auxiliary two point linear boundary value problem甲:

¢〝 -/ォ(*, *>虎′) ¢+Ut>鬼,鬼′頼′+*<*>(*)

a<fl>(O)-b諦′(o) - 0 , arfm+b正′(l) - 0 ;

e〝 -m *, *′)o +m, *, *')o′+虎(�")(ォ)

ao6(O)-bQe'(O) - 0 , oifl(l)+M'(l) - 0.

Using these asymptotic expansions, we obtain the following two-sided approximations of
●

坤) at the mesh pou比:
∫

For　　*-1,2:

*(0-{aa(ォ; A)+サ2 (<;サ)}/2 - ^(ォ)+O (^6)

Si{t)- {ixx {t; hl2トx^tfy+ixS; ^トx2(t; h)}/6 - -(*4/4U(*)+0 (A6);

For k-3,4:

*(ォ)- (3s,(t; A/2)+∬*(t; hm/4 - (｣6/256) {30,(ォ)+04(ォ)} +0 (h?)

&(lト[3 {16xs(t; h12トxz{t; h) } + 16a?4(ォ; &/2ト*4(ォ; A) ]/60

- -(･180) {308(ォ)+04(Q } +0 (h?) ,

where xk(t; h) is the approximate solution using the operator Pk with the mesh size h.

Before we proceed with analysis, we shall define the Green function H(t, s)-(Hitj

(t, s) ) (1≦i, j≦2) such that

Z(t) [E-G-1

-Z{t)G-x

"oo"

Jhbl-

-oo-

zimz-Hォ) (サ≦l)

Z(l) Z-Hs) (t<s)

where E is the unit matrix and Z(t)-{z^(t) ) (0≦i, j≦1)･

2. Asymptotic expansion of error function ek(t) (k-l, 2)

In what follows, let g be sufficiently smooth, and use the notation: Im(t; g)-JH(桝)

(t, s) g(s) ds and I{t;g)-Io{t; g), where H(肪Ht, s) denotes the m-th partial derivative with

respect to the second variable and H(t, s)-H12(t, s) or H2Jt, s). First of all, P2 is well

denned. In fact, we have the following result:
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Lemma ([6]). The nxn tridiagonal matrix A
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is nonsingular for sufficiently large n if入幸2+ V3.
I

Lemma 2. At the meshpoint ti9 we have

I(t; (I-Pk)g) - (-1)k(h*/12) I(t; g〝)+h'p(t)+･[ik{t)+0(hmiォ(V>)

for sufficiently smooth [i{t) and [xh{t) (fc-l, 2).

Pkoof. From now on, we set c㍉-(*#-+<f-+i)/2. A simple Taylor series argument

shows:

m¥i-Pl)g) - -(hm2) HH(t) ci) g〝(oi)-(h* 480) 2 {Hit, *)gl')(ci)

+ (2/3) H′MgWM+H〝(t, ci)g〝to)) - (A763760) 22りiH(ォーサ(t)ci).

oO>(c,)+0(tf) (り2,鶴,り4,り5,り�") - (M/3,10/3,4/3,1).

By use of the mid point rule:

Jg(t)dt - (b-a) g( (b+a)12)+(l/24) (b-a)望¥rt莞- (7/5760) (&-ォ)* [o<3>]皇

+-　we obtain

7(ォ; (/-Pl) a) - -(h2/12) lit;g〝)一W48Q) lIa(t;g〝)+(2/8) *i(ォ;Ow)

+ I(t;gM)] + lh* 2S8) { ¥H(t,8)g〝(ォ))′]孟- + [(H(t,s)g〝(ォ))′]}+}

+･fix{t) + 0{･).

Since {P2g){t)-2 βiLi(t) such that

^｡-0, (1/6)(βサ+l+4βi+βi-0-0,　ォ-l,2...,n-1), rβ�"-O,

we

(P*9) fo) - 9i-(h2/6)9i +(^4/72) gf-ih^lQO) g?>+0(hmia(8'f)).

Hence we obtain

I(t; (I-P2)g) - I(t; {I-Px) g)+I(t; {Px-P,) a) - I(t; (I-PJ a)

+(A2/6) {I(f,9〝トI(t'AI-Px)g〝) ) -(h* 72) {I(t;gW) -I(t; (I-PJ gW) )

+(ft6/2160) I{t; gW) + O(^min(8.f)).

This completes the proof of Lemma 2.

