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Abstract

This paper deals with the two-sided approximations of the solution of the two
point boundary value problem by use of cubic and quintic splines. These methods
have been tested on several examples. Numerical results show that the accuracy
predicated can be achieved.

1. Introduction

Splines are of much use for approximating solutions of two point boundary value
problems of ordinary differential equations. In the present paper, we shall consider
the two-sided approximations of the nonlinear problems:

(1) =f@tz2) 0<t<])
with the boundary conditions

(2) 242(0)—by'(0) = ¢,

(3) a,%(1)+b,2'(1) = ¢, ,

where f(¢, %, y) is sufficiently smooth in the region D of (¢, x, y)-space intercepted by two
hyperplanes ¢=0 and t=1. We assume that the problem (1)-(3) has an isolated solu-
tion #(¢) satisfying the internality condition

U= {2yl lz—40)]+|y—4()]| < 8t[0,1]} D

for some §>0. The solution %(¢) is isolated if and only if

N 80

1%0(1) +by20(1) a,2,(1)+by21(1)

is nonsingular, where 2,(t) (k=0, 1) is the solution of the first variation equation of (1),
that is,

25 =folt, %, &) 2 + folt, %, %) 2, (0<t<1)

subject to 2{°(0)=5;; Here f;(t, z, y) denotes the partial derivative with respect to
the ¢-th variable.
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Now making use of B-spline @,,+,(t)=(1/m!) S(-1){(*+1) (t-¢)%, we consider cubic
spline of the form
2i(t) = T aQu(tfh—i)  (nh—1)

with the undetermined coefficient (a_3, a_g,+++, &,—;). The above z; will be an ap-
proximate solution to the problem (1)—(3) if it satisfies

xy = P, f(t, zp, %) <tk
aq@x(0) — b4(0) = ¢y
a i (1) + by (1) = ¢; .
Here Py(k=1, 2) is an operator defined by
(Pyg) (t) = T g(t;) L(t) (4 =1h)

(Pag) (¢) = 3 B:Li(2) (r=6)
such that

48,=0, (1/6) (Bir+4Bi+ Bi-1) = 9 (=120, n—1), V'f.=0,
where L,(t) is a piecewise linear function with the property L;(t;)=3;; In case the
first derivatives don’t appear both in the differential equation and the boundary condi-
tions, the approximate method (k=2) reduces to the classical O(%2) difference one. In
[6], we have obtained the following

TreoreM 1. In a sufficiently small neighbourhood of the isolated solution %(t) of the
problem (1)—(3), there exists a cubic spline approximation zx(t) (k=1, 2) such that

40— oo = max| £~ ()| = O () (m=0,1,9).
In an analogous manner as in cubic spline, we shall consider the quintic one of the form
z4(t) = 3 0;Q¢(t/h—3)  such that
w"=Prf(t,zp ') (0<t<1)
ag4(0)—by,(0) = ¢,
a,%5(1)+ by (1) = ¢y .
Here (P}, g) (t) is a cubic spline with the node #; such that
(Peg) (t)=9:  (0=0,1,--+,m), 4(Pyg)s =V"(Pyg)s =0  (r=6);
(P,g, L;) = (h/12) (g:+1+10g; + gi-1) (t=1,2,---,n—1)
A(Py9)e = A"THPy9)s =V'(Pyg)n =V (Pyg), =0,

where for any wu(t) and v(t)eL*0, 1], we shall denote fu(t)v(t)dt by (u,v). In case the first
derivatives don’t appear both in the differential equation and the boundary conditions,
the approximate method (k=4) reduces to the well-known Numerov difference one.
In [5], we have have obtained

TeEOREM 2. In a sufficiently small neighbourhood of the isolated solution %(t), there
exists a quintic spline z(t) (k=3, 4) such that
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5 — 2| =0 ()  (m=0,1,2).
The object of this paper is to show the asymptotic expansion:
For k=1, 2:
ex(t) = #{t)—aa(t) — (—1)* (B[12) (t) +h34(0) + 15 4(0) + O(min 1) ;
For k=3, 4:
ex(t) = dph*0(t) +1%0,(t)+ O (B%), (dsdy) = (1/720, —1/240)
where i and 6 are the solutions of the auxiliary two point linear boundary value problems:
" =folt, & &)+ fot, &, ) '+ 5A()
aot/; 0)—bl'(0) =0, a1¢' 1)+b30'(1) =
= falt, %, £)6 + folt, &, &)6" + 4 O)(2)
aOG(O)—boo 0)=0, a10(1)—|-b10( )=0.
Using these asymptotic expansions, we obtain the following two-sided approximations of
%(t) at the mesh point:
For k=1,2:
&(t)— {1(t; B)+25 (;R)} /2 = B44(2)+O (A°)
5(t)— (4, (85 B[2)—xy (8 ;h) + 4258 B[2)—2o(t; B)} 6 = —(R44) $(2)+O (9);
For k=3, 4:
#(8)— (3wg(t; B[2) +x4(t; h[2)} [4 = (R8[256) {305()+ 0,(t)} +O (h8)
%(t)— [3 (16a4(2; h/2)—wxg(t; B) } + 16x4(t; h/2)—x4(%; h) ]/60
— —(1980) (305(t) +64(t) } +O (1),
where a(t; ) is the approximate solution using the operator P; with the mesh size A.

Before we proceed with analysis, we shall define the Green function H(t, s)=(H;,;
(t, s)) (1<1, j<2) such that

H(t,s) =

00
{Z(t) [E——G“l[ ; :|Z(1) 1Z-(s) (s<t)
1 0y

00
—-Z(t)G—l[ ]za) Z) <9
where E is the unit matrix and Z(t)=(z}”"(t) ) (0<s, 5<1).

2. Asymptotic expansion of error function ex(t) (k=1, 2)

In what follows, let ¢ be sufficiently smooth and use the notation: I,(¢; g)=H )
(t, 8) g(s) ds and I(¢;9)=I(t; g), where H **)(t, s) denotes the m-th partial derivative with
respect to the second variable and H(t, s)=H,(¢, s) or Hy(t, s). First of all, P, is well
defined. In fact, we have the following result:
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Lemma ([6]). The nXn tridiagonal matriz A
(1 A
1 41
01 41
1 41
Al
is nonsingular for sufficiently large n if A==2+ V3.
Leuma 2. At the mesh point t;, we have
I(t; (I—Py)g) = (—1)*(*[12) 1(t; ¢") +h2u(t) + O (t) + O(hmin &)
for sufficiently smooth u(t) and ux(t) (k=1, 2).

Proor. From now on, we set ¢;=(t;+t;4;)/2. A simple Taylor series argument
shows:

I(t; (I — Py) g) — —(/12) 3 H(z, 03) g"(0)—(k#/480) 3 {H (t, 0)) 9®(cy)
+(2/3) H'(¢,¢;) g®(c;) +H" (2, ¢;) 9"(c;)} — (A7/53760) 3.3 0;H G-D(¢,¢;) .
9Ne)+OR) (13,73 Mas M5 M) = (1,4/3,10/3,4/3,1).
By use of the mid point rule:
§g()dt = (b—a) g ( (b+0a)[2)+(1/24) (b—a)* [g']; — (7/5760) (b—a)* [ ®)]
+..., we obtain
I(t; (I—Py) g) = —(1*/12) I(t; 9") — (h*/480) [I5(t; 9")+(2/3) L1(t; 9 )
+I(t;9@) ] + (h*/288) {[H(t,5) 9"(s) )16~ + [(H(2,5) 9"(5)) ]} 4}
+hu,(t) + O(RS) .
Since (P,g)(t)=2 f;L(t) such that
4By=0, (1/6) (Bixa+4i+fi-1) =9; (=1,2-++,0-1), F"B,=0,
we have
(P g) (t:) = g:—(1%/6) g7 +(h*[72) g — (1%/2160) g + O(h™= &) .
Hence we obtain
I(¢; (I—Py) 9) = I(t; (I—Py) g)+1(¢; (Py—Py) g) = I(t; (I—Py) g)
+(2(6) {I(t;9")—1(t; (I—Py) g")} —(0*[72) {L(2;9@) — I(¢; (I—Py) g®)}
+(h8/2160) I(¢; g®) + O(hmin(8,1)

This completes the proof of Lemma 2.
Combining Theorem 1 and Lemma 2 yields:

THEOREM 3. At the mesh point t;, we have

(7) egm(t) = (1) (#[12) () +0(RY)  (m=0,1)
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(8) ei(t) = (R[12) (=1} " (6) + 50 (5)} + O (A*) .
Proor. Using Taylor series expansion we obtain
ey = faer + foeh +(L—Pr) f — (I—Py) (foer+ foer') + (1/2) Py [ foolt, B—rer,
% —xkep)ez+ -] o0<t<l),

where f(t)=f(t, £, #') and f,()=f2(s, %, &), «+- .
Thus we have

ey (t) = § H(t, s) (I—P4) f (s) ds — § H(t,s) (I—P3) (faes+ faep) (s) ds+O(h?)
(H (8, 8) = Hypy1,5(,5) ) -
For t=t;, we have
§ H(t,s) (I—Py) (fser)(s) ds = — (h3[12) X H(2, ¢;) f3(c;) e (c;)
+O(B) = —(¥)12) 3 H(t,6) filo) (e3ti)—3(0)) + O () = O(h)
The conclusion now follows.
CoroLLARY. At the mid point c;, we obtain
e (t) = (—1)* (B212) () + O(R*)  (m=0,1).
Proor. Since z(t) is cubic on [0, %], it is represented as follows:
4(t) = 24(0) po(t/h) +@4(h) pol (h—2)[B)+h{2;(0) py(t/h)—m;(h) Po( (h—2)[R) }
O0O<t<h),
from which follows
ex(t) = () — Pa(t;8) +[€a(0) po(t/h) +ex(R) po( (h—1)/h)+h
(4(0) pa(t/h)—e;(h) pr(h—2)[h)} 1= &(t) — pa(t;%)+(—1)* (B2[12) py(t; ) + O(A*) ,

where p;(t) (k=0 1) is a cubic polynomial with the property p{/(0)=5;,;, and p{’(1)=0;
Ps(¢; g) denotes the cubic Hermite polynomial interpolating to g. Since z;(t) is con-
sidered to be cubic on [0, h], we have