Combining Theorem 1 and Lemma 2ァields :

Theoeem 3. At the meshpoint ti9 We have

(7)　　㌘(*) -ト1)*(A2/12U(叫(t)+0(･) (m-O, l)
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(8)拍)-(*蝣/12){(-!)*0"(ォ)+*ォ(ォ)}+0{･).

Pkoof.UsingTaylorseriesexpansionweobtain

e芸-Uk+Uk+(l-Pk)f-(I-Pk)(f2ek+f3ek′)+(l/2)Pk[Ut,虎-*ek9

度′-Ke'k)e芸+�"�"�"](0≦t≦1),

where/(ォ)-/(ォ,虎,虎′)and/a(*)-/>(ォ,免,n

Thuswehave

e㌘>(*)-JH(t,s)(I-Pk)f(s)ds-JH(t,s)(I-Ph)(M+/3el)(s)ds+O(･)

(H(t,s)-Hm+1M,s))

Fort-ti9wehave

JH(t,s)(I-Pk)(f3e'
k)(s)ds--(A3/12)SH(t,a)^)ef¥c{)

+0m--mmsHit^Ud)K(ti+1トォZfe)}+0(*4)-<W

Theconclusionnowfollows.

Corollary.Atthemidpointchweobtain

.e㌘蝣(ォ)-ト1)*(A2/12)0(�">(ォ)+0(A4)(m-O,l).

Peoof.Sincexk(t)iscubicon[0,h¥itisrepresentedasfollows:

サ*(*)-**(<>)po(</*)+サ*(ft)2>｡((h-t)fh)+h{宛(O)ft(*/A上境(h)pl((h-t)lh)}

(0≦t≦h),

fromwhichfollows

ek(t)-&(t)-p3(t;虎)+[e*(O)yo(ヰek(h)po((h-t)lh)+h

{e'

JO)p^m-eKh)pl((h-t)lh)}]-pc(t)-p3(t;*)+(-l)k(k/I2)fl,(ォ;初+0{･),

wherepk{t)(k-0,1)isacubicpolynomialwith,thepropertyp^)(O)-Skj,andpy(l)-0;

pz(t;g)denotesthecubicHermitepolynomialinterpolatingtoa.Since宛iscon-

sideredtobecubicon[0,h],wehave

e'
k(t)-*'(t)-pz(t;鬼′)+(-!)サ(*/I2)ft(ォ;〟)+(Aサ/12){*<4>(0)ft(ォ/A)

-Wltopil(h-t)lh)}+O(h*)-(-!)*(*ォ/12)〟(*)+(A3/12){*<4>(0)^(*/A)

-*w(h)pl((h-t)ih))+0m(o≦t≦h).

Thuswehavethedesiredresult.

Lemma3.Atthemeshpointti9Wehave

(10)I(t;(I-Pk)gek)-(A*/144)I(t;(#)〟)+(hi1720)I((t;g^))+O(h6)

(ll)I(t;(I-Pk)ge'
k)-{･j¥4A)I(t;(#')〝ト(A*/180)/(ォ;^(ォ>)

-(A4/720)I(t;g'&(*))-(h*1720)I^jfcWV+O^6)(k-1,2).

Pkoop.Sincexa
k(t)andx{^(t)arepiecewiselinearandstepfunctionsrespectively,
weobtain
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e'

M)-{･/24)ト^)(ci)+2(-1)klb"(ci)}+0(･)

ォ*)-(!/*)K(t>
1+1トe^))-(/*2/24)*<5>(c,-)+O(^).

Thuswehave

I(t;(I-Pl)geh)--(WIU)2H{t,ci)[(g〝ek)(ci)+2(g'e'
k)(ci)

+(ge紺oi)}-(h514:80)SH(t,oi)(#*<*>)(cA+Oih6)

-(-l)*+i(fcォ/144)/(ォ;(#)〟)+(A*/720)/(ォ;#*(4>)+O(&6).

Fork-2,wehave

I(t'
,(Pl-Pt)gel)-S入iJH{t,s)LAs)ds,

wheretheparameterA;(i-O,1?一�"�",n)satisfiesthefollowingsystemofequations:

(1/6)(入サ+l+4人i+入i-1)-(1/6)[{gea)(ti+1)-%e2)(ォ,)+(ォ?,)(t^)]

-(&2/6)(ge2)〝fe)+(ftサ/36)flrfe){ォォサ(*<+トe^ik-)}

+(h*l72)g(ti)xW(ti)+O(hォ)-(h*/72)(g両〝(ti)+0m,

A'入0-A'(ge2)0-^-2(i%e2)0-A<-¥(ge2)_(ォa)-%ea)(M+(flrea)(<｡)]

-(Aォ/12)A'-z(gib")1+O(liォ)-0(hォ),V入n-O(W).

Thereforewehave

A,-(AV72>(0両〝(t{)+0(･)

fromwhichfollows

I(t;(Pl-P2)ge2)-(･172)2(gdj)〟(ti)∫H(t,s)Li(s)ds+O(hォ)

-(･/72)I(t;(g両〝)+0(/>-).

Next,usingasimpleseriesargumentweseethat●

l(t;(トPl)ge>
k)--{^j12)SH{t,ci){ge呈)〟(ciト(A5/480)SH{t,ct)I

[(g*M(ci)+4(g'*W)(ci)}-(h*l720)2H′(ォ,c,-)(o*W)(e,-)+0(Aォ)

-(-1)*+1(^4/144)/(ォ;(*軒)〟)-{WII80)I(t;gx(5)ト{WinO)I{t;g'kW)

-(･/720)i^g^n+0m.

Since(Pi-P.)(ge'
2)(t)-2^LAt),wehave

JH(tts)(Pi-Pi)(gei)(s)d8-｣iiJH(t,s)Li(s)ds,

wheretheparameter｣#-(i-0,1,-n)satisfiesthesystemofequations:

(1/6)(6+1+4&+f,-1)-(1/6){(ォ?;)(ti+1)-2(ge'
2)(ォ<)+(<^)^-0)

-(*�"/6)(o〝ej+2flr'ej)(ォ,)+(#/12)o(meL8)fe+)+eiサ>(ォ,-)}

+(h*l12)g{ti)W>(ti+ト<*"(ォ,-)}+W2)W"十W')fe)

+O(Ae)-(A*/72)(Wf/)〝&)+0(A6),､
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A%-A'-*(A*(ge')o)-(A4/12)Ar-¥g^¥+O{Jfi)-0(･),F'L-0{･).

Hencewehave^-(^4/72)(g軒)〟(td+0m

fromwhichfollows

JH(t,s)(Pl-P2)(geMs)ds-(ft*/72)∫H(t,s)(g軒)〟(s)ds+0m.

CombiningLemmas2and3yields:●

Theorem4.Atthemeshpointti}wehave

(12)㌘>(*)-トl)k(h2/12)Mm)(t)+･≠W(t)+O(he)(m-0,1)

(13)eUt)-(A2/12){(-1)*0"(ォ)+*<4>(ォ)}+h'ok(t)+0(h*)

forsufficientlysmooth<f>(t)andak{t)(k-l92).

Corollary.Atthemidpointchwehave

(14)㌘蝣(ォ)-トl)k(h2/12)Mm)(t)-¥-h*¢W(t)+pmhHV+ササ(t)+O(hォ)

(/>Oi/サl)-(1/384,-1/128)(m-0,1).

Proof.Sincexk{t)isacubicpolynomialon[0,h],wehaue

ek{t)-*{t)-Pzfc鬼)+(-!)'(Aサ/12)y,(ォ:0)+.^,(ォ:^)+O(Aォ).

SineegVH?&i9)-(mnt-h)ww)+(i/120)t2(t-h)*(t-(h/2)).

g(5)(hl2)+0m(0≦t≦h),wehave

ek(h12)-ト1)*(A2/12)^/2)+/^W2)+i-o^*(4W2)+0(&6).

Since宛(t)isconsideredtobecubicon[0,h],wehave

e'
k(t)-%'(t)-p3(t;鬼′)+(-!)*(*/12)%(<;〟)+h*ps(t;J>')

+(A3/12)`{WmpMhj-WWp^h-tVh)}+0(W),

fromwhichfollowsthedesiredresult.

InanexactlyanalogousmannerasinTbeorem3,weobtain

Theorem5.Ifr≧7,thereexistsasufficientlysmooth<f>k(t)suchthatatthemesh

●pointti

(15)㌘(ォ)-(-lf{h*/12)0(桝w+w¢(mm+k6J>㌘>(*)+O(Aniin<V>)

ro-O,l)-.