ey(t)=#'(t) — ps(t; &) +(—1)* (2*/12) pa(t ') +(3[12) {£@(0) py(t/R)
—%O(h) py( (h—1)[R)} +O0(h*) = (—1)* (h*/12) ' (2) + (R*/12) {£(0) py(t/R)
—&@(h) py( (h—12)[R)} +O(h*) (O <t<h).
Thus we have the desired result.
Lemma 3. At the mesh point t;, we have
(10) I(t; (I—Py) ges) = (h4[144) I(¢; (geb)") + (*[720) I( (¢; g5 @) +O(RS)
(11) I(t; (I—Py) ge;) = (h*[144) I(¢; (go)')")—(4[180) I(¢; g% ®))
—(h4720) I(t; g'% @) —(R4[720) I,(¢; g2 @) +O(R%)  (k=1,2).
Proor. Since z;(¢) and z{2(t) are piecewise linear and step functions respectively,

we obtain
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e4(ci) = (12/24) {—2 () + (~—1)k (e} + O
e2(c;) = (1/h) {e;(ti+1)—e;(t;) ) — (h2[24) G (c;) + O(h?) .
Thus we have
1(t; (I—Py) gop) = —(h*[12) 5 H(t,0:) [ (9"ex) () +2(g'e;) (c3)
+(gez)(c:) ] — (R¥[480) 3 H(t,0;) (9&®) (c;)+O(R)
= (—1)*+1 (h4/144) I(t; (gb)")+ (h4/720) I(t; g% ®)+O(hS) .
For k=2, we have
| I(t; (P,—P,) gey) = 3 \; § H(t,s) Li(s) ds,
where the parameter A,(¢=0, 1,- - -, n) satisfies the following system of equations:
(1/6) (Aia+42:+25-1) = (1/6) [(gex)(tia) — 2(ges) (4:) +(g€2) (ti-1) ]
= (h%[6) (geo)"(t;)+ (R3[36) g(t;) (e (t;i+)—e;@(t;i—) }
+ (R4)72) g(2;) 2O )+0(k6 (R4)72) (g)"(t:)+O(R®)
A2y = A'(gez)o A"=2(H2ge5)o = 47 (ges) (£2)—2(ges) (t1) +(ges) (to) ]
= (h#/12) 47-%g}"),+ O(hS) = O(R®) , "X, = O(hF) .
Therefore we have
A; = (h472) (gh)"(¢;) +O(R®)
from which follows
I(t; (P,—P,) gez) (h4)72) 2 (q)"(¢:) § H(2,) Li(s) ds+O(h®)
= (h472) I(t; (gif)")+O(R®) .
Next, using a simple series argument we see that
I(t; (I—Py)ge;) = —(R3/12) 3 H(t,c;) (ge;)"(c;)—(h5[480) = H(t,c;)-
[(92©)(c:)+4(g'2®) (ci)]—(h%[720) 5 H'(2, ¢;) (95 D) (¢:) + O(R°)
= (—=1)*1(h4/144) I t,(gz/: ")—(h*/180) I(t; g% ®))—(h*[720) I(t; g'% @)
— (h4[720) I,(¢; g& @)+ O(R8) .
Since (P,—P,) (ges) (t) = 3 £;Li(t), we have
SH(t,s) (Py—Py) (ge:) (s) ds = 3 &, § H(t,s) Li(s) ds,
where the parameter ¢; (5=0, 1,-- -, n) satisfies the system of equations:
(1/6) (£iry+4€i+£i-y) 1/6 (ge2) (tir1)—2(gez) () + (gez) (ti-1)}
= (h*/6) (g 6a+29 e3) (t:)+(h*[12) g(t:) (e6(4;+) +e8(8—) )
+ (F%[12) g(t:) {8 (t:+)—e2(8;—) } + (R*[72) (95 +49'4) ()
+ O(h®) = k4/72 ()" (t:) +O(S) ,
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A8y = 42 L2(ge')y) = (BY[12) 47-2(gif'), +O(HS) = O(hS) , P7£, = O(hS) .

Hence we have &=(h%/72) gx/x " (t;)+O(h®)
from which follows

§ H(t,s) (Py—Py) (ges)(s) ds = (h4/72) § H(t,s) (g)"(s) ds+O(hS)
Combining Lemmas 2 and 3 yields:
THEOREM 4. At the mesh point t;, we have
(12) e (1) = (— 1) k2/12 b0+ GO +O00)  (m=0,1)
(13) 65(t) = (12/12) ((— L) () +5®(0) } +htoy(t)+O(1S)
for sufficiently smooth §(¢) and ox(t) (k=1, 2).
CoroLLARY. At the mad point c;, we have
(14) ey (t) = (—1)* (h2[12) Y™ (&) + bt ™ (8) + p,,ht & A+m)(2) + O(hS)
(00> p1) = (1/384,—1/128)  (m =0, 1).
Proor. Since x4(t) is a cubic polynomial on [0, 4], we haue
en(t) = (1) — palt: £)+(—1)* (/12) po(t: )+ hpt: §)+O0(R) .

Since g(¢)-ps(t; 9)=(1/24)3(t—h)*g D (h[2)+-(1/120) (¢ —h)? (¢—(h/2)).
g (R[2)+-0R8)  (0<t<h), we have

ex(h)2) = (—1)* (h2/12) i(h/2) + R4 $(h[2) + poh*% @ (R[2) + O(RS) .
Since x;(t) is considered to be cubic on [0, A], we have
ei(t) = &'(t) — ps(t; &)+ (—1)* (h[12) ps(t; ') + 12 ps(t; $')
+ (B#[12). ((0) py(t/l)—EO(R) py(h—)/R) } + ORY),

from which follows the desired result.
In an exactly analogous manner as in Theorem 3, we obtain

TaEOREM b. If =7, there exists a sufficiently smooth ¢,(¢) such that at the mesh
pont t;

(16) e (t) = (—1)* (h2[12) b ™))+ h* ™) (t) + hSp ™ (2) + O(hmin 7))
(m=0,1).