3.Asymptoticexpansionoferrorfunctionek(t)(k-3,4)

●●Incaseofquinticspline,weshallrequirethefollowing:

Lemma4.Atallthemeshpointthwehave

(P*9)(ti)-fc+(&4/180)gf-(fc6/2160)(jfォサ+0(Aォ)

(PdWi)-9/+(&6/5040)<tf>+0(W)

(P.9)〝{k)-g"i-{W/12)gf+(Aォ/120)gf+0(hォ).

Proof.Sinces(t)-(P^g)(t)iscubiconeachinterval[t{,ti+1],weobtain
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(sM-(A/6)(s^+isi+si-J-iWWQ)(7*;+1+16sJヰ7<-x)-

FromthedefinitionofP4,wehave

(P4g,LA-(A/12)(gi+1+lOgt+gi-1)

fromwhichfollows

(1/6)(si+1+isi+si-1)-(h2/360)(7ォ;+1+16サJ+7ォ;-1)-(1/12)flr^+loft+&-!).

Notingthewell-knownconsistencyrelation:

(1/6)(*;+1+4サ;+ォ;-1)-(i/Aサ)fa+1-2*,+**-i),

wehavethesystemofequationswithrespectto(s'
O,*!,�"�"�",sa
n):
(1/120)(ォ;+,+26ォ;+1+66サj+26ォ;-1+ォ;-,)

-(1/12A2)(a,-+2+%+1-18^-+8^-+1+#,-+2).

SinceArs¥;-jr+is>Frs芸-F+1s芸-0(r≧6),weobtain

sl-g'i-ih*/12)gf+(Wl120)g?>+O(hォ)([6]).

Fors;,similarlywehave

(1/120)(si+2.+26si+1+66s,-+268,-i+ォ,�"-2)

-(1/72)(a,十,+14gi+1+42gt+Ug^+g4-,)(サ-2,3,--.,n-2).

仏eaboveconsistencyrelation,we血礼ve

s包-2sl+s｡-(h*/6)(s2+4sI+sS)-(A2/6)(o芸+4gl+g岩)

-(A*/72)(g^+^+g^+WnO)(gP+4gF+gV>)+0(h*)

-AV;+(ftV12)o(1*)+(&6/120)oi6)+0(*B)>*3-2s2+sx-Wg芸+(/W12)<#>

+(hォI12Q)g^+0{h*),sn-2s炉i+sサー2-h?g蒜-1+(^4/mgHU+WimgVLi

+0(h*),-

wehave

8i-9i+(A4/180)g^-(A6/2160)#�"サ+0(A8).

ThenextLemma,whoseproofisbasedonthislemmaandTaylorseriesargument,isa

keytoourasymptoticexpansion.

LEM班a5.AtthemeshpointthWehave

I(t;(I-Ph)g)-dk･I(t;gW)+h*vh(t)+O(h*)

(rfサ<y-(i/720,-1/240)

forsufficientlysmoothvk(t)(k-3,4).

Proof.UsingthecubicHermitepolynomialpz{t¥g)interpolatingtog,wweobtain

(I-P3)g-9-2>3(f,9)+(h5imWp&lh)一g[>i((h-t)ih)]+0m

(I-Pi)g-g-vs(t;gト(h*l180)[gS%(tlh)+g?%((h-t)lh)]
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+(Ao/2160)[g^pMk)+g[ォ%((h-¥-(V15040)[g^p&jh)

-9¥7)pi((h-t)lh)]+0(hs)(0≦t≦h)･

Sinceg(t)-pz(t;g)-(l/24:)t2(t-h)2gW(hj2)+(l/120)t2(t-h)2(t-hl2)g(5Hhl2)+

(1/720)tHt-h)2(t*-ht+3h?/%<6)(A/2)+---,weobtain

I(f,9-Pz(--
,9))-(h672Q)2H(t,oi)gW(oi)+(h''^^)2mt^g^c,)

+(2/5)H′(t^Ag^cA+H〝(t,oi)gW(oi)]+0{1fi).

Notingthatp^+px0--t)-t(l-t)and^(Q-pifl-ォ)-ォ(ォー1)(2ォー1),wefind

I(t;(I-P3)g)-I(t;g-p3(.;g))-(*サ/180)H¥2gm(oi)JH(t,8)(8h)

(s/A-1)(s/h-1/2)ds十(h2)gWlc{)∫H{t,s){sjh){sjh-¥)ds+-]+0(hs)

-(A5/180)2-[-(A2/GO)gl*)(ci)H′(t,ci)-(Wl12)g(ォ)(ci)H(t,ci)+-]

+0(h*)--(#710800){Il(t;gW)+5I(t;gW))+O(h*).

SincegPpMh)+<tf%((h-t)h)-gM{h2)+(h*/8)flr(ォ>(A/2)-(A/2){4(ォ/A)ォ

-6(tlh)+l)gW(h12)+-(0≦t≦h),weobtain

I(t;(I-Pi)g)-I(t;g-Ps(.;g))--(WII80)2[gW(ci)∫H(t,s)ds

+(h?l8)gW(ci)SH(t,s)ds-(k12)hgW(ci)SH(t>s){A{sjhf-Q{sjh)+l}ds]

+(hォl21W)I(t;g<.6))+O(W)--(･/ISO){I(t;gWト(^/12)/(*;sr<6>)}

-(h6llteO)I(t;gW)+(hォl21QO)I(t;g(*))-(hォjI800)Ix{f,g(*))+O{h*)

--(･1180)I{t;o(4))+(A6/4320)I(t;gWト(A6/1800)j(S;gW)+O(ha).

Thiscompletestheproofofthislemma.

CombiningTheorem2andLemma5yields:

Theorem6.Atthemeshpointti}wehave

23

e㌘it)-dkW6W{t)+0{W) (m-0,1)

e㌘'(ォ) - <fcAォ{0<*>(ォ)-*<ォ+叫(t) } +Gk.仇が一桝虎W(ォ)+0(h8-桝) (m - 2, 4)

ef{t) - dk･ {6W(t)-&W(t)} + CktzWW){t)+O{W)

(^3,2-09 ^3,3--1/180, (7.4-1/12;C4(2- -1/180, 04i3-0, C4,4-1/12).

Proof. From the definition of operator P4, we have

(1/120) {xfl,+26a>#,+mxf+26堆!+サォ,ォ,) - (!/12A2) {f(ti+2,xi+誠.2)

+8 f(ti+1, xi+1, xi+l)-18f(th xh ^i)+%f(ti-1, xト!,サ:-!) +f(ti-2, Xト　**-.) ]

- (1/i2*サ)(*j..乏+8弔+1-18度;+8粒1+鬼t一会)-(d*h*/12) {{6〝一度<6)),-+2+8

(e〝一兎W),.+1-18(0〝一兎<6>);+8(0〝-S<�"))トMe〝一兎<�">)*-,} + 0(A*) ,

with A";好)- Jt+1媒-yr;堤-r+M4)-O,
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wherexf]-碓%)蝣

Thereforeweobtain

eiォfo)-(Aォ/12)*</サ+0(A4).

InanexactlyanalogousmannerasinLemma4,wehave

el(ti)-dji*{0〝(tiト虎<6)&)}-(AV虎(ォ)(tA+O{h6).

Forfc-3,weobtain

(1/6)(曹fo+l)+4畔(*<)+曹(*.--1)}-(l/W){x'a(ti+1)-2xUti)

+s;fe-1)}-(i/h望)(鬼;+1-2度;+鬼;-i)-WaH(0〝-*<ォ>)m-2(0〝一身<6))i

+(0〝-*(6))*--i)+0m,A'x^-vrx�"-O,

fromwhichfollows

44)(*サ)-(1/12)^(ォ)+O(A4).

Corollory.Atthemidpointc#-,weobtain

e㌘W-dWHt)+O(h*)(m-O,l)

eUt)-dkW[6〝(*)一兎(�")(ォ)}+(1/384+0,2)hte(�">(*)+0(A6)

eiサ>(ォ)-dk･{0<3)(ォ)一兎<7)(*)}+(l/384+0*.z)hW)(t)-(CkAl8)hW)(t)+0(V).

Proof.Since%%isquinticon[0,h],wehave

ek(t)-*(t)-p5(t;Z)+dkWp5{t;0)+0m-dk･6(t)+0(･),

wherep5(t;g)denotesthequinticHermitepolynomialinterpolatingtog.Furtherwe

have

m-鬼′(t)-pi{t;虎′)+[e去(O)qo(th)+e左(h)qo((h-t)lh)

+MeUO)qi(tjhトe芸(h)qi((h-t)h))+h*{e㌢

+#>(*)ft((*-*)/*)>]-虎′(t)-p&;鬼′)+dkhip5(f>&′)+(Ck,*-dk)'

#[*&%(ォ/&ト*Hft)?i((A-*P)]+0(Aォ),

whereqk{t)isaquinticpolynomialwiththeproperty?(/)(0)-8f-ly,qiiu(l)-0(0≦i,j≦2)･

Hencewehave

e'
k(h2)-dkWO′(h/2)+0{hォ).