3. Asymptotic expansion of error function e(t) (£=3, 4)
In case of quintic spline, we shall require the following:
Levmma 4. At all the mesh povnt ¢;, we have

(Pyg)(t:) = g:+(h[180) g — (h%[2160) g5 + O(°)
(Pag)'(t:) = 9’ +(h*[5040)g5" +O(A")
(Pag)"(t:) = g;—(h*[12) (" + (h*[120) g5+ O(A°) .
(

Proor. Since s(t)=(P,9)(t) is cubic on each interval [¢;, t;1,], we obtain
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(8i,L;) = (R[6) (Si+1+48;+85i—1)—(h3[360) (Ts; 41 +16s;+ Ts;_1) .
From the definition of P,, we have
(Pag> Li) = (1/12) (9:41+109; + gi-1)
from which follows
(1/6) (i41+48;+8i-1)—(R?[360) (7711 + 1687 +75/_1) = (1/12) (gi+2+10g; + gi-1) -
Noting the well-known consistency relation:
(1/6) (874 1+4s7+87-1) = (1/B?) (8i11—28; +8i-1) »
~ we have the system of equations with respect to (sg, s, -+, s3):
(1/120) (874 2+26s] 1+ 6657 +265;_; +s;_»)
= (1/12%%) (gi+2+8i+1—189:+8Gir1 + giva) -
Since A7sj=A"+1sy=F"sp=F"+1s,=0 (r=6), we obtain
7 = g3 —(R¥[12) g+ (14/120) g + O (49) (161).
For s;, similarly we have
(1/120) (84+9+ 268,41 +665; +268;-1 +5;-5)
= (1/72) (gi+a+ 149511 +429:+149i 1+ 9i-0)  (0=2,3,-++,n—2).
Using the above consistency relation, we have
83— 28, +80 — (12]6) (s3+4s3+55)=(1[6) (g3+4g3+g5)
— (R4[72) (g8 +4950 + ¢6°) +(B9[720) (957 + 49" +g8") + O (%)
— 12g5 -+ (14/12) g + (R9]120) g+ O (B9) , 53—2s,-+5, — hgs+(h4/12) g
+(18/120) g2+ O(h®) , Sy—28 -y +8n—g = h2g_ 1+ (h/12) g2, + (h8/120) 9S> ,
+O0(h%),---.
Thus we have
50 = o+ (4180) g0 —(19[2160) g3 +0 (h9) .

The next Lemma, whose proof is based on this lemma and Taylor series argument, is a

key to our asymptotic expansion.
Leuma 5. At the mesh point t;, we have
I(t; (I—Py) g) = diltI(t; g®) + homy(t) + O (h¥)
(dg, d4) = (1/720, —1/240)
for sufficiently smooth vy(t) (k=3, 4).

Proor. Using the cubic Hermite polynomial p4(¢; g) interpolating to g, w we obtain

(I—Py) g = g — py(t; 9)+ (R3[180) [ ps(t/h) — g® py( (h—1)[R) ]+ O (%8)
(I—Py) g = g — ps(t; 9)—(h*/180) [ po(/R) + g po( (h—2)[R) ]
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+ (h%/2160) [g8 po(t/h) + 91 pol (k—1)/R) ] — (17[5040) [96"p.(t/)
—gPp((B—0)[R)]+O0R®) (0<t<h).
Since g(t)—ps(t; g)=(1/24) 2 (t—h)2 g®(h[2)+(1/120)2 (t—h)2(t—h[2) g O (h[2)+
(1/720)t2(t—k)2(t2-—kt+3k2/4)g(6)(k/2) .+-, we obtain
I(t; 9 — ps(+ 3 9) ) = (R5[720) 3 H(t,c;) g ®)(c;)+(h7/40320) X [H(¢,c;) g ©)(c;)
+(2/5) H'( t,ci)9(5)(0¢)+H “(t,c) g®(ei) 1+ O (%) .
Noting that p,(¢)+ p,(1—28)=t(1—t) and p,(t)—p,(1—t)=¢(t—1)(2t—1), we find
I(t; (I—P3) 9)—1 (259 — ol 5 9) ) = (A3[180) Z [29¥(c;) § H(2, 5) (s/h)
(s/h—1) (s/h—1/2) ds +(h/2) g©)(c;) § H(2, s) (s/h)(s/h—1) ds+ -+ -]+O (h®)
= (h°/180) X' [—(h?/60) g ®)(c;) H'(t, c;) — (h?[12) g®)(c;) H(t, ¢;)+ -+ -]
+0 (h8) = —(h%[10800) {I,(t; g®)+5I(¢;9®) }+O0(F5) .
Since g po(t/h) + 9Pl (h—)/k) — gO(/2)+ (12/8) g D ([2) — (h/2) (4(t/h)*
—6(t/h)+1} g®(R/2)+--- (0<¢<h), we obtain
I(5; (I—P.) 9)—L(t;9 —Py(- 3 9) ) = —(4/180) 3 [g(c;) § H(c,s) ds
+(13/8) g ©(cs) § H(c, 5)ds—(h[2) hg®(ci) § H(ts) (4(s/h)—6(s/h)+1} ds]
+(15/2160) I(s; g ©)+ O(1F) = —(h4/180) (Z(t; g®)—(#/12) I(t; 9 ®)) }
—(h8/1440) I(t; g®)+(h8/2160) I(t; g ®))—(h8/1800) I,(t; g®)+O (h®)
= —(h*/180) I(¢; g®)+ (h8/4320) I(t; g®)—(h%/1800) I,(¢; 9®)+O (A%) .
This completes the proof of this lemma.