Sincex"
kiscubicon[0,h],weobtain

�"*(ォ)-虎〝(i)-vSS〝)+dkkip3(t;6〝)+(C*.*-dh)h*lWp(Mh)

+*[�"%((h-t)h)]+(ChlZ-dh)Wfr(*/*)-*i7'2>i((h-t)lh)]+0(Aォ).

fromwhichfollows

e芸(h2)-d^{e〝ト虎<e>(A/2)}+(1/384+0*.2)7W6>W2)+O(A6),

Similarlywehave
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ef{t) - xW{t) -pS;節)+dkWps(t;dW)+(Ck,3-dk) W[W%(tlh)

+w%( (h-tm+Ck.MWpiitihトWpi( (h-t)lh) ] + O(h*)

from which, follows the desired result.

Combining this Corollary and Lemma 5 yields :

Theoeem 7. At the mesh point th vie have

(19)　　　㌘>(t) -dkhieW{t)+h66㌢it)+O(h?) (m-O, l).

for sufficiently smooth dk{t) {k-3, 4).
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4. Numerical Illustration

In this section we shall consider the application of the above stated method to the

sample problems. Both in the cubiO and quintic spline approximations, we have taken

A-l/16 and r-6. All the computations were performed on FACOM M-200, a

computer of Kyushu University Computer Center.

Example 1. As our first example, we consider the linear problem:

x"-100a;,　a<0)-x{l)-1.

The exact solution is ft(t)-Oosh(10ト5)/cosh(5).

Table 1.1

x2-度　　I zl一兎　　　　　　ォ2-度　　I w1-度

Table 1.2

x4-度　　　　　　*3 -度　　　　　　Zァ-虎　　　　　　wq一兎

Here z^t) and v)i(t) are denned as follows :

H(Q - Mf>h)+xSih)]/2 ,　z3(t) - [3a!a(ォ;A/2)+a!4(ォ;A/2)]/4

方,(ォ) - [4^(^/2トzl(*; A)+4z2(ォ; /i/2トx2(t;h) ]l6

zM - [Hl6xa(f,h 2トxa(f,h) } + 16ォ4(ォ;A/2)-a;4(^ h) ]/60

w&) - [zl(t)+4at(t)]/5,　wa(e) - [!&!,(<)+6g4(ォ)]/21
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Example 2 ([9]). Next we Oonsider也e nodinear problem:

a;〟 - (*望+a;′2)/2e*, x(0)-x′(0) -0, x(l)+∬′(1) - 2e.

The solution is jfe(i)-e¥

Table2.1

xl一兎　　I x9-度　　f　　方1-度　　　　　　z2-度　　　　　wx一食

Table 2.2

x3一兎　　　　　　xァー虎　　　　　　*3 -度　　　　　　V虎　　　　　　W｡-x

Example 3 ([9]). We consider the following:

x〝-(exp{お)+*′2)/2, s(0トx′(0)-l, x(l)+x′(l)--b(2ト1/2. The solution is #(ォ)-

ln(l/(!+<) )蝣

Table3.1

xl一兎　　　　　　x｡一度　　　　　　*1-虎　　　　　　z2-度　　　　　　wx一度
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Table 3.2

x3-度　　　　　　xa-虎　　　　　　Z｡-鬼　　　　　　2 -度　　　　　　w2-虎

Example 4 ([9]). The problem solved was:

a;〟-(浴+te')/(l+<)サォ(0)-2a;'(0)--l,!K(l)+2a;'(l)-3e. The solution is *(ォ)-e*.

Table4.1

xl一兎　　　　　　xォー虎　　l z1-度　　I z9-度　　　　　　W-, -oo

-2.95(-4)

-3. 13(-4)

-3.30(-4)

-3.451-4)

-3.57(-4)

-3.64(-4)

-3.66(-4)

-3.60(-4)

-3.44(-4)

2.95(-4)

3. 13(-4)

3.30(-4)

3.44ト4)
3.56(-4)

3. 64(-4)

3.66(-4)

3.60(-4)

3.44 -4)

-1.22(-7)

-1.19(-7)

-1.15(-7)

-1.1K-7)
-1.04 -7)

-9.471-8)

-8.09　-8)

-6.15(-8)

-3.48(-8)