Combining Theorem 2 and Lemma 5 yields:

THEOREM 6. At the mesh point t;, we have

(16) e (t) = bt 0™ () +O(HS)  (m=0,1)
(17) em(t) = dght (8()—2 @) (8) } + O IS5 O @)+ O (RS-")  (m =
(18) e(t) = dyht (8®(t)—HD(2)} + Cp 42 ON(8)+0 ()

23

(03'2 = 0 ) 03’3 == 1/180 ) 03'4 = 1/12; 04'2 == —'1/180 s 04’3 = 0 Py 04'4 = 1/12) .

Proor. From the definition of operator P4, we have
(1/120) (244 2 + 2624 1 + 662 + 2622 + 22 5) = (1/12h2) { f (Biv2:Tit2,T; 2)
+8 f (ti+15 B> Tj 4 1)— 18 f (83 @i, T )+8f i—15 i1, ;1) + [ (bimgs Tigs T
= (1/12h%)(%} o +887, 1 —18%: + 8% _ + &1 _,)—(dgh?[12) {(0"—%®);45+8
("4 ®);13—18(8"—50);+8(6" )y +(8"—4®);_q) + O (),

with A7z = A7z = pra® =prHig® =0,

2)}
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where ' = x{®(t;).
Therefore we obtain
e(t;) = (h?[12) 22+ 0 (hY) .
In an exactly analogous manner as in Lemma 4, we have
4(t;) — dgh (8"(t:)—HO(t)) — (W/180) 5O (8)+ O (k9) .
For k=3, we obtain ,
(18 () 40820 080)) = (1) )25
+ @3 (tir) ) = (LRR)(R] =28 1) —(0gh?) ((6'—5 )1 —2(0"—5O)),
+(0"—2@),_} +O(hY), A2 =VTz =0,
from which follows
eP(t;) = (1/12) k2%, ®) +0 (h*) .
CoroLLORY. At the mid pownt c;, we obtain
™ (t) = dht 0™ (@) +O0 ()  (m=0,1)
65(0) = dyht (87())—2 O (0)} + (1/384+C} o) BEO (1) +O (%)
e (t) = dph* {§@(8)—£)(t) } + (1/384+C4 5) B4 M)(8)—(Cr,o/B)AE () +O (A7) -
Proor. Since x; is quintic on [0, 4], we have
ex(t) = %(t) — ps(t;%) +dih*ps (¢;0)+ O (h®) = d h46(t)+ O(hS) ,

where p4(t; g) denotes the quintic Hermite polynomial interpolating to g. Further we
have

e,(t) = &'(t) -—p5(t'a‘c')+[e,; (0) go(t/R)+e;,(h) qo (B—1)/R)
+h{e;(0) gi(t/h)—e;(R) g1 (h—1t)[R) } + B2 {e2(0) go(t/R)
+e(h) go (h— t/k 1=4"(t) — ps(t; &) + deh®py(t;0") +(Cr,0—ds) -
P& qu(8[h)— 2 (h) u((h—1)[B) ] + O () ,

where g4(¢) is a quintic polynomial with the property ¢¢/’(0)=8$; ;, ¢’(1)=0 (0<3, j<2).
Hence we have

e, (h/2) = dph*0'(h[2)+O (hS) .
Since x} is cubic on [0, £], we obtain
ex(t) = &"(t) — p(t;8") + duh*py(t;6") -+ (Cp o —di) B4 [£6" polt/R)
+40po( (h—1)[R) 1+ (Ch,5—di) B[A pa(th) =27 py( (h—1)[h) ] + O (BF) .
from which follows
en(h]2) = dht{0"(h]2)— & O (h/2)} +(1/384+Cy o) h44 O (B2) + O (B5) ,

Similarly we have
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e (t) = 2O(8) — palt; £%) + dehtpy(t;0 )+ (Ch 5—di) P po(t/h)
+ &7y (h—0)[ ]+ C, T4 po(t/ 1) — 5 po( (h—2)[R) ] + O ()

from which follows the desired result.
Combining this Corollary and Lemma 5 yields:

THEOREM 7. At the mesh point t;, we have
(19) e (t) = dgh9 ™ (8) + B8Oy (1) +O (B8)  (m=0,1).
for sufficiently smooth 6,(t) (k=3, 4).

4. Numerical Illustration

In this section we shall consider the application of the above stated method to the
sample problems. Both in the cubic and quintic spline approximations, we have taken
h=1/16 and r=6. All the computations were performed on FACOM M-200, a
computer of Kyushu University Computer Center.

Example 1. As our first example, we consider the linear problem:
2" =100z, 2(0)=z(1)=1.
The exact solution is £(t)=cosh(10¢-5)/cosh(5).

Table 1.1
z,-% Zo-% 2,-% 25-% wy-%
1/8 —6.05(—3) 5.66(—3) —1.95(—4) 4.87(—5) —6.87(—8)
2/8 —3.49(—3) 3.33(—3) —7.68(—5) 1.91(-5) —4,40(—8)
3/8 —1.65(—3) 1.61(—3) —1.75(—5) 4.33(—6) —2.39(—8)
4/8 —1.10(-3) 1.09(—3) —3.25(—6) 7.90(—1) —1.67(—8)
Table 1.2
Tg-% 24-% 29-% 24-% Wy-%
1/8 3.45(—5) —1.13(—4) —3.15(—8) 1.17(="7) 3.718(— 9)
2/8 2.02(—5) —6.56 (—5) —1.80(—8) 3.63(—8) 1.40(— 9)
3/8 9.70(—6) —3.14(-5) —8.57(—9) 2.92(—8) 4.31(—10)
4/8 6.52(—6) —2.11(—5) —5.74(—9) 1.93(—8) 2.15(—10)

Here 2;(t) and w;(t) are defined as follows:
2(t) = [2y(t; B)+2o(t;h) 1/2,  24(t) = [Bwa(t;h/2) +24(t; B[2) /4
25(t) = [day(t; B[2)—xy(t; ) +4as(t; B[2)—xo(E;h) /6
24(t) = [3{164(t;h/2)—x5(t;h) } + 1624(t;h/2)—24(t; h) ]/60
wy(8) = [21(¢) +425(2) 1/D,  wy(t) = [1625(2) +52,(2) 1/21 .
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Example 2 ([9]).
2" = (2 +x'?)[2¢, x(0)—a'(0) =0, x(1)+2'(l)=2e.

The solution is %(¢)=¢".

M. Saxrax

Next we consider the nonlinear problem:

Table 2.1
Ty-% To-% 2-% 29-% wy-%

0 —1.41(—4) 1.41(—4) —1.03(=") 2.58(—8) —17.50(—12)
1/8 —1.59(—4) 1.59(—4) —1.06(—1) 2.64(—8) —17.02(—12)
2/8 —1.75(—4) 1.75(—4) —1.08(="7) 2.71(—8) —6.61(—12)
3/8 —1.89(—4) 1.89(—4) —1.10(=17) 2.75(—8) —6.29(—12)
4/8 —2.00(—4) 2.00(—4) -1.11(-17) 2.76(—8) —6.07(—12)
5/8 —2.07(—4) 2.07(—4) —1.08(—17) 2.69(—8) —5.96(—12)
6/8 —2.09(—4) 2.09(—4) —9.98(—8) 2.49(—8) —5.98(—12)
/8 —2.02(—4) 2.02(—4) —8.38(—8) 2.09(—8) —6.16(—12)

1 —1.86(—4) 1.85(—4) —5.57(—8) 1.39(-8) —6.54(—12)

Table 2.2
Tg-% xy-% 23-% 24-% Wy-%

0 9.96 (—9) —2.76(—8) —7.58(—14) 3.10(—13) 1.60(—14)
1/8 1.03(—8) —3.10(—8) —1.13(-13) 4.20(-13) 1.43(—14)
2/8 1.14(-8) —3.41(—8) —1.49(~—13) 5.32(—13) 1.31(—14)
3/8 1.23(—8) —3.69(—8) —1.85(—183) 6.43(—13) 1.23(—14)
4/8 1.30(—8) —3.91(—8) —2.19(—18) 7.53(—13) 1.20(—14)
5/8 1.35(—8) —4.05(—8) —2.53(—13) 8.58(—13) 1.18(—14)
6/8 1.36(—8) —4.08(—8) —2.83(—13) 9.57(—13) 1.19(—14)
/8 1.31(—8) —3.95(—8) —3.11(—13) 1.04(-12) 1.20(—14)

1 1.20(—8) —3.62(—8) —3.32(—13) 1.12(-12) 1.31(—14)

Example 3 ([9]). We consider the following:

x"=(exp(2x)+x'2)[2, x(0)-z'(0)=1, x(1)+2'(1)=-In(2)-1/2.

The solution is %(t)=

In(1/(147¢)).
Table 3.1
z,-% To-% 2-% 2-% wy-%
0 —2.44(—4) 2.44(—4) 1.82(—1) —4.59(—8) —3.19(— 9)
1/8 —2.62(—4) 2.62(—4) 1.18(—8) —6.45(—9) —6.68(—10)
2/8 —2.63(—4) 2.63(—4) —6.50(—8) 1.31(—8) —2.49(— 9)
3/8 —2.54(—4) 2.54(—4) —9.87(—8) 2.19(—8) —2.23(— 9)
4/8 —2.40(—4) 2.40(—4) —1.12(-") 2.54(—8) —2.01(— 9)
5/8 —2.22(—4) 2.22(—4) —1.15(-") 2.64(—8) —1.82(— 9)
6/8 —2.03(—4) 2.03(—4) —1.13(-1) 2.61(—8) —1.65(— 9)
/8 —1.83(—4) 1.83(—4) —1.08(—1) 2.52(—8) —1.50(— 5)
1 —1.63(—4) 1.63(—4) —1.03(-1) 2.40(—8) -1.87(— 9)
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Table 3.2
Z3-% 24-% 23-% 24-% wy-%