3.04(-8)

2.97(-8)

2.88(-8)

2.77(-8)

2.61(-8)

2.37(-8)

2.02(-8)

1.54 -8)

8.68(-9)

Table 4.2

-1.32(-ll)

-1.27(-ll)

-1.23(-ll)

-1.2K-ll)
-1.201-ll)

-1.2K-ll)
-1.23(-ll)

-1.26(-ll)

-1.3K-ll)

xa一兎　　I x4-度　　　　　　z3 -度　　　　　　H-虎　　　　　wx一度

27
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Example 5. We consider tIie following van der Pol's equation:

a;〟-(Lx2)x′/2-sB/4, a;(0)-0, s(l)-2.

Table 5.1

Wi

O
O
 
O
O
 
O
O
 
O
O
 
G
O
 
O
O
 
O
O

/
/
　
　
　
　
　
　
　
　
　
　
/

1

 

q

ハ

一

M

 

t

H

　

サ

O

 

C

D

 

b

-

0.2500 4470

0.5139 7139

0.7880 3037

1.0653 1507

1.3359 6745

1.5885 3760

1.8123 5625

0. 2500 4485

0
5
-
^
　
O
 
H
 
C
O
 
C
D

?

D

 

t

-

　

C

O

　

サ

O

 

r

H

 

O

0. 2500 4473

45

GKI

C
O
 
s
O
 
t
<
-
r
-
I

r
H
　
^
　
I
O
　
<
M

Table 5.2

Wo

O
O
 
O
O
 
Q
O
 
O
O
 
O
O
 
O
O
 
G
O

/

/

/

/

/

/

/

1
 
q
一
C
O
　
^
H
 
I
O
　
<
X
>
　
t
-

0. 2500 447339

0.5139 714521

0. 7880 304438

1.0653 151289

1. 3359 674648

1.5885 375651

1.8123 562137

0. 2500 447339
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34

I
O
 
S
O
 
1
-
I
 
0
0

8
　
4
　
　
　
3

Example 6. Let us consider tlie following nonlinear problem;
●

a;〟-1.5a;2L a;(0)-4,　x(l)-1.

This problem has two isolated solutions such that #(0.5)-16/9 and *(0.5)≒-10.5362.

＼

Table 6.1 (#(0.5)- 16/9)

xl一兎　　I x2-鬼　　　　　　ォ1-度　　　　　　ォ�"一兎　　　　　　wx一兎

-1.47(-3)

-1.87ト3)
-1.52(-3)

-1.57ト3)
-1.24 -3)

-8.59(-3)

-L46(-4)

1.44(-3)

1.84(-3)

1.79　-3)

1.55ト3)
1.23(-3)

8.51 -4)

4.42(-4)

-1.23(-5)

-1.35　-5)

-1.16(-5)

-9.10 -6)

-6.60(-6)

-4.27(-6)

-2.10(-6)

3.06(-6)

3.36(-6)

2.901-6)

2.271-6)

1.651-6)

1.071-6)

5.23(-7)

-3.50ト9)
-3.79(- 9)

-3.26(- 9)

-2.56　- 9)

-1.87(- 9)

-l.U(- 9)
-6. 04ト10)

Table 6.2 (x(0.5) - 16/9)

x4-度　　　　　　zz-%　　　　　　z4-度　　　　　　w2-度

O
O
 
O
O
 
O
O
 
O
O
 
O
O
 
O
O
 
0
0

/

/

/

/

/

/

/

H

　

(

M

 

C

O

 

r

H

 

I

D

　

ォ

D

 

b

-

2.74 -6)

3.22(-6)

2.93C-6)

2.40 -6)

1.8K-6)
1.22(-6)

6.ll(-7)

-8.60(-6)

-1.00 -5)

-9.ll -6)

-7.45　-6)

-5.6K-6)
-3.75(-6)

-1.89(-6)

-1.28 - 9)

-1.37(- 9)

-1.17 - 9)

-9.16ト10)
-6.68(-10)

-4.36ト10)
-2. 16(-10)

4.75ト9)
4.90ト9)
5.36ト9)
3.20 -9)

2.32ト9)
1.51ト9)
9.82(-10)

1.52 -10)

1.21ト10)
8.77(-ll)

6.32ト11)
4.421-ll)

2.86(-ll

1.86(-ll)
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Table 6.3 (a?(0.5)≒ -10.53)

Si　　　　　　　　　　　　*2

0
0
 
0
0
 
0
0
 
0
0
 
0
0
 
0
0
 
0
0

/

/

/

/

/

/

/

r

H

　

<

M

 

C

O

　

^

H

　

サ

O

　

<

X

>

　

t

-

- 0.3948 0250

4.7114 3147

- 8.4517 1162

-10.5361 5338

-10. 1182 7137

-　7.3812 7323

- 3.3562 7630

- 0.3950 0272

- 4.7120 5668

-　8.4523

-10. 5362

-10. 1183

-　7.3816

-　3.3563

9

　

1

　

q

ハ

一

9

　

9

t
-
　
O
>
　
0
0
　
I
O
 
I
O

▲

リ

一

4

　

9

　

q

ハ

一

8

0
　
A
1
　
1
　
4
　
4

0.3949 6268

- 4.7119 3164

- 8.4521 8460

-10.5362 2603

-10. 1183 1011

7.3815 6872

- 3.3562 9075

Table 6.4 (3(0.5)≒ -10.53)

Z3　　　　　　t　　　　　　之　　　　　　　　　　　　　w*

Q
O
 
C
O
 
C
O
 
C
O
 
O
O
 
O
O
 
0
0

/

/

/

/

/

/

/

1
 
q
一
C
O
"
?
H
　
サ
O
　
<
O
 
t
>

- 0.3949 6258

- 4.7119 3147

- 8.4521 8498

-10.5362 2615

-10. 1183 1020

-　7.3815 6862

- 3.3562 9067

-0.3949 6223

096

O
　
^
　
H
　
^
　
n

<

X

>

　

C

O

"

*

蝣

　

1

0

-0.3949 6250
1

Q

 

H

 

O
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サ

O

 

O

 

I

d

C
O
 
O
5
　
H
 
C
〃
　
6

日
リ
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Example 7. The next example, sometimes referred as Troesch s equation, is given

by

x〝-10sinh(10a;),　x{0)-0,　x(l)-1

The results, using Newton's method and identically zero starting guess, are shown in
●

Tables 7.1 and 7.2.

Table 7.1 (a?'(0))

*i(0)　　　　　4(o)　　　　　wi(0)

3. 5284841-4)

3. 579589ト4)
3. 583070 (-4)

3. 596624(-4)

3. 584231 (-4)

3. 583450 (-4)

3. 582996(-4)

3. 583303(-4)

3. 583374ト4)

23(0)　　　　　ai(o)

3. 581797ト4)
3. 583291(-4)

3.583375　-4)

3. 583061 (-4)

3. 583390(-4)

3. 583378 (-4)

3. 582100(-4)

3.583314 -4)

3.583376 (-4)

Table 7.2 (x′(1)

*i(l)　　　　　22(1)　　　　　wl(l)
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之3(1)　　　　　*i(l)　　　　　wi(l)

153. 4681

148. 9191

148. 4267

152. 0266

148. 6158

148. 3938

153. 1249

148. 8469

148. 4188

Example 8. The above stated methods are also applicable to the following

problem subject to the nonlinear boundary conditions :

d'-♂-(1+cost)3-cost ,

x′(0)-0,　∬′(1)- -a;3(0)sinl/(1+sinl)3.

Table8.1

xl一兎　　　　　　ォ2-度　　　　　　si一兎　　　　　　ォ2-度　　　　　　w*一兎

Table 8.2

xl一度　　I x4-度　　　　　　S3 -度　　　　　　z4 -度　　I w2-度

-1.7K-9)
-1.71(-9)

-1.691-6)

-1.66(-9)

-1.6K-9)
-1.54ト9)
-1.44ト9)
-1.29(-9)

-1.09(-9)

5.14(-9)

5.12 -9)

5.07ト9)
4.98(-9)

4.83 -9)

4.61ト9)
4.30(-9)

3.86(-9)

3.27(-9)

-2. 15(-14)

-2. 04(-14)

-2.02 -14)

-2.09(-14)

-2.22 -14)

-2.51(-14)

-2. 91ト14)
-3.51(-14)

-4. 40(-14)

5.00(-14)

5.09(-14)

5.321-14)

5.73(-14)

6.41(-14)

7.38(-14)

8.86(-14)

1.10(-13)

1. 40(-13)

-4.49(-15)

-3.44(-15)

-2. 72ト15)
-2.26ト11)
-1.67(-15)

-1.55ト15)
-1.06ト15)
-5.46(-16)

-2.50 -16)
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