0 2.02(—1) —6.26(—17) —1.04(—10) 1.70(-10) —3.85(—11)
1/8 2.15(-") —6.63(—17) —1.00(—10) 1.82(—10) —3.31(—11)
2/8 2.10(-1) —6.47(—17) —9.25(—11) 1.73(—10) —2.93(—11)
3/8 1.98(—1) —6.08(—17) —8.36(—11) 1.57(—10) —2.61(—11)
4/8 1.82(—1) —5.59(—T) —7.49(-11) 1.41(—10) —2.34(—11)
5/8 1.66(—1) —5.09(—17) —6.68(—11) 1.25(—10) —2.11(-11)
6/8 1.49(-T) —4.58(—1) —5.94(—11) 1.10(—10) —1.90(—-11)
/8 1.33(=1) —4.09(—1) —5.26(—11) 9.60(—11) —1.72(—11)

1 1,18(=17) —3.62(—1) —4.64(—11) 8.28(—11) —1.56(—11)

Example 4 ([9]).

The problem solved was:

o' =(z-+ta')|(1+-1), 2(0)-22'(0)=-1,5(1)+2'(1)=3e.

The solution is #(t)=¢"’.

Table 4.1
z-% Zy-% 2,-% 2~% wy-%

0 —2.95(—4) 2.95(—4) -1.22(-1) 3.04(—8) —1.32(-11)
1/8 —3.13(—4) 3.13(—4) —1.19(—"7) 2.97(—8) —1.27(—-11)
2/8 —3.30(—4) 3.30(—4) —1.15(—7) 2.88(—8) —1.23(—11)
3/8 —3.45(—4) 3.44(—4) —-1.11(-7) 2.77(—8) —1.21(-11)
4/8 —3.57(—4) 3.56(—4) —-1.04(—1) 2.61(—8) -1.20(—11)
5/8 —3.64(—4) 3.64(—4) —9.47(—8) 2.37(—8) —1.21(—11)
6/8 —3.66(—4) 3.66(—4) —8.09(—8) 2.02(—8) —1.23(—11)
7/8 —3.60(—4) 3.60(—4) —6.15(—8) 1.54(—8) —1.26(—11)

1 —3.44(—4) 3.44(—4) —3.48(—8) 8.68(—9) —1.31(—11)

Table 4.2
Z3-% Zy-% 23-% 24-% w;y-%

0 1.92(—8) —5.76(—8) —2.47(—13) 6.82(—13) —~2.61(—14)
1/8 2.03(—8) —6.11(—8) —2.84(—18) 8.05(—13) —2.46(—14)
2/8 2.14(-8) —6.44(—8) —3.21(—13) 9.30(—13) —2.29(—14)
3/8 2.24(—8) —6.73(—8) —3.58(—13) 1.06(—12) —2.13(—14)
4/8 2.32(—8) —6.96(—8) —3.96(—13) 1.18(—12) —1.95(—14)
5/8 2.37(—8) —7.11(—8) —4.33(—13) 1.81(—-12) —1.78(—14)
6/8 2.38(—8) —17.14(—8) —4.69(—13) 1.43(—12) —1.61(—14)
/8 2.43(—8) —17.03(—8) —5.03(—13) 1.55(—12) —1.49(—14)

1 2.24(—8) —6.72(—8) —5.33(—13) 1.65(—12) —1.28(—14)

27
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Example 5. We consider the following van der Pol’s equation:
&' =(1-2?)x’' [2-x[4, 2(0)=0, 2(1)=2.
Table 5.1
2 2 wy
1/8 0.2500 4470 0.2500 4485 0.2500 4473
2/8 0.5139 7139 69 45
3/8 0.7880 3037 74 44
4/8 1.0653 1507 36 13
5/8 1. 3359 6745 51 46
6/8 1.5885 3760 43 57
/8 1.8123 5625 06 21
Table 5.2
1/8 0. 2500 447339 0.2500 447338 0. 2500 447339
2/8 0.5139 714521 09 19
3/8 0.7880 304438 18 34
4/8 1.0653 151289 68 85
5/8 1. 3359 674648 37 46
6/8 1.5885 375651 1 1
/8 1.8123 562137 40 38

Example 6. Let us consider the following nonlinear problem;

2(0) =4,

2" = 1.5x2,

a(l)=1.

This problem has two isolated solutions such that #(0.5)=16/9 and £(0.5)=-10.5362.

Table 6.1 (x(0.5) = 16/9)
X% Zo-% 2,-% 2y-% w,-%
1/8 —1.47(-3) 1.44(-3) —1.23(-5) 3.06(—6) —3.50(— 9)
2/8 —1.87(—3) 1.84(—3) —1.35(—5) 3.36(—6) —3.79(— 9)
3/8 —1.52(—3) 1.79(—3) —1.16(—5) 2.90(—6) —3.26(— 9)
4/8 —1.57(—3) 1.55(—3) —9.10(—6) 2.27(—6) —2.56(— 9)
5/8 —1.24(-3) 1.23(—3) —6.60(—6) 1.65(—6) —1.87(— 9)
6/8 —8.59(—3) 8.51(—4) —4.27(—6) 1.07(—6) —1.14(— 9)
/8 —4, 46 (—4) 4.42(—4) —2.10(—6) 5.23(—17) —6.04(—10)
Table 6.2 (x(0.5) = 16/9)
23-% Zy-% 25-% 24-% Wy-%
1/8 2.74(—6) —8.60(—6) —1.28(— 9) 4.75(— 9) 1.52(—10)
2/8 3.22(—6) —1.00(—5) —1.87(— 9) 4.90(— 9) 1.21(—10)
3/8 2.93(—6) —9.11(—6) ~1.17(— 9) 5.36(— 9) 8.77(—11)
4/8 2.40(—6) —7.45(—6) —9.16(—10) 3.20(— 9) 6.32(—11)
5/8 1.81(—6) —5.61(—6) —6.68(—10) 2.32(— 9) 4.42(-11)
6/8 1.22(—6) —3.75(—6) —4, 36 (—10) 1.51(— 9) 2.86(—11)
/8 6.11(—1) —1.89(—6) —2.16(—10) 9.82(—10) 1.86(—11)
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Table 6.3 (2(0.5) = —10.53)

% % Wy
1/8 — 0.3948 0250 — 0. 3950 0272 0.3949 6268
2/8 — 4.7114 3147 — 4.7120 5668 — 4.7119 3164
3/8 — 8.4517 1162 — 8.4523 0279 — 8.4521 8460
4/8 —10.5361 5338 —10.5362 4491 —10.5362 2603
5/8 —10. 1182 7137 —10. 1183 1982 —10.1183 1011
6/8 — 17.3812 7323 — 7.3816 4259 — 7.3815 6872
/8 — 3.3562 7630 — 3.3563 4859 — 3.3562 9075

Table 6.4 (x(0.5) = —10.53)

%3 2 Wa
1/8 — 0.3949 6258 —0. 3949 6223 —0. 3949 6250
2/8 — 4.7119 3147 096 135
3/8 — 8.4521 8498 66 91
4/8 —10.5362 2615 34 19
5/8 —10. 1183 1020 41 25
6/8 — 17.3815 6862 54 60
7/8 — 3.3562 9067 0 b}

Example 7. The next example, sometimes referred as Troesch’s equation, is given

by

z" =10 sinh (10z), 2(0)=0, z(1)=1.

The results, using Newton’s method and identically zero starting guess, are shown in
Tables 7.1 and 7.2.

Table 7.1 (2'(0))

21(0) 22(0) w1(0)
n= 256 3.528484 (—4) 3.596624 (—4) 3.582996 (—4)
512 3.579589 (—4) 3.584231 (—4) 3.583303(—4)
1024 3.583070(—4) 3.583450 (—4) 3.583374(—4)
23(0) 24(0) w3(0)
n= 256 3.581797 (—4) 3.583061 (—4) 3.582100 (—4)
512 3.583291(—4) 3.583390(—4) 3.583314 (—4)
1024 3.583375 (—4) 3.583378 (—4) 3.583376 (—4)
Table 7.2 (z'(1))
21(1) 22(1) wi(1)
n= 256 171.5186 144. 6854 150. 0520
512 151. 3937 147. 2639 148. 0900
1024 148. 2963 148. 3316 148. 3246
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23(1) za(1) wz (1)
n= 256 153. 4681 152. 0266 153. 1249
512 148.9191 148. 6158 148. 8469
1024 148. 4267 148. 3938 148. 4188

Example 8. The above stated methods are also applicable to the following
problem subject to the nonlinear boundary conditions:

x" = 28— (1 +cost)®—cost ,

Z(0)=0, /(1) = —a%0) sin 1/(1+sinl)®.

Table 8.1
21-% Ty-% 2-% 29-% wy-%

0 —2.63(—5) 2.63(—5) —1.57(—9) 2.52(—9) —2.29(—12)
1/8 —2.62(—5) 2.62(—5h) —17.65(—9) 1.91(—9) —1.54(—12)
2/8 —2.60(—5) 2.60(—5h) —17.87(—9) 1.97(—9) —1.06(—12)
3/8 —2.55(—5H) 2.55(—5h) —8.24(—9) 2.06(—9) —17.81(—13)
4/8 —2.48(—5) 2.47(—5) —8.82(—9) 2.20(—9) —6.28(—13)
5/8 —2.36(—5) 2.36 (—b) —9.73(—9) 2.43(—9) —5.73(—13)
6/8 —2.20(—5) 2.20(—5) —1.12(-9) 2.80(—9) —6.00(—13)
7/8 —1.98(—5) 1.98(—5) —1.37(—9) 3.43(—9) —17.05(—13)

1 —1.68(—5) 1.68(—5) —1.79(—9) 4.47(—9) —8.95(—13)

Table 8.2
Zy-% Zy-% 23-% 2,-% Wy-%

0 —1.71(-9) 5.14(—9) —2.15(—14) 5.00(—14) —4.49(—15)
1/3 —1.71(—9) 5.12(—9) —2.04(—14) 5.09(—14) —3.44(—15)
2/8 —1.69(—6) 5.07(—9) —2.02(—14) 5.32(—14) —2.72(—15)
3/8 —1.66(—9) 4.98(—9) —2.09(—14) 5.73(—14) —2.26(—11)
4/8 —1.61(—9) 4.83(—9) —2.22(—14) 6.41(—14) —1.67(—15)
5/8 —1.54(—9) 4.61(—9) —2.51(—14) 7.38(—14) —1.55(—15)
6/8 —1.44(-9) 4.30(—9) —2,91(—14) 8.86(—14) —1.06(—15)
7/8 —1.29(—9) 3.86(—9) —3.51(—14) 1.10(—13) —5.46 (—16)

1 —1.09(—9) 3.27(—9) —4.40(—14) 1.40(—13) —2.50(—16)
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